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Lecture 1. An Introduction to Morse Homology

The first a few lectures will be a brief introduction to the Morse theory on finite
dimensional (compact) manifolds. This lecture will be an overview. Later, we will
generalize this theory to an infinite dimensional setting.

1.0.1. Flowlines. Let pX, gq be a smooth Riemannian manifold and f : X Ñ R be
a smooth Morse function. Let Critpfq “ tp P X : ∇xf “ 0u be the set of critical
points of f . Then the Hessian of f , defined by Hessppfq : TpX Ñ TpX, v ÞÑ ∇vp∇fq,
is non-degenerate for any p P Critpfq. We investigate negative gradient flows of f :

γ : RÑ X, 9γptq “ ´∇γptqf.

Given p P Critpfq, let

W u
p “ tx P X : Dγ, γp0q “ x, 9γptq “ ´∇γptqf, lim

tÑ´8
γptq “ pu

W s
p “ tx P X : Dγ, γp0q “ x, 9γptq “ ´∇γptqf, lim

tÑ8
γptq “ pu

be the stable and unstable sub-manifolds associated to p. The Morse index :“ µppq
is the number of negative eigenvalues of Hessppfq.

For any p, q P Critpfq, let Mpp, qq :“ W u
p X W s

q . Then each point of Mpp, qq is
contained in a flowline connecting p to q:

tx P X : Dγ, γp0q “ x, lim
tÑ´8

γptq “ p, lim
tÑ8

γptq “ qu.

If W u
p and W s

q intersect transversely, then dimMpp, qq “ µppq ´ µpqq. For any
negative flowline γ, we have an energy equation. Indeed, for any t1 ă t2,

fpγpt1qq ´ fpγpt2qq “ ´

ż t2

t1

d

dt
fpγptqqdt “ ´

ż t2

t1

x∇γf, 9γy

“
1

2

ż t2

t1

| 9γptq|2 ` |∇γf |
2
´ | 9γ `∇γf |

2

“
1

2

ż t2

t1

| 9γptq|2 ` |∇γf |
2.
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For any flowline γ in Mpp, qq, the total drop of the Morse function f equals

lim
tÑ´8

fpγptqq ´ lim
tÑ8

fpγptqq “ fppq ´ fpqq

and it is independent of the particular flowline. For each n, let In “ rn ´ 1, n ` 1s.
Then for any ε ą 0, there are finitely many intervals In such that

(1)

ż

In

| 9γptq|2 ` |∇γf |
2
ą ε

The number m of such intervals is bounded above by pfppq ´ fpqqq{ε. We choose ε
small so that when (1) is violated for In, then the flow γ|In is contained in some small
neighborhood of Critpfq.

Now we investigate the compactification of Mpp, qq and suppose a sequence of
flowlines γk PMpp, qq is given. For each γk, suppose the property p1q is satisfied for

Jki “ Ikni , 1 ď i ď mk, ni ă ni`1.

Since mk is bounded uniformly, by taking a subsequence, we may assume mk is the
same for each k. There are two potential scenarios:

(1) The distance between Jki and Jki`1 remains bounded when k Ñ 8 (for a
subsequence). Then we combine Jki , J

k
i`1 and intervals in between.

(2) The distance between Jki and Jki`1 diverge to infinity when k Ñ 8. Then we
would have a broken trajectory.

An R action is defined by Mpp, qq by translations of the parameter. Let M̌pp, qq “
Mpp, qq{R be the quotient space. Then a compactification of M̌pp, qq is given by
incorporating broken flowlines:

M̌pp, qq “ M̌pp, qq dim “ µppq ´ µpqq ´ 1

Y M̌pp, q1q ˆ M̌pq1, qq dim “ µppq ´ µpqq ´ 2

Y M̌pp, q1q ˆ M̌pq1, q2q ˆ M̌pq2, qq dim “ µppq ´ µpqq ´ 3

¨ ¨ ¨ lower dimensional strata
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Theorem 1.0.1. For generic pg, fq, M̌pp, qq is compact and is a compactification of
M̌pp, qq.

Remark. In the literature, we usually call M̌pp, qq a
manifold with corners. But we do not have a canoni-
cal way to produce such an structure. The space M̌pp, qq
could be realized as a topological manifold with corners
(depicted in the picture on the right with numbers of
breaks indicated). To endow a smooth structure, we

could embed M̌pp, qq into some Euclidean space by choos-
ing some regular values ai of f and thinking about how

M̌pp, qq intersects with each level set f´1paiq. However,
under this embedding, this corner structure has unpleas-

ant looking. In practice, it is enough to think of M̌pp, qq
as a stratified space and the corner structure is not really useful.

1.0.2. The Morse Homology. When µppq ´ µpqq “ 1, M̌pp, qq is a compact 0-dim
manifold, i.e. a collection of finite points. Let

C “ CpX, g, fq “
à

pPCritpfq

Z2xpy

B : C Ñ C, p ÞÑ
ÿ

q|µppq´µpqq“1

#M̌pp, qq ¨ q

When µppq ´ µpqq “ 2, dim M̌pp, qq “ 1 and its boundary is described as

BM̌pp, qq “ Yq1M̌pp, q1q ˆ M̌pq1, qq.

which has 0 pmod 2q points. Therefore,

B
2p “

ÿ

q,r
µppq´µpqq“1
µpqq´µprq“1

#M̌pp, qq#M̌pq, rq ¨ r “ 0.

Finally, the Morse homology is defined by HpX, f, gq “ KerpBq{ ImpBq. If X is
compact, then by the standard argument HpX, f, gq – H˚pX;Z2q since f induces a
CW structure on X and the chain complex pC, Bq coincides with the CW complex
that computes H˚pX;Z2q.

Remark. When X is non-compact, the way how the function f sees the non-
compactness of X is important. To make the whole construction work, we need
certain properness: if ∇xif Ñ 0 and |fpxiq| is uniformly bounded, then txiu has a
converging subsequence. In the picture below, the surface on the right contains infi-
nite holes and a cusp. The hypothesis is violated for the height function because of
the cusp.
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1.0.3. Orientations. If W u
p XW

s
q “Mpp, qq, the flow will stretch the normal bundle

of Mpp, qq inside W u
p . Allowing t Ñ 8, the normal bundle is identified with TqW

u
q .

Thus, for any x PMpp, qq, we have a short exact sequence

0 Ñ TxMpp, qq Ñ TxW
u
p Ñ TqW

u
q Ñ 0

When µppq ´ µpqq “ 1, Mpp, qq consists of finitely many copies of R and the flow
orients Mpp, qq in a natural way. For any γ P M̌pp, qq, the short exact sequence
induces an identification:

εγ : Λppq Ñ Λpqq

where Λppq is the 2-element set of orientations of TpW
u
p . Now we can refine our

differential by setting ZΛppq “ ZˆZ{2Z Λppq and

CpX, g, fq “
à

pPCritpfq

ZΛppq,

B “
ÿ

q|µppq´µpqq“1

ÿ

γPM̌pp,qq

εγ.

If we ignore the orientation, it reduces to the previous case.
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Lecture 2. The Stable Manifold Theory

We first recall some notations from the last lecture. We investigate the negative
gradient flow for a Morse function f :

(2) 9γ “ ´∇γf.

For any critical point p P Critpfq, define the stable manifold as

W s
p “ tx P X : Dγ, γp0q “ x, 9γptq “ ´∇γptqf, lim

tÑ8
γptq “ pu.

Theorem 2.0.1. The stable sub-manifold W s
p is a smooth manifold of dim n´ µppq

which is the number of positive eigenvalues of Hessp f.

We focus on a local version of this theorem, i.e.

Theorem 2.0.2. There exists a neighborhood U of p P X such that W s
p X U is a

smooth manifold of dim n´ µppq.

To pass from the local version to the global one, it suffices to note that the time-1
map φ1 : X Ñ X, γp0q ÞÑ γp1q is a diffeomorphism on X and

W s
p “

ď

nPZ

φn1 pW
s
p X Uq.

Therefore, Theorem 2.0.2 implies Theorem 2.0.1.

Now we pick a coordinate chart pV, ψq near p P X such that ψpV q Ă Rn and
ψppq “ 0. For a path γ : r0,8q Ñ Rn with bounded L2

1 norm, consider the mapping:

F : L2
1pr0,`8q,Rn

q Ñ L2
pr0,8q,Rn

q

γ ÞÑ 9γ `∇γf.

Since

|γpt2q ´ γpt1q| “ |

ż t2

t1

9γptqdt| ď |

ż t2

t1

11{2
|

ż t2

t1

| 9γ|2|1{2 ď C|t2 ´ t1|
1{2,

we see that L2
1pr0,`8q,Rnq ãÑ C

1{2
0 pr0,8q,Rnq, so the path γ is Hölder continuous

and limtÑ8 γptq “ 0. Because

∇xf “ Hess0pfqpxq `
1

2
xixjvijpxq

where vijpxq is a vector-valued symmetric 2-tensor on Rn, one concludes eventually
that γ P F´1p0q is indeed infinitely differentiable if f is.

To analyze the equation F “ 0 in a more concrete way, we consider the property
of F as a map between Hilbert spaces. Linearize F at γ ” 0:

D0F pηq : L2
1pr0,8q,Rn

q Ñ L2
pr0,8q,Rn

q

η ÞÑ 9η ` Hess0 fpηq,
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then it is a bounded linear operator. If vλ is an eigenvector of Hess0 f with λ ą 0,
then

Hess0 fpvλq “ λvλ, ηptq “ vλe
´λt

is a special solution of D0F “ 0. To study the mapping property of D0F , we carry
out the computation:

ż 8

0

|F pηq|2 “

ż 8

0

| 9η ` Hess0 fpηq|
2

“

ż 8

0

| 9η|2 ` |Hess0 fpηq|
2
` 2x 9η,Hess0 fpηqy.

Since Hess0 f is a self-adjoint invertible operator, for some C ą 0

|Hess0 fpηq|
2
ě C|η|2

2x 9η,Hess0 fpηqy “
d

dt
xη,Hess0 fpηqy.

Finally, we obtain

}F pηq}22 ě

ż 8

0

p| 9η|2 ` C|η|2q ´ xηp0q,Hess0 fpηp0qqy.

Let Π˘ : Rn Ñ Rn be the positive (negative) spectral projection for Hess0 f . Then,

}F pηq}22 ` xΠ`pηp0qq,Hess0 fpΠ`pηp0qqqy

ě

ż 8

0

p| 9η|2 ` C|η|2q ´ xΠ´pηp0qq,Hess0 fpΠ´pηp0qqqy

ě

ż 8

0

p| 9η|2 ` C|η|2q.

Therefore, the extended operator

pD0F,Π` ˝ rq : L2
1pr0,8q,Rn

q Ñ L2
pr0,8q,Rn

q ‘ Im Π`

is injective with closed range. Here, r : L2
1pr0,8q,Rnq Ñ Rn, η ÞÑ ηp0q is the re-

striction map at t “ 0. One can further study the adjoint operator to conclude the
cokernel is trivial. A different strategy is to show the equation is solvable for a dense
subset of L2pr0,8q,Rnq ‘ Im Π`.

Therefore, this operator is an isomorphism and we have checked the hypothesis for
inverse function theorem. As a consequence, the nonlinear operator:

pF,Π` ˝ rq : L2
1pr0,8q,Rn

q Ñ L2
pr0,8q,Rn

q ‘ Im Π`

is a diffeomorphism from a neighborhood of 0 P L2
1pr0,8q,Rnq to another neighbor-

hood of zero in the domain.
This means L2

1-solution to F “ 0 with small L2
1-norm are parametrized by a neigh-

borhood of 0 P Π`Rn. Once we show any solution to p2q with lim γptq “ 0 has enough
decay to be in L2

1, the proof of Theorem 2.0.2 is completed.
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It is enlightening to review different proofs of
Theorem 2.0.2 in literatures. It was Hadamard
who first realized this problem and did a proof.
Later Perron gave a different proof by making the
stable sub-manifold a graph over H` “ Im Π`.
The gradient flow of f will then deform a random
graph. He managed to show this gives a contrac-
tion mapping, so a fixed point exists. The next
successor was Smale who approached the prob-
lem from dynamic systems. For a discrete dy-
namic system (a diffeomorphism) φ : Rn Ñ Rn

with φp0q “ 0, one constructs a mapping

l2pRn
q Ñ l2pRn

q

px1, x2, x3 ¨ ¨ ¨ q ÞÑ pφ´1
px2q, φ

´1
px3q, ¨ ¨ ¨ q.

and a fixed point corresponds to a converging orbit. When a unit circle condition
is fulfilled, one can prove a version of Theorem 2.0.2 in this case. This condition
requires that the tangent map d0φ : T0Rn Ñ T0Rn has no eigenvalues on S1 Ă C.
As one can imagine, for rotations on the complex plane C, we do not have any non-
trivial converging orbit and the proof might break down for similar examples. For
the continuous version,

d

dt
φt “ ´V pφtq

for a vector field V : Rn Ñ Rn with V p0q “ 0, we require that d0V has no purely
imaginary eigenvalues.

It was also Smale who first realized Theorem 2.0.2 implies the global version Theo-
rem 2.0.1. He envisioned stable and unstable sub-manifolds sitting inside X and they
should intersect transversely. This was the first time that the Morse-Smale condition
had been proposed.

Finally, we address the problem of exponential decay. For a Morse function f :
Rn Ñ R with fp0q “ ∇0f “ 0, Hess0 f is invertible. Then x ÞÑ ∇xf is a local
diffeomorphism. For some c, C ą 0,

c|∇xf |
2
ď |x|2 ď C|∇xf |

2

|fpxq| ď C|x|2 ď C2
|∇xf |

2.

These imply that

d

dt
fpγptqq “ ´|∇γf |

2
ď ´C1|fpγptqq|.

If fpγptqq ą 0, then fpγptqq ă fpγpt0qqe
´C1pt´t0q for t0 ă t (so we have exponential

decay). If fpγptqq ă 0, then 0 ą fpγptqq ě fpγpt0qqe
C1pt´t0q. We conclude that (some
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computation is omitted here)

|fptq| ď C2 coshpC1pt´ t0qq|fpt0q|.

This also shows spikes can’t appear in the profile of | 9γ|2.
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Lecture 3. Morse Homology and its variants

3.1. Morse Homology Continued

For each p P Critpfq, choose a neighborhood Up Ă X of p such that they are disjoint
and

|∇xf | ă ε

whenever x P Up for some critical point p. This means whenever
the flow γ enters these neighborhoods, the velocity will be small.
In fact, we can say it more concretely:

Theorem 3.1.1. The length of the flowline γptq when it is con-
tained in

Ť

Up is independent of the length of the time.

Proof. Suppose γptq P Up for any t P rt0, t2s and when t “ t1 P
rt0, t2s, fpγptqq “ fppq. The intermediate time t1 might not exist
and one of t0 and t2 could be ˘8, but let us assume that they are
all finite. It suffices to show

the length of γprt0, t1sq

has a uniform bound that is independent of |t1´ t0|. The same estimate would apply
to the interval rt1, t2s. Recall from the last lecture that when s0 P rt0, t1s, the value
of f has exponential decay:

0 ď fpγps0qq ´ fppq ď |fpγpt0qq ´ fppq|e
´µpt0´s0q

where µ ą 0 is a positive number.
Note that for s0, s1 P rt0, t1s,

lpγps1q, γps0qq “

ż s1

s0

| 9γptq|dt ď

ż s1

s0

|∇γptqf |dt

pHölder’s inequalityq ď p

ż s1

s0

|∇γptqf |
2dtq

1
2 p

ż s1

s0

1 ¨ dtq
1
2

pEnergy Identityq ď pfpγps1qq ´ fpγps0qqq
1
2 ps1 ´ s0q

1
2 .

At the last step, we used the energy identity derived in the first lecture. Since
|t0 ´ t1| could be any positive number, above estimate is not useful if we take s0 “ t0
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and s1 “ t1. Instead, let s0 “ t0` i and s1 “ t1` i` 1 for each i P Zě0, so we obtain

lpγpt0q, γpt0 ` nqq “
n´1
ÿ

i“0

lpγpt0 ` iq, γpt0 ` i` 1qq

ď

n´1
ÿ

i“0

rfpγpt0 ` iqq ´ fpγpt0 ` i` 1qqs
1
2

ď

n´1
ÿ

i“0

rfpγpt0 ` iqq ´ fppqqs
1
2 ` rfpγpt0 ` i` 1qq ´ fppqs

1
2

ď 2rfpγpt0qq ´ fppqs
1
2

8
ÿ

i“0

e´µi{2

ď
C

1´ e´µ{2
.

In the middle, we used the elementary inequality pa ` bq
1
2 ď a

1
2 ` b

1
2 for a, b

positive. �

Let’s summarize what properties we have used to define the Morse Homology.
There are three important principles:

‚ The length of flowlines where |∇xf | is large (bounded away from 0) is bounded
by the energy.

‚ On uniformly bounded intervals, flowlines with small energy are short (con-
tained in Up for some p P Critpfq).

‚ The length of flowlines where |∇xf | is small is independent of the time spent
in the region (

Ť

Up).

3.2. Homology with Local Coefficients

Let Γ Ñ X be a flat bundle over X with fiber a module M over a commutative
ring R. It is a bundle equipped a preferred flat connection. This means that for any
path γ : ra, bs Ñ X, we can define by parallel transportation the holonomy map

hγ : Γγpaq Ñ Γγpbq

and it depends only on the homotopy class (rel boundaries) of γ. Now given a Morse
function f and a Riemannian metric g, define the chain group by

Cpf, g,Γq “
à

cPCritpfq

Γc ¨ Λpcq
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and differentials by

B : Cpf, g,Γq Ñ Cpf, g,Γq

B “
ÿ

a,bPCritpfq
µpaq´µpbq“1

ÿ

γPMpa,bq

hγ b εγ.

We can prove B2 “ 0 as usual.

Example 3.2.1. Suppose X is not orientable.

Consider the real line bundle
Źn
pT ˚Xq where n “ dimX. It admits an R` action.

The quotient bundle λÑ X is called the orientation bundle and its fiber λx – t˘1u.
It is not a trivial bundle because X is not orientable.

Where does Poincaré duality come from in terms of Morse functions? We can
simply reverse the direction of the flow by taking the negative of f :

pX, f, gq ÞÑ pX,´f, gq

but this duality is not canonical because of λ. Recall that

Cpf, gq “
à

cPCritpfq

ZΛpcq Orientations of unstable submanifolds of f

Cp´f, gq “
à

cPCritpfq

ZΛ1pcq Orientations of unstable submanifolds of ´f

“ Orientations of stable submanifolds of f

To identify Λpcq with Λpc1q, we need a section of λ, but it doesn’t exist if λ is not
trivial. This could be resolved if we use local coefficients:

Cp´f, g, λq “
à

cPCritpfq

ZΛ1pcq b λc

and we use the fact

Λpcq b Λ1pcq – λc.

In this case, the Poincaré duality is formulated as

H˚
pX; Zq – H˚pX; Zλq.

where Zλ denotes the local coefficient system determined by λ.
Note that a flat bundle (connection) is in bijection with isomorphism classes of

representations of π1pXq Ñ R. In the example above, R – Z{2Z and M – Z. The
action of R on M is given by sending 1 to the reflection of Z.
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3.3. Novikov-Morse Homology

Let θ be a closed 1-form and θ “ θidxi in a local coordinate chart. The dual vector
field is θ# “ gijθjBi. We investigate the flowlines driven by θ#:

9γ “ ´θ#
γptq.

Since θ is closed, we can locally write θ “ df for some real-valued function f , so
γ is a negative gradient flow within a local coordinate chart. But this is not true
globally, if θ is not exact.

The beginning of the story goes through mutatis mutandis. The main difference
comes from the energy identity. For γ : ra, bs Ñ X a flowline,

ż b

a

| 9γ|2 “

ż b

a

|θ#
γptq|

2
“ ´

ż b

a

xθ#
γptq, 9γy “ ´

ż b

a

γ˚θ.

If rθs ‰ 0 P H1pX,Rq, then
şb

a
γ˚θ depends on the homotopy class of γ. We refine

the moduli space Mpa, bq according to π1pX, a, bq:

Mpa, bq “
ď

rγsPπ1pX,a,bq

Mrγspa, bq

and subdivide the unparameterized space M̌pa, bq:

M̌pa, bq “
ď

rγsPπ1pX,a,bq

M̌rγspa, bq “
ď

rγsPπ1pX,a,bq

Mrγspa, bq{R.

Define

M̌rγspa, bq “ M̌rγspa, bq
ď

cPCritpfq

ď

rγ1sPπ1pa,cq
rγ2sPπ1pc,bq
rγ1s`rγ2s“rγs

M̌rγ1spa, cq ˆ M̌rγ2spc, bq.

Then each M̌rγspa, bq is compact as before.

Example 3.3.1. Let X “ S1 and θ “ dθ0.

In this case, the Novikov-Morse homology is zero because there is no critical point
at all.

To define the Novikov-Morse homology with local coefficients in general, we note
that the differential

B “
ÿ

a,bPCritpfq
µpaq´µpbq“1

ÿ

γPMpa,bq

hγ b εγ.

may involve an infinite sum. To make it work, we need the fiber of Γ to have topology
so that we are able to speak of convergence of the sum. The computation above shows
that

Epγq Ñ 8 ñ

ż b

a

γ˚θ Ñ ´8.
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Now we introduce the Novikov ring R:

R :“ tf : RÑ R : suppf |rn,`8q is finiteu.

An element f is identified with a formal power series:

f ÞÑ F ptq “
ÿ

λPsuppf

fpλqtλ.

It is like a Laurent series with finitely powers in positive degrees (like Rrrt´1, ts), but
exponents are allowed to be any real numbers. Choose a base point x0, then the
π1pX, x0q-representation

γ ÞÑ t
ş

γ θ P AutpR,Rq
determines the local coefficient system. To specify the flat bundle, let

X ˆR
be the underlying bundle and for each γ P π1pa, bq, define parallel transportation by

Γγ “ t
ş

γ θ.

The connection 1-form is given by

ω “ d´ θ b lnptq P ΓpX,T ˚X b EndpR,Rqq.
The operator lnptq is only a formal element in EndpR,Rq. Now define the differential
of the Novikov-Morse chain complex by

B “
ÿ

a,bPCritpfq
µpaq´µpbq“1

ÿ

γPMpa,bq

t
ş

γ θ b εγ.

and it is well defined in EndpR,Rq.
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Lecture 4. Floer Homology: An Overview

4.1. Functionals

It was Floer who first realized that Morse Homology would work for some infinite
dimensional settings. In this lecture, we briefly discuss two setups. The symplectic
case is included only for illustrations. Later, we will focus on the Chern-Simons
functional and explain the necessary analytic tools to define the theory.

4.1.1. The Symplectic Action Functional. Suppose pM,ωq is a closed symplectic
manifold and pL0, L1q is a pair of Lagrangian sub-manifolds. Let

X “ PpM ;L0, L1q :“ C8ppr0, 1s, 0, 1q, pM,L0, L1qq.

An element in X is a path σ : r0, 1s Ñ M with end points contained in L0 and L1

respectively:

σ : r0, 1s ÑM,σp0q P L0, σp1q P L1.

To define the action functional, suppose σ0, σ1 P X are homotopic, or in general,
homologous in pM,L0, L1q. This means there is a surface:

f : Σ ÑM

with BΣ “ r0, 1s0 Y r0, 1s1 Y γ0 Y γ1 and

f |r0,1s0 “ σ0, f |r0,1s1 “ σ1, fpγ0q Ă L0, fpγ1q Ă L1.
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Fix σ0 and allow σ1 to vary. Define

apσ1q “ ´

ż

Σ

f˚ω.

Implicitly, this functional a depends on the choice of σ0 and the homotopy class of
the surface Σ.

4.1.2. The Chern-Simons Functional. Let G be a compact Lie group and

c : gÑ R
be a symmetric G-invariant homogeneous polynomial of degree 2. Suppose P is a
principle G-bundle over Y 3:

G P

Y 3

Let A0, A1 be two connections of P and write a “ A1 ´ A0 P ΓpY, gP q. Here, gP is
the vector bundle induced by the adjoint representation of G on its Lie algebra g:

gP “ P ˆad g.

The pair pA0, A1q fits into a family of connections

At “ p1´ tqA0 ` tA1.

The Chern-Simons functional is then defined by the formula

CSpA1q “

ż

Y

cpFA0 `
1

2
dA0a`

1

6
ra^ as, aq

where c acts on the Lie algebra parts of FA0 and a and takes the wedge product for the
form part. It is a real valued 3-form to be integrated. This formula has an unpleasant
looking and its value depends on the choice of the background connection A0. In fact,
this functional originates from the Chern-Weil form in dimension 4 associated to the
connection

d

dt
` At

on r0, 1s ˆ Y and it is more natural to think of CS in that way. More details will be
included in later lectures.

4.2. Formal Gradients

Now we have the area functional on the path space:

a : PpM ;L0, L1q 99K R
and the Chern-Simons functional on the space of connections

CS : A Ñ R
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To pursue the analogue of Morse Theory, we need to define the formal gradients of
a and CS and a “Riemannian” metric on PpM ;L0, L1q and A is required.

In the symplectic case, we choose a metric g on pM,ωq compatible with the
symplectic form. This means we can find an almost complex structure

J : TM Ñ TM, J2
“ ´ Id

such that

ωpX, Y q “ gpJX, Y q, gpJX, JY q “ gpX, Y q

for any vectors fields X, Y P ΓpM,TMq. For any σ P P , its tangent space is given by

TσP “ tv P Γpσ˚TMq : vp0q P Tσp0qL0, vp1q P Tσp1qL1u.

and define the metric by the formula:

xv1, v2y “

ż

r0,1s

gpv1, v2qdt.

Exercise 4.2.1. Show that the L2 gradient of the area functional is given by

∇σa “ Jσ˚p
B

Bt
q

Here, the vector field B

Bt
is the canonical one on the interval r0, 1s.

Proof. Let vptq P Γpσ˚TMq such that supppvq is contained in p0, 1q. Then

f : r0, 1s ˆ r0, 1s ÑM

ps, tq ÞÑ expσptqpsvptqq

is a family of variations of σ. The restriction f : r0, ssˆ r0, 1s ÑM gives a homotopy
between σ and

σs “ f |tsuˆr0,1s

Therefore,

apσsq ´ apσq “ ´

ż

r0,ssˆr0,1s

ωpf˚p
B

Bs
q, f˚p

B

Bt
qqds^ dt.

Taking derivative with respect to s gives

x∇σa, vy “ ´

ż

r0,1s

ωpvptq, f˚p
B

Bt
qq “ ´

ż

r0,1s

gpJvptq, f˚p
B

Bt
qq

“

ż

r0,1s

gpvptq, Jf˚p
B

Bt
qq.

For this example, we may need

σ˚p
B

Bt
q
ˇ

ˇ

t“0
K Tσp0qL0, σ˚p

B

Bt
q
ˇ

ˇ

t“1
K Tσp1qL1,
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at the boundary of I “ r0, 1s to ensure ∇σa P TσP . In general, ∇σa might not satisfy
the boundary condition. The tangent space TσP is L2-dense in

L2
pr0, 1s,Cn

q,

and one is not allowed to speak of the boundary value of a L2-section. �

For the Chern-Simons Functional, we have ∇ACS “ ˚Y FA for a connection
A P A .

4.3. Hessians

Suppose M “ Cn with the standard metric g and symplectic form ω. By the
computation in the previous section,

∇σa “ iσ˚p
B

Bt
q

for any path σ : r0, 1s ÑM . A tangent vector v P TσP is acted on by the Hessian:

Hessσ : C8pr0, 1s,Cn
q Ñ C8pr0, 1s,Cn

q

v ÞÑ ∇vpiσ˚p
B

Bt
qq “ i

B

Bt
vptq.

It is a self-adjoint operator on L2pr0, 1s;Cnq with domain

L2
1pr0, 1s,Cn;L0, L1q “ tv P L

2
1pr0, 1sq : vp0q P Tσp0qL0, vp1q P Tσp1qL1u,

and it has infinitely many positive and negative eigenvalues. We do not have the
Morse index in this case. Instead, spectral flows will allow us to speak of relative
indices which are all we need to develop a theory.

Example 4.3.1. Consider i B
Bt

acting on L2
1pS

1,Cq.

We treat S1 as R{2πZ. Note that for any α P r0, 1s,

Specpi
B

Bt
` αq “ α ` Z.

Eigenvectors are e´int and

pi
B

Bt
` αqe´int “ pα ` nqe´int.

When α “ 1, the operator is unitarily equivalent to i B
Bt

:

pi
B

Bt
` 1q “ eitpi

B

Bt
qe´it.

This is a new phenomenon for infinite dimensional spaces.
Note that the space of bounded self-adjoint Fredholm operators on an infinitely

dimensional separable Hilbert space H has 3-connected components:

SAFred “ SA`
ď

SA0

ď

SA´ .
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where SA`p´q denotes the space of operators with essentially positive (negative) spec-
trum. If an operator A is Fredholm, then it only has discrete spectrum near the origin
and it makes sense to talk about the negative (positive) subspace H´pH`q of A by
functional calculus of self-adjoint operators. Then A is called essentially positive
(negative) if

dimH´ pdimH`q ă 8.

Components SA` and SA´ are contractible. The middle part SA0 is the comple-
ment of SA` and SA´ and it has non-trivial topology. In fact,

Ω SA0 „ ZˆBU if H is over C
„ ZˆBO if H is over R.

and the Z-component represents the spectrum flow. Here, BU is the classifying space
of the complex vector bundles and BO is the classifying space of the real ones. The
example above actually represents a non-trivial loop in SA0 (though they are not
bounded operators):

S1
Ñ pL2

1pS
1,Cq Ñ L2

pS1,Cqq.
Morse index doesn’t make sense anymore. Nevertheless, it is the difference µpaq ´

µpbq of Morse indices that matters and it is replaced by the spectrum flow.
Suppose σ0, σ1 P P fits into a path σt P P for t P r0, 1s and assume

0 R SpecpHessσ0 aq Y SpecpHessσ1 aq.

Then the spectrum flow of σt simply counts the signed number of eigenvalues that
come across 0 as t varies and we define

µpσ0q ´ µpσ1q “ SFpHessσtpaqq.

even though the value of µpσ0q is not well-defined.
In the finite dimensional setting, Hessp f : TpX Ñ TpX is a self-adjoint operator

and the spectrum flow could be defined along a path γ : r0, 1s Ñ X.

4.4. Novikov Rings

Both a and CS can be viewed as refinement of the period map and the Chern-Weil
integral:

að θω “

ż

‚

ω : H2pM,Zq Ñ R

CS ð θc “

ż

X

cpFA, FAq : tIsom. cls. of princ. G-bundleu Ñ R.

Maps on the right gives obstructions of functionals to be real valued:

a : PpM ;L0, L1q Ñ R{ Im θω.
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CS : AP R

AP {G R{ Im θc

For the Chern-Simons functional, it is real valued on AP , but we need to quotient
out gauge transformations to do Morse theory and it becomes circle valued on the
quotient space. So we need to work with Novikov-Morse theory.

Note that both functionals and spectrum flows defines maps on π1 of the target
space:

SF : ΩPpM ;L0, L1q Ñ π1pPq Ñ Z
SF : ΩpA {G q Ñ Z
∆a : π1pPq Ñ Im θω

∆CS : π1pA {G q Ñ Im θc.

If they are proportional, which means for some λ P R, λ SFa “ ∆a, then the
ordinary Morse homology still works. If we pin down the spectral flow, then we have
uniform control for the drop of the functional and hence the energy of the flowline.
However, if the theory is not monotone, then a modification of the Novikov-Morse
homology will be needed here.
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Lecture 5. Connections and Curvatures

5.1. principal bundles

For this lecture, we will quickly go over some basics on principal bundles. It was
back in 1983 when Tom first learned this stuff from Raoul Bott who had an interesting
character. Tom felt it necessary to tell the story in the same way Raoul told him.

For a compact Lie group G, a principle G-bundle is a smooth manifold P with a
free G-action acting on the right:

P ˆGÑ P

pp, gq ÞÑ pg.

Let X “ P {G be the quotient space and P becomes a G-bundle over X. Two
principle G-bundles P, P 1 over X are isomorphic, if there is a bundle map η

P P 1

X

η

that covers the identity map on X and commutes with the right G-action.
Besides this highbrow point of view, a lowbrow point of view characterizes a prin-

cipal bundle in terms of transition functions.
A principle G-bundle is equivalent to an open over tUαu of X with transition

functions defined on each intersection:

gαβ : Uα X Uβ Ñ G.

such that the co-cycle condition is satisfied:

gαβgβγgγα “ e P G on Uα X Uβ X Uγ.

for any α, β and γ. Two bundles tgαβu and tg1αβu are equivalent if one can find
intertwining maps:

ηα : Uα Ñ G

such that
gαβηβ “ ηαg

1
αβ on Uα X Uβ.

One also need to define equivalence with respect to refinements of open covers tUαu,
but we omit it here.

5.2. Connections

We give five definitions of connections on a principal bundle P :

(1) A connection A is a G-invariant sub-bundle of TP called HA Ă TP such that
under the projection map π : P Ñ X,

dπ|HA,p : HA,p
–
ÝÑ TπppqX.
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(2) The projection map π induces a short exact sequence of bundles:

0 kerpdπq TP π˚TX 0

HA

dπA

0

A connection A : TP Ñ kerpdπq is a left inverse to kerpdπq such that the
sequence splits G-equivariantly. The horizontal space HA is kerpAq. For fixed
p P P , the inclusion map

ιp : GÑ P

g ÞÑ p ¨ g

identifies g “ TeG with kerpdπpq Ă TpP by taking the tangent map.
(3) Covariant derivative:

∇A : C8pX, adP q Ñ C8pX,T ˚X b adP q.

Recall that adP “ P ˆad g.
(4) Holonomy (Parallel Transportation). Given a C1-path γ : ra, bs Ñ X and

p P P with πppq “ γpaq, we can find a unique path lifting γ upstairs:

γ̃A,p : ra, bs Ñ P

such that π˝ γ̃ “ γ and γ̃A,ppaq “ p. We also require this lift to be equivariant:
if p1 “ p ¨ g for some g P G, then

γ̃A,p1ptq “ γ̃A,pptq ¨ g.

for any t P ra, bs.
(5) This is the lowbrow point of view. A connection is also equivalent to a collec-

tion of 1-forms:

aα P ΓpT ˚Uα b gq



18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 25

such that the overlapping condition is satisfied

aβ “ g´1
αβaαgαβ ` g

´1
αβdgαβ

over the intersection Uα X Uβ.

These definitions are equivalent to each other.
Recall that adP is a bundle of Lie algebras and it is the vertical tangent bundle of

P . On the other hand,

AdP “ P ˆAd G

is a bundle of Lie groups. Any automorphism η of P ,

P P

X

η

determines a section η̃ of AdP and vice versa. Indeed, for any p P P , we can find
η̃ppq P G such that

ηppq “ p ¨ η̃ppq.

Since η preserves the right-action of G, ηpp ¨ gq “ ηppq ¨ g and hence,

pp ¨ gq ¨ η̃pp ¨ gq “ ηpp ¨ gq “ ηppq ¨ g “ pp ¨ η̃ppqq ¨ g.

This shows η̃pp ¨ gq “ g´1η̃ppqg, so

p ÞÑ pp, η̃ppqq P P ˆG

descends to a section X Ñ AdP .
Just as g – TeG, sections of adP are identified with infinitesimal transformations

of P .
The bundle

Ź˚
pT ˚Xq b adP inherits a super Lie algebra structure. For any two

sections ω, η, the super Lie bracket

rω ^ ηs

takes the wedge of forms and the Lie product on adP . It is essentially a fiber-wise
definition. A grading is assigned by the degree of the form. A super Lie algebra
satisfies

(1) (Super Commutativity)

rωp ^ ηqs “ p´1qpq`1
rηq ^ ωps.

(2) (Super Jacobi Identity)

p´1qprrωp ^ rωq ^ ωrss ` p´1qqprωq ^ rωr ^ ωpss ` p´1qrqrωr ^ rωp ^ ωqss “ 0.
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In terms of covariant derivatives, it is easy to see two connections A,A1 of P differ
by a Lie algebra valued 1-form:

A1 ´ A “ a P ΓpX,T ˚X b adP q.

The second definition of connections also allows us to think of A as an 1-form on
P taking value in g (since kerpdπq “ P ˆ g is trivial). Recall that a form ω (maybe
Lie algebra valued) on P is called basic if for any vertical vector field v:

(1) (Contraction) ιvpωq “ 0.
(2) (Lie derivative) Lvω “ 0.

and a basic form ω is necessarily pulled back from π : P Ñ X. One can verify that
A´ A1 satisfies p1q and

(21) Lvω “ ´ adpvqω

for any v vertical, so it is pulled back from Ω1pX, adP q.

5.3. Curvatures

The curvature of A is the obstruction of HA being integrable in the sense of Frobe-
nious (tangent spaces of foliations) and it has several equivalent definitions.

(1) For X, Y P TpP , let X̃, Ỹ be local extensions of vector fields and hA : TP Ñ
HA be the horizontal projection, so A` hA “ Id. Define

FApX, Y q “ ´AprhAX̃, hAỸ sq.

It is checked that FA is basic 2-form, so FA P ΓpX,
Ź2 T ˚XbadP q. We could

think of FA as a (basic) 2-form either upstairs or downstairs.
(2) Since A is a 1-form on P , we can take exterior differential, so

FA “ dA`
1

2
rA^ As

(3) On the adjoint bundle adP , A determines an exterior differential

dA : C8pX,Ω˚ b adP q Ñ C8pX,Ω˚`1
b adP q.

In general, d2
A ‰ 0, but it is tensorial and

d2
As “ rFA ^ ss.

In particular, if s P ΓpX, adP q, this relation determines FA.
(4) Limit of holonomy around a square.
(5) (The lowbrow point of view) Using local trivialization of P ,

pFAqα “ daα `
1

2
raα ^ aαs
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The connection A is called flat if FA ” 0, in which case d2
A “ 0 (by the third

definition) and

Ω0
padP q Ñ Ω1

padP q Ñ Ω2
padP q Ñ ¨ ¨ ¨

is a complex. There are others equivalent definitions:

(1) gαβ can be chosen be locally constant.
(2) The end point of path lifting depends on the homotopy class of the path in

the base manifold X only.

The last property allows us to define the holonomy map. For a base point x P X,
choose p P π´1pxq. Define

holA,p : π1pX, xq Ñ G

γ ÞÑ gγ

if the end point of γ̃A,p is p ¨ gγ. Changing p to p ¨ g will change the image of γ into

holA,pgpγq “ g´1 holA,ppγqg.

So a flat connection determines a representation of π1pXq up to conjugacy.
On the other hand, the universal cover X̃ of X can be viewed as a principle π1pXq-

bundle. The right action of π1pXq is obtained from Deck transformations (which is a
left action) by the usual trick. Thus, a representation

ρ : π1pX, xq Ñ G,

induces a principle G-bundle

G X̃ ˆρ G

X,
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and we declare pγ̃, eq Ă X̃ ˆρ G to be the horizontal lift of γ “ πpγ̃q. This makes it
a flat bundle. These two constructions are inverse to each other, but we need to be
careful about the statement. The correct one is:

tFlat connections up to isomorphismu ô

tπ1-representations up to conjugacyu

5.4. Deformations of connections

Now we study the variation of curvatures under deformations of connections. If
A1 “ A` a for a P Ω1padP q, then

FA1 “ FA ` dAa`
1

2
ra^ as.

Indeed, for a section s P Ω0padP q,

dA`as “ dAs` ra^ ss.

Apply it twice:

d2
A`as “ pdA ` aq ˝ pdA ` aqs

“ d2
As` ra^ dAss ` dAra^ ss ` ra^ ra^ sss

“ d2
As` rdAa^ ss `

1

2
rra^ as ^ ss

“ rpFA ` dAa`
1

2
ra^ asq ^ ss.

In the middle, we used the super Jacobi identity to write:

ra^ ra^ sss “
1

2
rra^ as ^ ss.

Let c : gÑ R be an Ad-invariant polynomial function. Then

cpFAq P Ω˚pXq

is a closed real-valued form on X and its cohomology class

rcpFAqs P H
˚
pX,Rq

is independent of the connection A. This assignment

c ÞÑ rcpFAqs P H
˚
pX,Rq

is the so-called Chern-Weil homomorphism. If A1 “ A` a, then

cpFA1q ´ cpFAq “ dGpaq

for some form Gpaq. The Chern-Simons functional is to find a canonical expression
of Gpaq in terms of the difference a “ A1´A. Suppose c is homogeneous of degree k.
This means

cpξq “ c̃pξ, ξ, ¨ ¨ ¨ , ξq
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for a symmetric Ad-invariant multi-linear function c̃ :
Â

k gÑ R. Write

At “ A` ta,

then the derivative B

Bt
cpFAtq equals

B

Bt
c̃pFAt , ¨ ¨ ¨ , FAtq “ kc̃p

B

Bt
FAt , FAt , ¨ ¨ ¨ , FAtq (because c̃ is symmetric)

“ kc̃pdAta, FAt , ¨ ¨ ¨ , FAtq

“ kdpc̃pa, FAt , ¨ ¨ ¨ , FAtqq.

At the last step, we used the Bianchi identity dAtFAt “ 0. Finally, we set

Gpaq “ k

ż 1

0

pc̃pa, FAt , ¨ ¨ ¨ , FAtqqdt.

Exercise 5.4.1. Fill in details in the computation of Gpaq.

Proof. Recall that the defining property of dA on ΩppadP q is

(3) dApν
p
b bq “ dνp b b` p´1qpνp ^ dAb,

and it is compatible with the super Lie bracket structure:

dArω
p
^ ωqs “ rdAω

p
^ ωqs ` p´1qprωp ^ dAω

q
s.

For the derivative of FAt , we have

B

Bt
FAt “

B

Bt
pFA ` tdAa`

1

2
t2ra^ asq

“ dAa` tra^ as

“ dAta.

The remaining step is to prove the Leibniz rule:

(4) dpc̃pωp1 , ¨ ¨ ¨ , ωpkqq “
k
ÿ

i“1

p´1qp1`¨¨¨pi´1 c̃pωp1 , ¨ ¨ ¨ , dAω
pi , ¨ ¨ ¨ , ωpkq

in Ω|p|`1pX,Rq. The base case when p1 “ ¨ ¨ ¨ “ pk “ 0 is because c̃ is a parallel
section in

P ˆρ Homp
â

k

g,Rq.

To deal with the general case, use the defining property of c̃ in local coordinate
charts: if ωpi “ νpi b bi, then

c̃pωp1 , ¨ ¨ ¨ , ωpkq “ vp1 ^ ¨ ¨ ¨ ^ vpk b c̃pb1, ¨ ¨ ¨ , bkq.

Now apply p3q and the base case of p4q to conclude. �
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Lecture 6. The Chern-Simons Functional

6.1. The Chern-Simons Functional

Let c : gÑ R be a homogeneous polynomial of degree k. For any pair of connections
pA0, A1q, there is a canonical way to assign a form cscpA0, A1q so that

cpFA1 , ¨ ¨ ¨ , FA1q ´ cpFA0 , ¨ ¨ ¨ , FA0q “ dcscpA0, A1q

and it is explicitly computed by

cscpA0, A1q “ k

ż 1

0

c̃pa, FAt , ¨ ¨ ¨ , FAtqdt.

We specialize to dimension 3 and 4 and let deg c “ 2. For semi-simple Lie groups,
all homogeneous polynomials of degree 2 are multiplies of the Killing form

Bpξ, ηq “ ´ trpad ξ ad ηq.

Usually, we take the structure group G to be SUpnq, SOpnq, Sppnq and PUpnq “
SUpnq{Zn. For the first two examples, we have fundamental representations and
define

B1pξ, ηq “ ´ trpξηq

for ξ, η P g. This polynomial function is related to the Killing form by the dual
Coxeter number h_:

B “ h_B1

From now on, fix c “ ´1
2

tr in the fundamental representation. Then

cscpA0, A1q “ ´

ż 1

0

trpa^ FAtqdt(5)

Using the relation FAt “ FA0 ` tdA0a`
t2

2
ra^ as, we get

cscpA0, A1q “ ´

ż 1

0

trpa^ pFA0 ` tdA0a`
t2

2
ra^ asqqdt

“ ´ trpa^ pFA0 `
1

2
dA0a`

1

6
ra^ asqq.

On Y 3, define the Chern-Simons functional by

CSpA0, A1q “

ż

Y

cscpA0, A1q

“ ´

ż

Y

trpa^ pFA0 `
1

2
dA0a`

1

6
ra^ asqq

How does CS change under gauge transformations? An automorphism of P Ñ Y 3 is
also a section g : Y Ñ AdP . Its action on AP is defined by pulling back connections:

A ÞÑ gAg´1.
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We wish to compute
CSpA0, gA0q.

We form a new bundle over S1 ˆ Y by taking the quotient

Pg “ r0, 1s ˆ P {p0, pq „ p1, gppqq.

Then the connection

Ã “
B

Bt
` p1´ tqA0 ` tgpA0q

thought of as a connection on r0, 1s ˆ Y descends to a connection on Pg. Therefore,

CSpA0, gpA0qq “ ´
1

2

ż

S1ˆY

trpFÃ ^ FÃq

“ xA characteristice class of Pg, rS
1
ˆ Y sy

P αZ Ă R.
for some α P R.

This shows CS is not fully gauge invariant under the action of G “ ΓpX,AdP q.

Theorem 6.1.1. Let

AP “ connections on P Ñ Y 3.

GP “ gauge transformations of P.

Then the Chern Simons functional is well-defined on the quotient space as an S1-
valued function:

CS : AP {GP Ñ R{αZ.

So we are in the Novikov-Morse setting. If G “ SUp2q, then α “ 4π2 and

r
1

8π2
trpFA ^ FAqs P H

4
pX;Zq

is the second Chern class c2pEq. Here, E is the complex 2-plane bundle induced by
the fundamental representation:

E “ P ˆρ C2
Ñ X.

6.2. Classifications of SUpnq-bundles on Y 3

Since the first cell of BSUpnq is in dimension 4:

BSUpnq “ e4
Y higher dimensional cells,

each map Y 3 Ñ BSUpnq is null-homotopic by cellular approximation. This implies
all SUpnq bundles are trivial over Y 3.

Here is a lowbrow proof. Suppose E Ñ Y 3 is the induced n-plane bundle. Since
the zero section

s0 : Y Ñ E
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has co-dimension 2n ą 3, we can find a perturbed section s so that s X s0 “ H. We
assume s has unit length. This section reduces the structure group to SUpn´1q‘teu.
When n “ 2, the structure group is SUp2q, so there is a canonical section in tsuK and
E is a trivial bundle.

Similarly, we can classify Upnq-bundle and PUpnq-bundles:

(1) Upnq-bundles. The lowbrow argument above allows us to write:

E – Cn´1
‘^

nE.

Since line bundles are classified by their first Chern classes c1, P is classified
by c1p^

nEq “ c1pEq. The highbrow point of view is that

det : Upnq Ñ S1

induces an isomorphism.

^
n : rY,BUpnqs Ñ rY,BUp1qs.

The embedding ι : S1 Ñ Upnq, eiθ ÞÑ diagteiθ, 1, ¨ ¨ ¨ u gives a map BUp1q Ñ
BUpnq that induces a right inverse to ^n, so ^n is surjective. Since each
map f : Y Ñ BUpnq is homotopic to a map whose image is contained in the
2-skeleton BUpnqp2q Ă BUp1q, ^n is also injective.

(2) PUpnq-bundles. A principal bundle is also classified by the first Čech coho-
mology group

Ȟ1pY, PUpnqq.

and it fits into a long exact sequence:

Ñ Ȟ1pY, SUpnqq Ñ Ȟ1pY, PUpnqq
ι
ÝÑ Ȟ2pY,Znq

which is induced by the short exact sequence

0 Ñ Zn Ñ SUpnq Ñ PUpnq Ñ 0.

Since Ȟ1pY, SUpnqq “ 0, ι is injective. To show it is surjective, we need to
solve the lifting problem:

BSUpnq BPUpnq

Y 3 KpZn, 2q

Since πipBSUpnqq “ 0 for 0 ď i ď 3, the first obstruction class lies in
H5pY 3, π4pBSUpnqqq which is zero for dimension reasons.

Note that a PUpnq-bundle P doesn’t necessarily come from a Upnq-bundle.
This is determined by whether ιprP sq P H2pY,Znq has an integral lift in
H2pY,Zq.
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6.3. The gradient

We study the first variation of CSpAq “ CSpA0, Aq:

(6)
B

Bt
CSpA` taq

ˇ

ˇ

t“0
“ ´

ż

Y

trpa^ FAq.

for any a P Ω1padP q. Therefore, the first variation is zero if and only if

FA ” 0

which means A is flat. We get the bijection:

tCritical points in AP {GP u ô

tRepresentations of π1pY q Ñ G modulo conjugacyu

In higher dimensions, it will be a wedge product of FA and we do not have good
geometric interpretations for critical points. This is a small miracle in dimension 3.

By choosing a Riemannian metric on Y , we endow the tangent space

TAP “ AP ˆ Ω1
padY q.

with a metric. Given a, b P TAAP “ Ω1padP q, let

xa, by “ ´

ż

Y

trpa^ ˚bq

where ˚ is the Hodge ˚-operator on forms. Therefore, (up to normalization of CS)

∇ACS “ ˚FA.
The downward gradient flow is

(7)
B

Bt
A “ ´ ˚ FA.

A big miracle occurs here. The initial value problem of this evolutionary equation
(7) is not well-posed, just like the backward heat equation. This is because the Hessian
´˚dA (acting on TrAspAP {GP q) has infinitely many positive and negative eigenvalues.
However, we could translate the problem in dimension 4 and it will give an elliptic
theory, as we explain now.

Let X4 be an oriented Riemannian manifold. The Hodge ˚-operator acting on Λ2

satisfies ˚2 “ 1, so Λ2 splits as

Λ2
“ Λ` ‘ Λ´

where ˚ “ ˘1 on Λ˘. For an orthogonal framing te1, e2, e3, e4u,

e1 ^ e2 ˘ e3 ^ e4, e1 ^ e3 ˘ e4 ^ e2, e1 ^ e4 ˘ e2 ^ e3,

gives a framing for Λ˘. Given a principal G-bundle P Ñ X and a connection A, we
impose the (anti)-self dual Yang-Mills equations:

(8) FA “ ˘ ˚4 FA
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Let X “ R ˆ Y and P “ R ˆQ with Q Ñ Y a principal G-bundle. A connection
A of P can be written as

A “ B̃ ` dtb cptq

where cptq P Ω0padQq and Bptq is a family of connections on Q such that

B̃ “
B

Bt
`Bptq.

Therefore,

FA “ FB̃ ` dB̃pdtb cptqq `
1

2
rdtb cptq ^ dtb cptqs

looooooooooooomooooooooooooon

“0

(9)

“ F
p3q
Bptq ` dt^

B

Bt
Bptq ´ dt^ dBptqcptq.

The orientation convention is dt ^ dvolY “ dvolX . Let ω be a 2-form on Y and ν
be a 1-form, then

˚4ω “ dt^ ˚3ω, ˚4pdt^ νq “ ˚3ν.

Apply ˚4 to FA:

˚4FA “ dt^ ˚3F
p3q
Bptq ` ˚3p

B

Bt
Bptq ´ dBptqcptqq.

The equation (8) becomes

B

Bt
Bptq “ ˘ ˚3 F

p3q
Bptq

loooomoooon

˘∇BCS

`d
p3q
Bptqcptq

We recognize that the first part is the gradient of the Chern-Simons functional.
Comparing with the downward gradient flow equation p7q, the second part is new
and it is tangential to the gauge group orbit at Bptq. Equation p7q is only invariant
under the 3-dimensional gauge group while the (anti)-dual equation (8) admit a larger
symmetric group (invariant under the 4-dimensional gauge group). This will allows
us to produce an elliptic theory and it will be the task for the next lecture.

Exercise 6.3.1. Compute the first variation p6q of CS.

Proof. Let pB0, B1q be a pair of connections on Y and

A0 “
B

Bt
`B0

be the product connection on P “ I ˆQÑ I ˆ Y . Suppose A1 is any connection of
P such that

A1|t“0 “ B0, A1|t“1 “ B1.
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Let c “ ´1
2

tr : g b g Ñ g. Since FA0 does not have dt-component, cpFA0q “ 0.
Therefore,

ż

IˆY

cpFA1q “

ż

IˆY

cpFA1q ´

ż

IˆY

cpFA0q

“

ż

IˆY

dcscpA0, A1q

“

ż

t1uˆY

cscpB0, B1q ´

ż

t0uˆY

cscpB0, B0q

“

ż

t1uˆY

cscpB0, B1q “ CSpB0, B1q.

In the middle, we used the fact cscpA0, A1q “ cscpB0, B1q on t1u ˆ Y . This is due
to formula (9), because the normal component cptq does not contribute to FA|ttuˆY .
This shows the functional CSpB0, B1q is additive:

CSpB0, B2q “ CSpB0, B1q ` CSpB1, B2q.

Let Bs “ B ` sb. Using formula (5), we get

B

Bt
CSpB0, B ` tbq

ˇ

ˇ

t“0
“ lim

tÑ0

1

t
CSpB,B ` tbq

“ ´ lim
tÑ0

ż

Y

ż 1

0

trpb^ FBstqds

“ ´

ż

Y

trpb^ FBq.

�
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Lecture 7. Representations

Let Y 3 be a closed 3-manifold and P “ SUp2qˆY Ñ Y be the trivial SUp2q-bundle.
Critical points of the Chern-Simons functional

CS : AP Ñ R
are flat connections. We choose the background connection A0 to be the trivial one.
A gauge transformation g is a section of the adjoint bundle AdP Ñ Y . In our case,
it is simply a map

g : Y 3
Ñ SUp2q,

because P is a trivial bundle. The value of the functional changes equivariantly under
gauge transformations:

CSpg ¨ Aq ´ CSpAq “ α degpgq,

where α “ ´4π2 in our convention, so we get a circle valued functional on the quotient
space

CS : AP {GP Ñ R{αZ.
The space of flat connections and values of CS on them are all invariants of Y 3. In

this lecture, we will see computations for some special 3-manifolds.

7.1. Lens Spaces

For pp, qq co-prime, the Lens space Lpp, qq is defined as the quotient space

S3
{pZ{pZq

where we view S3 as the unit sphere of C2 and the Z{pZ-action is given by

u “ 1 P Z{pZ ÞÑ dpuq : pz1, z2q ÞÑ pz1 ¨ e
2πi
p , z2 ¨ e

2πiq
p q.

It is easy to see π1pLpp, qqq “ Z{pZ and any SUp2q-representation is conjugate to

ρn : π1pLpp, qqq ÞÑ SUp2q

u ÞÑ

ˆ

e2πin{p 0
0 e´2πin{p

˙

for some n P Z{pZ. The value of CS{4π2 on ρn is

n2r

p
mod 1

where rq “ 1 mod p. These numbers are independent of metrics and will determine
Lpp, qq up to homotopy equivalence, but not up to homeomorphism. Still, they give
more information than just π1pLpp, qqq. Note that ρn – ρp´n since

ˆ

g 0
0 g´1

˙

,

ˆ

g´1 0
0 g

˙

are conjugate in SUp2q.
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Exercise 7.1.1. Compute the value of CSpρnq.

Proof. Let An be the flat connection associated to ρn, then the pull-back connection
π˚An on π˚P Ñ S3 is also flat. On S3, all flat connections are gauge-equivalent to
the trivial connection A10, so

π˚An “ g˚pA10q.

for some g : S3 Ñ SUp2q. Let a “ An ´ A0 P Ω1pLpp, qq; AdP q, then

CSLpp,qqpAnq “
ż

Lpp,qq

cscpA0, Anq “
1

p

ż

S3

cscpπ
˚A0, π

˚Anq

“
1

p
CSS3pA10, π

˚Anq “ ´
4π2

p
degpgq.

If g factorizes through Lpp, qq, then degpgq is divisible by p. We need to determine

degpgq mod p.

What we need is an explicit Z{pZ-equivariant map S3 Ñ SUp2q Ă H – C2 inter-
twining the Deck transformations d and the action of ρn. One example is constructed
as

gpz1, z2q “
pzn1 , z̄

nr
2 q

p|z1|
2n ` |z2|

2nrq
1
2

.

It is easy to see degpgq “ ´n2r and our result follows. �

7.2. The three torus

Let Y “ T3. Then π1pY q – Z3 is abelian. A representation

ρ : π1pY q Ñ SUp2q

gives three commuting matrices A0, A1, A2 and they can be diagonalized simultane-
ously in SUp2q. Hence, we may assume

Ak “

ˆ

e2πiαk 0
0 e´2πiαk

˙

P S1
Ă SUp2q

for 0 ď k ď 2. Note that

Pinp2q “ S1
ď

S1
¨

ˆ

0 ´1
1 0

˙

is the largest subgroup of SUp2q such that S1ŸPinp2q and it is a semi-direct product

Pinp2q “ S1
¸ Z{2Z.

The Z{2Z factor acts on S1 by taking inverse:

u ÞÑ u´1.

In general, we use

RGpY q “ tρ : π1pY q Ñ Gu{conjugations
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to denote the representation variety. Then,

RSUp2qpT3
q “ pS1

q
3
{pZ{2Zq.

The Z{2Z-action comes from the conjugation by

j “

ˆ

0 ´1
1 0

˙

.

It is slightly easier to think about the two torus T2:

RSUp2qpT2
q “ pS1

q
2
{pZ{2Zq – CP1

“ S2.

In general, if G is a semi-simple compact Lie group with π1pGq trivial, an element
of RGpT2q is given by a pair of elements in the same maximal torus, so

RGpT2
q “ TG ˆ TG{the action of Weyl group of G.

and this is a weighted projective space by a theorem of [??]. For instance, for G “

SUpnq,
RSUpnqpT2

q “ TSUpnq ˆ TSUpnq{Sn – CPn´1.

In this case, dimTSUpnq “ n´ 1 and the Weyl group is the permutation group Sn.
A representation that is close to the trivial representation A0 is given by a pair of
elements in Rn´1 and so an element in Cn´1. We embed Cn´1 into Cn as the zero locus
of

řn
i“1 xi. The Sn-action is given by permuting n´axes, so a point in the quotient

space is parametrized by elementary symmetric polynomials:

σ1 “
ÿ

xi “ 0, σ2 “
ÿ

i‰j

xixj, ¨ ¨ ¨ , σn “
ź

xi.

This shows RSUpnqpT2q is a manifold of complex dimension n´1 in a neighborhood
of A0.

7.3. Seifert Fibered Spaces

A good resource for what we will discuss is

‚ Fintushel, Ronald, Stern, Ronald J. Instanton homology of Seifert fibred ho-
mology three spheres. Proc. London Math. Soc.(3) 61 (1990), no. 1, 109-137.

Given a triple pp, q, rq of positive integers that are pairwise co-prime, consider the
polynomial function:

fpz1, z2, z3q “ zp1 ` z
q
2 ` z

r
3

on C3. It has a single singular point at the origin. The Brieskorn homology spheres
Σpp, q, rq is defined by taking the intersection of the unit sphere with f´1p0q:

Σpp, q, rq “ S5
X tzp1 ` z

q
2 ` z

r
3 “ 0u Ă C3.

It admits an S1-action:

u P S1 : pz1, z2, z3q ÞÑ puqrz1, u
prz2, u

pqz3q.
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The quotient space Σpp, q, rq{S1 is an orbifold S2 with three orbifold points:

S1
Ñ Σpp, q, rq Ñ Σpp, q, rq{S1

“ S2
pp, q, rq.

To compute π1pΣpp, q, rqq, we can still use the long exact sequence of homotopy
groups as long as we use the orbifold fundamental group of S2pp, q, rq:

1 Ñ π1pS
1
q “ ZÑ π1pΣpp, q, rqq Ñ πorb1 pS2

pp, q, rqq Ñ 1

and π1pS
1q is in the center of π1pΣpp, q, rqq. One presentation of the orbifold funda-

mental group of S2pp, q, rq is given by

tt, u, v : tp “ 1, uq “ 1, vr “ 1, tuv “ 1u

where t, u, v corresponds three small loops for each of orbifold points.

This is the triangle group Tpqr. Therefore, π1pΣpp, q, rqq admits a presentation as

tt̃, ũ, ṽ : h central, t̃p “ h´b1 , ũq “ h´b2 , ṽr “ h´b3 , t̃ũṽ “ h´bu
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for some bi, b P Z. These number could be chosen (with more work required) such
that

´b`
b1

p
`
b2

q
`
b3

r
“

1

pqr
,

from which one can easily deduce that Σpp, q, rq is an integral homology sphere.
A representation of π1pΣpp, q, rqq into SUp2q sends its center into ZpSUp2qq – t˘1u,

so the image of h is either 1 or ´1. Let’s make it simpler by looking at its image in
SOp3q “ SUp2q{ZpSUp2qq:

π1pΣpp, q, rqq SUp2q SOp3q.

ρ̄

ρ π

Then ρ̄phq “ 1 and ρ̄pπ1pΣpp, q, rqqq is generated by

T “ ρ̄pt̃q, U “ ρ̄pũq, V “ ρ̄pṽq.

This is equivalent to the representation of the triangle group Tpqr into SOp3q.
Suppose

T “ the rotation by 2α “
2πk

p
about an axis lt

U “ the rotations by 2β “
2πl

q
about an axis lu

V “ the rotations by 2γ “
2πm

r
about an axis lv.

Then TUV “ 1 P SOp3q gives a constraint for these angles and axes. Assuming ρ̄
is irreducible (does not factorize through an S1), these axes are not coplanar. Each
two of them determine a great circle on S2 Ă R3:

Suv, Stv, Stu.

and divide S2 into eight spherical triangles whose angles are given by (they come in
pairs):

tpα, β, γq, pα, π ´ β, π ´ γq, pπ ´ α, π ´ β, γq, pπ ´ α, β, π ´ γqu.

Exercise 7.3.1. Prove this constraint holds

Proof. Without loss of generality, we assume

0 ď 2α, 2β, 2γ ă π,

and rotations are right-handed. We focus on the spherical triangle spanned by
lt, lu, lv P S

2. Let l1u “ V ´1pluq. Since TUV “ Id and lu is a fixed point of U on
S2, we have

T pluq “ TUpluq “ TUV pl1uq “ l1u.
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This implies that

dplt, luq “ dplt, l
1
uq, dplv, luq “ dplv, l

1
uq.

Hence, 4ltlulv – 4ltl1ulv and

=lultlv “ =l1ultlv “
1

2
=l1ultlu “

1

2
p2αq “ α.

�

Therefore, we see the space of SOp3q representations are discrete and consist of
finitely many points parametrized by suitable triples of integers pk, l,mq.

For the quotient map, we could form the mapping cylinder Cπ of

π : Σpp, q, rq Ñ S2
pp, q, rq.

Note that if π is a genuine S1-fiber bundle, then Cπ is the associated disk bundle.
This shows near a smooth point of S2pp, q, rq, Cπ is a smooth manifold. Globally,
Cπ is an orbifold with boundary

BCπ “ Σpp, q, rq.
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Three orbifold points lie in S2pp, q, rq with links

Lpp, b1q, Lpq, b2q, Lpr, b3q,

so each of these orbifold points has a neighborhood homeomorphic to a cone over a

Lens space. By removing these neighborhoods, we obtain a cobordism:

W “ Cπ ´ pNp YNq YNrq : Lpp, b1q Y Lpq, b2q Y Lpr, b3q Ñ Σpp, q, rq.

Take the trivial principal bundle P over W and pick a flat connection A of P . By
the defining proper of CS, we have

0 “

ż

W

cpFAq ´

ż

W

cpFA0q

“

ż

Σpp,q,rq

cscpA0, Aq ´

ż

YL

cscpA0, Aq

“ CSΣpp,q,rqpA|Σpp,q,rqq ´
ÿ

L

CSLpA|Lq.

Therefore, the computation is reduced to Lens spaces. This property was used by
Furuta to study the homology cobordism group ΘH

3 of oriented homology 3-spheres.
Finally, for Seifert fibered spaces over S2 with n ě 4 singular fibers, we will get a

polygon constraint. Triangles are rigid, but spherical squares could have non trivial
moduli. When n “ 4, it will be S2 _ S2 and for n “ 5, different rational manifolds
could occur as the moduli space.

As an ending remark, for a Riemann surface Σ of genus g, we have the Narasimhan-
Seshadri theorem

tUnitary representations of π1pΣgqu

ôt(semi)-stable holomorphic vector bundles of deg 0 over Σgu.

Furthermore, for a Riemann surface Σgpp1, ¨ ¨ ¨ , pkq with some marked points, we
have

tUnitary representations of π1pΣg ´ tp1, ¨ ¨ ¨ , pkuq

with fixed conjugacy classes of the monodromy around these pointsu

ôt(semi)-stable parabolic holomorphic vector bundles over Σgpp1, ¨ ¨ ¨ , pkqu.
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Exercise 7.3.2. Show that the link around each singular point of Cπ is a Lens space.

Proof. The S1-action on Σpp, q, rq is free if coordinates are non-zero. There are three
orbits whose stablizers are non-trivial,

tp0, z2, z3q : zq2 ` z
r
3 “ 0, |z2|

2
` |z3|

2
“ 1u with stablizer “ te

2πi
p u

tpz1, 0, z3q : zp1 ` z
r
3 “ 0, |z1|

2
` |z3|

2
“ 1u with stablizer “ te

2πi
q u

tpz1, z2, 0q : zp1 ` z
q
2 “ 0, |z1|

2
` |z2|

2
“ 1u with stablizer “ te

2πi
r u.

We will focus on the first one. Its local model is given by

u P S1 : S1
ˆD2

Ñ S1
ˆD2

upeiθ, zq “ peiθup, z ¨ uqrq

Consider the p-fold cover of S1 ˆD2:

h : X̃ “ S1
ˆD2

Ñ S1
ˆD2

peiθ, wq Ñ peipθ, w ¨ eiqrθq.

and an S1-action on X̃ is defined by setting

u : X̃ “ S1
ˆD2

Ñ S1
ˆD2

peiθ, wq Ñ peiθu,wq.

which makes h an S1-equivariant covering map. We obtain a commutative diagram
by taking quotient maps:

(10)
X̃ S1 ˆD2

D2 D2

h

π̃ {S1 π {S1

{pZ{pZq

where the bottom horizontal maps is given by taking the p-th power:

w ÞÑ wp.

Note that π̃ is a trivial S1-bundle and its mapping cone is simply a product. It
admits a Z{pZ-action which extends Deck transformations on X̃:

a “ e
2πi
p : D2

ˆD2
Ñ D2

ˆD2

pζ, wq ÞÑ pζ ¨ a, w ¨ a´qrq

Taking mapping cones for vertical maps in p10q, we obtain a map between Cπ̃ and
Cπ:

Cπ̃ “ D2
ˆD2

Ñ Cπ
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which is the quotient map by the Z{pZ-action. The orbifold point xp comes from the
origin and this map gives a orbifold chart. Therefore, the link of xp is

BpD2
ˆD2

q{pZ{pZq.
which is the definition of Lpp,´qrq. �
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Lecture 8. The Energy Identity and Instantons on S4

8.1. Characteristic Classes

Let Sympgq be the space of polynomial functions on g and

SymAdpgq

be the subset of Ad-invariant functions. Take g “ upnq to be the Lie algebra of Upnq
and tn be its Cartan sub-algebra. The Weyl group of Upnq is the permutation group
Sn and its action on tn – Cn is permuting coordinates. Then,

SymAdpupnqq “ SymSnptnq

“ tSymmetric polynomials of n variablesu.

Let ci be the i-th elementary symmetric polynomial σi. For a connection A on a
principal Upnq-bundle, let

cipAq :“ cip
i

2π
FAq.

We have trpFA ^ FAq P Ω4pXq, and we wish to compare it with

c2pAq P σ2p
i

2π
FAq and c2

1pAq “ ptrp
i

2π
FAqq

2.

Suppose

FA “

ˆ

ia b` ic
´b` ic id

˙

for some real-valued 2-forms a, b, c, d P Ω2pXq. Then

trpFA ^ FAq “ ´pa
2
` d2

` 2b2
` 2c2

q

c2pAq “ detp
i

2π

ˆ

ia b` ic
´b` ic id

˙

q “ ´
1

4π2
p´ad` b2

` c2
q

c1pAq
2
“ ptrp

i

2π
FAqq

2
“

1

4π2
pa` dq2.

Therefore,
1

8π2
trpFA ^ FAq “ c2pAq ´

1

2
c1pAq

2.

For an SUp2q-bundle, it reduces to

1

8π2
trpFA ^ FAq “ c2pAq.

Consider SOp3q-bundles or more generally,

PUpnq “ SUpnq{Zn
-bundles. When n “ 2, SUp2q{Z2 – SOp3q. Pontryagin classes of a real vector bundle
V Ñ X is defined by

pk “ p´1qkc2kpV bR Cq.



46 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

Suppose P is an SOp3q-bundle induced from an Up2q-bundle Q:

P “ Q{S1
“ QˆAd SOp3q.

and let V “ P ˆρstd R3 “ Q ˆAd sup2q. On the other hand, we have the complex
2-plane bundle E induced from Q.

E “ Qˆρstd C
2.

We claim that

V b C “ End0pEq “ tTraceless endomorphism of Eu.

Indeed, we are just using the decomposition

up2q “ R‘ sup2q

as irreducible Up2q-representations. We compute ckpEnd0pEqq “ ckpEndpEqq in terms
of ckpEq. Using the fact that the Chern character is multiplicative and

chpEq “ n` c1pEq `
1

2
pc2

1pEq ´ 2c2pEqq, chpE˚q “ n´ c1pEq `
1

2
pc2

1pEq ´ 2c2pEqq,

we obtain,

c1pEndpEqq “ 0

c2pEndpEqq “ ´ ch2pEndpEqq “ ´npc2
1pEq ´ 2c2pEqq ` c

2
1pEq

“ 4c2pEq ´ c
2
1pEq pwhen n “ 2q.

This shows

p1pV q “ ´4c2pQq

if P is obtained from an SUp2q-bundle Q.

8.2. Energy Identity

Consider the (anti)-self duality equation:

(11) FA “ ˘ ˚ FA.

Define its energy to be

EpAq “ ´
ż

X4

trpFA ^ ˚FAq “

ż

X4

}FA}
2
“

ż

X

}F`A }
2
`

ż

X

}F´A }
2.

Define the instanton number of P Ñ X4 to be

κpP q “

"

xc2pP q, rXsy if G “ SUpnq
´1

4
xp1pP q, rXsy if G “ SOp3q.



18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 47

If G “ SUp2q, then

8π2κ “

ż

X

trpFA ^ FAq “

ż

X

trpF`A ^ F
`
A q `

ż

X

trpF´A ^ F
´
A q

“

ż

X

trpF`A ^ ˚F
`
A q ´

ż

X

trpF´A ^ ˚F
´
A q

“ ´

ż

X

}F`A }
2
`

ż

X

}F´A }
2.

This shows

EpAq ě 8π2
|κpP q|

with the equality achieved if and only if the (anti)-self duality equation (11) holds.
This will be the analogue of the energy identity in the case of the gradient flow
equation on X4 “ Rˆ Y 3.

8.3. Finding (anti-)self duality connections

We will make use of quaternion numbers to construct instantons on S4.
Let H “ R` RI ` RJ ` RK with

IJ “ ´JI “ K, JK “ ´KJ “ I, KI “ ´IK “ J

I2
“ J2

“ K2
“ ´1.

and let SUp2q “ Spp1q “ units of H “ tx P H : xx̄ “ 1u. Consider the quaternion
Hopf bundle. Let

S7
Ă H‘H

be the unit sphere. There are 2 distinct right SUp2q-actions on S7:

px, yq ˚1 q “ pxq, yqq

px, yq ˚2 q “ pq̄x, q̄yq.

which makes S7 a principal SUp2q-bundle over S4 in two different ways. Let us call
them P` (the right action)and P´ (the left-inverse action) respectively.

We define a connection A` on P` by declaring that the horizontal space H` is the
orthogonal complement of the orbit of SUp2q. We wish to show that this connection
satisfies the anti-self duality equation:

F`A` “ 0.

(Tom had no idea how to draw a better picture except for making one bigger the
other.)

The trick is that the compact symplectic group Spp2q acts on H2:

Spp2q “ tg P SOp8q : gpvq ˚1 q “ gpv ˚1 qq @q P SUp2qu.
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This is the subgroup of linear transformations that preserve the metric and the right
action ˚1 of SUp2q. More explicitly,

Spp2q “ t

ˆ

q1 cos θ ´q3 sin θ
q2 sin θ q4 cos θ

˙

: q1, q2, q3, q4 P Spp1q

q4 “ q2q̄1q3u.

This action is transitive on S7 and descends to S4. This shows FA` as a section of

Ω2
pS`; adP`q

has to be invariant under the action of Spp2q. To make it simpler, consider the
subgroup of Spp2q that fixes

x “ p1, 0q P H2.

which is a copy of SUp2q:

Cx “ t

ˆ

1 0
0 p

˙

: p P SUp2qu.

It induces an action on
ľ2

T ˚rxsS
4
“ Λ`

rxs ‘ Λ´
rxs.

We have to show the action of Cx is non-trivial on Λ` and is trivial on Λ´. Note
that the action on the Lie algebra adP`|rxs is already trivial since Cx commutes with
˚1. The induced action of Cx on TrxsS

4 is the standard left action by SUp2q.
Operators I, J,K give rise to different complex structures on R4 – H and we get a

triple of symplectic forms ωI , ωJ , ωK :

ωIpv, wq “ xIv, wy, etc.

These forms are self dual:

ωI “ dx0
^ dx1

` dx2
^ dx3

ωJ “ dx0
^ dx2

` dx3
^ dx1

ωK “ dx0
^ dx3

` dx1
^ dx2.
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If instead we consider ω1Ipv, wq “ xvI, wy, then they are anti-self dual. It is clear that

ω1I , ω
1
J , ω

1
K

are invariant under the left action of SUp2q, while

ωI , ωJ , ωK

give the adjoint-representation. This proves F`A` “ 0.
Similarly, we define A´ on P´. This time we investigate the group that preserves

the action ˚2:

Spp2q1 “ tg P SOp8q : gpvq ˚2 q “ gpv ˚2 qq @q P SUp2qu.

Then the stabilizer C 1x is

q P SUp2q :

ˆ

v1

v2

˙

ÞÑ

ˆ

v1

v2 ¨ q̄

˙

.

We look at the induced action on TrxsS
4 and this group preserves

ωI , ωJ , ωK .

Hence, F´A´ “ 0.
We could compute the connection A` and FA` more explicitly. This will be the

task for the next lecture.
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Lecture 9. Instantons on S4 continued

9.1. Instantons on P`

Recall from the last lecture that the unit sphere S7 Ă H2 admits two right actions
of SUp2q:

px, yq ˚1 q “ pxq, yqq

px, yq ˚2 q “ pq̄x, q̄yq.

We will focus on the first action. It makes S7 into principal bundle over S4, and we
call it P`. Let Spp2q be the isometry group of H ‘H that commutes with the right
action of H. It is realized as the left multiplication of 2ˆ 2 quaternion matrices:

Spp2q “ t

ˆ

q1 cos θ ´q3 sin θ
q2 sin θ q4 cos θ

˙

: q1, q2, q3, q4 P Spp1q, q4 “ q2q̄1q3u.

Then the stabilizer of w “ p0, 1q P S7 is

Cw “

ˆ

Spp1q 0
0 1

˙

Ă Spp2q.

Remark. Spp2q “ Spinp5q is the universal cover of SOp5q. The diagonal inclusion
Spp1q ãÑ Spp2q:

q ÞÑ

ˆ

q 0
0 q

˙

sends the center ZpSpp1qq to the center of Spp2q, so we get a diagram

Spp1q Spp2q Spp2q{Spp1q

SOp3q SOp5q SOp5q{SOp3q

Therefore, Spp2q{Spp1q – SOp5q{SOp3q. The embedding

SOp3q ãÑ SOp5q

is induced by the inclusion R3 ãÑ R5 and its quotient space is a Stiefel manifold V5,2.
This space parametrizes ordered pairs of orthogonal unit vectors in R5:

tpv1, v2q : |v1| “ |v2| “ 1, v1 K v2u

which is also the unit sphere bundle of TS4. Let us call it SpTS4q, so

Spp2q{Spp1q – SOp5q{SOp3q – SpTS4
q.

However, we can identify the first and the last spaces without making use of SOp5q.
In fact, the tangent bundle of S7 splits orthogonally:

TS7
“ V ‘H
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by the right action of SUp2q. The left action of Spp2q extends to the sphere bundle
of H:

SpHq.
One verifies that this action is free and transitive. This shows Spp2q – SpHq as
manifolds. This action descends to SpTS4q since

SpTS4
q “ SpHq{SUp2q

just as S4 “ S7{SUp2q. This copy of SUp2q is precisely the diagonal inclusion.
To see Spp2q “ Spinp5q, note that the induced action of Spp2q on S4 preserves the

round metric, so we obtain a group homomorphism:

ρ : Spp2q Ñ SOp5q.

It suffices to compute the kernel and the image. Since the action is transitive, we
look at the stabilizer at rws P S4:

Spp1q ˆ Spp1q SOp4q

Spp2q SOp5q.

ρ1

ρ

The first factor Spp1q ˆ t1u preserves Hw, while p1, qq sends Hw “ Hp0,1q to Hp0,qq.
These two spaces are identified by the right multiplication of q´1. The tangent map
of :

q ¨ q´1 :

ˆ

v1

v2

˙

ÞÑ

ˆ

v1q
´1

qv2q
´1

˙

at Hw is simply q´1. We recognize that the top horizontal map ρ1 is the standard
two-fold cover, so is ρ.

One can also proceed in the other way: construct the Clifford algebra of R5 and
identify it with the algebra of 2ˆ 2 quaternion matrices.

Let us return to the computation of curvatures. As above, we define a connection
A “ A` on P` via orthogonal projection to the tangent space of the orbit, and we
want to understand this connection more concretely. Let x, y be quaternion-valued
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coordinate functions on H2, so dx, dy, dx̄, dȳ are well-defined (quaternion-valued) 1-
forms on H2. We claim that as a sup2q-valued 1-form

A “ ´ Impdx̄ ¨ x` dȳ ¨ yq “ Impx̄ ¨ dx` ȳ ¨ dyq.

where forms are pulled back via S7 ãÑ H2.

‚ A is the identity on vertical vectors. Given px, yq P S7, a vertical vector is
given by vq “ px ¨ q, y ¨ qq for q P ImH “ sup2q, so

dxpvqq “ x ¨ q, dypvqq “ y ¨ q.

Hence, Apvqq “ p|x|
2 ` |y|2qq “ q.

‚ A is invariant under Spp2q. Take g P Spp2q, then

g “

ˆ

a b
c d

˙

, gT “

ˆ

ā c̄
b̄ d̄

˙

for some a, b, c, d P H and gTg “ Id. If px, yqT maps to gpx, yqT , then

px̄, ȳq ÞÑ px̄, ȳqgT ,

ˆ

dx
dy

˙

ÞÑ g

ˆ

dx
dy

˙

.

Since A is the imaginary part of

px̄, ȳq ¨

ˆ

dx
dy

˙

,

one easily sees that it is invariant under the action of g.
‚ A kills the horizontal space H. It suffices to check at a point, Take w “

p1, 0q P S7 where Hw is

p0, yq P TwS
7.

Since ȳpwq “ 0 and dx “ 0 on Hw, kerA “ H.
‚ q˚A “ Adpq´1qpAq for q P Spp1q acting on the right. Indeed,

x̄ ¨ dx ÞÑ xq ¨ dpxqq “ q̄px̄ ¨ dxqq.

One can compare the similar construction for the complex Hopf bundle

S1 S3

S2.

The same expression will give a standard connection for Op1q or Op´1q.
Trivialize P` on a coordinate chart:

H Q x ÞÑ spxq “
px, 1q

p1` |x|2q1{2
P S7.
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Then the connection form under this trivialization is

a “ s˚A “
Impx̄ ¨ dxq

1` |x|2

Let us compute the curvature form:

s˚FA “ da` a^ a p“ da`
1

2
ra^ asq

“ Imp
dx̄^ dx

1` |x|2
´
pdx̄ ¨ x` x̄ ¨ dxq ^ px̄ ¨ dxq

p1` |x|2q2
`
pdx̄ ¨ xq ^ pdx̄ ¨ xq

p1` |x|2q2
q

“ Imp
dx̄^ dx

p1` |x|2q2
q.

where we used the fact Impb^ bq “ Im b^ Im b for a quaternion-valued 1-form b.
Finally, we need to compute dx̄^ dx. Note that

dx̄ “ dx0
´ Idx1

´ Jdx2
´Kdx3, dx “ dx0

` Idx1
` Jdx2

`Kdx3.

Therefore, by direct computation, we have

dx̄^ dx “ 2Ipdx0
^ dx1

´ dx2
^ dx3

q

` 2Jpdx0
^ dx2

´ dx3
^ dx1

q

` 2Kpdx0
^ dx3

´ dx1
^ dx2

q

“ 2Iω1I ` 2Jω1J ` 2Kω1K

which is anti-self dual. If we take the wedge product in the reverse order, it will be a
self-dual form:

dx^ dx̄ “ ´2IωI ´ 2JωJ ´ 2KωK .

9.2. Instantons on S4 by conformal transformations

We will exploit the fact that the (anti)-duality equation

FA “ ˘ ˚ FA

is conformally invariant. The reason is that the Hodge ˚-operator:

˚ : Λ2
Ñ Λ2

depends only on the conformal class of the metric when dimX “ 4. Indeed, if
dimX “ n and g̃ “ e2σg for some σ : X Ñ R,

˚g̃ “ epn´2pqσ
˚g : Λp

Ñ Λn´p,

so it remains unchanged when p “ n{2 is the middle dimension.
Let SOp5, 1q be the conformal group of S4:

SOp5, 1q “ tu : S4
Ñ S4 orientation preserving : g “ the round metric,

u˚g “ e2σg for some σ : S4
Ñ Ru.
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This group is generated by rotations (SOp5q) and dilations. It is isomorphic to the
special orthogonal group of type p5, 1q as the name indicates. Since A` is invariant
under the Spp2q-action on S7, it is invariant downstairs under the action of SOp5q on
S4. Therefore, the moduli space of instantons on S4 produced by applying conformal
transformations to A` is

SOp5, 1q{SOp5q – R5.

Let us compute this family explicitly. The dilation τλpxq “ λx on R4 comes from
a conformal transformation of S4. Then,

τ˚λ paq “
λ2 Impx̄ ¨ dxq

1` λ2|x|2
“

Impx̄ ¨ dxq

1{λ2 ` |x|2
,

τ˚λ pFAq “ Imp
λ2dx̄^ dx

p1` λ2|x|2q2
q.

Initially, }FA`}
2 distributes evenly on S4. As λ Ñ 8, }τ˚λFA`}

2 concentrates at the
origin and

τ˚λ paq Ñ a8 “
Impx̄ ¨ dxq

|x|2

Consider the singular gauge transformation

gpxq “
x

|x|
.

We have g˚a8 “ g ¨ pa8 ´ g
´1dgq ¨ g´1 and

g´1dg “
x̄

|x|
¨ p
dx

|x|
´
xd|x|2

2|x|3
q “

x̄ ¨ dx´ dx̄ ¨ x

2|x|2
“ a8.

This shows g˚a8 is the trivial connection. The path of connections τ˚λ paq converges
away from the origin to the trivial connection and the limit extends to a connection in
a different bundle. Therefore, to do compactification, we have to allow the topology
of the bundle to change.
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This “bubbling” phenomenon also occurs in symplectic topology. If we study
pseudo-holomorphic curves and fix a conformal structure on the Riemann surface,
then the bubbling of spheres could occur. It becomes more complicated when allow-
ing the conformal structure to change. It is helpful to briefly review the history:

(1) Sacks & Uhlenbeck. They first discovered this phenomenon when studying the
energy equation for a Riemann surface mapping into a Riemannian manifold.

(2) Uhlenbeck & Taubes. They worked out the case for the Yang-Mills equation.
(3) Gromov. Pseudo-holomorphic curves.

9.3. The Atiyah-Drinfeld-Hitchin-Manin (ADHM) Construction

It was back in 1975 when Belavin et al. [1] first wrote down explicit instanton
solutions on R4 where the rotational symmetry was assumed. Later, the ADHM
construction came out and gave a finite dimensional parameter space for all solutions
on S4. This construction was discovered by these four mathematicians independently.
In this case, some magics happened. We will briefly describe this construction.

(Tom made some corrections in the next lecture. The description below was not
accurate.)

Again, take S4 “ PpH2q “ H‘H{H˚ and SUp2q “ Spp1q. Pick a pair of vectors

C,D P Hk`1.

Let vpx, yq “ Cx`By for px, yq P H2 and suppose vpx, yq “ 0 if and only if px, yq “ 0,
that is, C,D are linearly independent over H. Then,

Ṽ “ ppx, yq, vpx, yqq P pH2
´ t0uq ˆHk`1

descends to a vector bundle over S4 “ PpH2q. Let us call it V . The principal bundle
P` induces a quaternion bundle by the right-inverse representation:

E` “ P` ˆρ H where ρpqqpvq “ vq̄, v P SUp2q, q P H.
Then E` has a canonical connection induced by A` and V is a sub-bundle of Ek`1

` .
Let

Π : Ek`1
` Ñ V

be the orthogonal projection and ∇ be the product connection in Ek`1
` . Then

Π ˝∇
becomes a connection in V . The obstacle is that Π ˝ ∇ is not necessarily self-dual
or anti-self dual. In order to give solutions to self-dual Yang-Mills equation, vectors
C,D have to satisfy a quadratic equation. We will continue this subject in the next
lecture.
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Lecture 10. The ADHM construction

10.1. The Atiyah-Drinfeld-Hitchin-Manin (ADHM) Construction for
SU(2)-instantons

Tom highly recommended this book for supplementary reading:

‚ Atiyah, M. F, Geometry on Yang-Mills fields. Scuola Normale Superiore Pisa,
Pisa, 1979. 99 pp.

Take the unit sphere S7 Ă H ‘H. The right action of SUp2q makes it a principle
bundle over S4. Let γ` “ P` ˆρ HÑ S4 be the tautological bundle:

γ` “ tpx, y, hq P S
7
ˆHu{ppxq, yqq, hq „ ppx, yq, qhq.

Let C,D be two pk ` 1q ˆ k quaternion-valued matrices. For each px, yq P H‘H,
define a map

vpx, yq “ Cx`Dy : Hk
Ñ Hk`1

w ÞÑ pCx`Dyqw.

We require that vpx, yq has rank k whenever px, yq ‰ p0, 0q. This homomorphism
commutes with the right action of H, so it is H-linear. For any q P SUp2q,

vppx, yq ¨ qq “ vpxq, yqq “ vpx, yq ˝ ρpqq “ ρ˚pq´1
qvpx, yq.

Therefore, v defines a section of

P` ˆ HomHpHk,Hk`1
q.

and it descends to a section
v : γk` Ñ Hk`1.

Here, Hk`1 denotes the trivial rank-pk`1q bundle, and it has the trivial connection
d.

Remark. One way to convince yourself that v is indeed a bundle map from γk` to
Hk`1 is to look at the special case when k “ 1 and

C “

ˆ

1
0

˙

, D “

ˆ

0
1

˙

.

In this special case, vpx, yq “ px, yqT sends h P H to pxh, yhqT P H‘H. The image
of v is precisely the quaternion line that passes through px, yq (with respect to the
right multiplication). Therefore, γ` is called the tautological quaternion bundle over
S4 “ H2 ´ t0u{H˚. �

Let E “ pIm vqK and

Π : Hk`1
Ñ Hk`1

be the orthogonal projection onto E. Since the sequence

0 Ñ γk` Ñ Hk`1
Ñ E Ñ 0
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is exact, we have

c2pEq “ ´c2pγ
k
`q “ ´kc2pγ`q “ ´kepγ`q “ ´k.

Remark. It is hard to convince oneself that epγ`q “ 1 because in the complex case
epγCq “ ´1 for the complex tautological bundle γC “ Op´1q Ñ CP1. The issue is
that γ` is oriented by the right multiplication of I on each fiber, so the basis

p1, I, J, J ¨ I “ ´Kq.

gives the default complex orientation on γ`. To compute the Euler number of γ`,
cover S4 by two coordinate charts and choose a clever section of γ`:

p P H ÞÑ p
1

p1` |p|2q
1
2

,
p

p1` |p|2q
1
2

q, wp “
1

p1` |p|2q
1
2

P H

q P H ÞÑ p
q

p1` |q|2q
1
2

,
1

p1` |q|2q
1
2

q, wq “
q̄

p1` |q|2q
1
2

P H

The transition map is given by q “ p´1 and

q̄

|q|
¨ wp “ wq.

The section twp, wqu has a single zero at q “ 0. The linearization is q ÞÑ q̄. In the
complex case, this is orientation reversing. In the quaternion case, this is orientation
preserving because different conventions are used for the domain and the target as
noted above. �

We aim to construct self-dual connections on E because c2pEq “ ´k is negative.
We take it to be

∇ “ Π ˝ d.

Exercise 10.1.1. Prove that F∇ “ Π ˝ pdΠ^ dΠq ˝ Π.

Proof. Since HompHk`1,Hk`1q is a trivial bundle, it admits the trivial connection d.
We regard

∇ “ Π ˝ d ˝ Π

as a first order differential operator on Hk`1. Then

F∇pX, Y q “ ∇X∇Y ´∇Y∇X ´∇rX,Y s.

Note that

∇X∇Y s “ ∇XpΠpY psqq ` Π ˝ Y pΠqsq

“ ΠpXY psqq ` Π ˝XpΠqpY psqq

` Π ˝XpΠq ˝ Y pΠqs` Π ˝XY pΠqs` Π ˝ Y pΠqpXpsqq.

Therefore, F∇pX, Y q “ Π ˝ pXpΠq ˝ Y pΠq ´ Y pΠq ˝XpΠqq. Since ∇Xs “ ∇XpΠpsqq,
we can add a copy of Π at the beginning for free. Our result follows. �



58 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

Let ΠK be the orthogonal projection onto Im v. Then ΠK ` Π “ Id and

ΠK “ vpv˚vq´1v˚

where v˚ denotes the H-conjugate transpose. Using the relation

dΠ “ ´dΠK,

we obtain
F∇ “ Π ˝ pdΠK ^ dΠKq ˝ Π.

Since Π ˝ v ” 0 and v˚ ˝ Π ” 0,

Π ˝ dΠK “ Πpdvqpv˚vq´1v˚, dΠK ˝ Π “ vpv˚vq´1dpv˚q ˝ Π.

The curvature is simplified as

F∇ “ Π ˝ pdvq ^ pv˚vq´1dpv˚q ˝ Π.

Now take a coordinate chart

s : HÑ PpH2
q, x ÞÑ rx : 1s

and carry out the computation locally. Then

s˚v “ Cx`D, s˚dv “ Cdx

s˚F∇ “ ΠpCdxq ^ pv˚vq´1
pdx̄C˚qΠ.

From previous lectures, we have known that dx^dx̄ is a self-dual form. With more
work, one shows that s˚F∇ is self-dual if and only if

pv˚vq´1 is real.

This condition is equivalent to v˚v being real. Let us make it more explicit. In the
construction of v, there is some ambiguity about C and D. Since C has full rank, by
changing a quaternion basis of Hk, we assume that

C “

ˆ

z
Ik

˙

for some row vector z P Hk. By changing basis in Hk`1, we can further eliminate z
and get

C “

ˆ

0
Ik

˙

.

Now write D into the same block matrix form:

D “

ˆ

Λ
B

˙

.

Since v “ Cx`D, we have

v˚v “ |x|2Ik ` Λ˚Λ`B˚B ` px̄B `B˚xq.

For this to be real for any x P H, we must have

(1) x̄B `B˚x is real for any x P H.
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(2) B˚B ` Λ˚Λ is real.

The first condition implies B “ BT is a symmetric k ˆ k quaternion matrix. The
main theorem in the ADHM construction is that all solutions actually arise in this
way:

Theorem 10.1.2. All charge k instantons on S4 are given by pairs pB,Λq where B
is a symmetric k ˆ k quaternion matrix and Λ P Hk is a vector such that

(12) B˚B ` Λ˚Λ is real.

Two such pairs pB,Λq, pB1,Λ1q give gauge equivalent connections if and only if they
are related by

B1 “ T TBT,Λ1 “ qΛT

for some T P Opkq and q P Spp1q.

Let us formally count the dimension of the parameter space:

B ù 4 ¨
kpk ` 1q

2
variables

Λ ù 4k variables

the constraint p12q ù 3 ¨
kpk ´ 1q

2
equations

Opkq ù
kpk ´ 1q

2
dimensional symmetry

Spp1q ù 3 dimensional symmetry.

Therefore, we get 8k ´ 3 parameters as predicted by the index theorem. This
construction fits into a more geometric context. The constraint (??) can be viewed
as a hyper-Kähler moment map. The space of symmetric H-matrices and H-vectors
admit an Opkq-action

pB,Λq ÞÑ pT TBT,ΛT q P Symk
pHq ‘Hk.

Since this action preserves the Hyper-Kähler structure, we obtain a moment map:

µ : Symk
pHq ‘Hk

ÞÑ opkq b ImpHq.

which is Opkq-equivariant. Then (??) is saying that pB,Λq is contained in the fiber
µ´1p0q.

Even though S4 is not a complex manifold, it is closely related to CP3 where one
can use algebraic geometry. The embedding S1 ãÑ Spp1q induces a fiber bundle:

S2 “ Spp1q{S1 CP3
“ S7{S1

S4 “ S7{Spp1q.
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For each x P S4, the fiber S2
x is identified with the space metric-compatible almost

complex structures on TxS
4:

taI ` bJ ` cK : a2
` b2

` c2
“ 1u.

An anti-self dual connection is pulled back to a holomorphic connection on CP3.
The total space CP3 is also called the twistor space.

10.2. Inverting ADHM data

Finally, let us explain why the ADHM construction is supposed to work. We have
to construct matrix data out of self dual connections. The process of inverting the
ADHM construction was discovered independently by Atiyah, Drinfeld, Hitchin and
Manin after whom it was named. Some physicists might have different point of views.
We come back to the bundle E Ñ S4 with c2pEq “ ´k and choose a Spp1q-connection
A. Consider the Dirac operator twisted by E:

DA “ D`A : ΓpS` bC Eq Ñ ΓpS´ bC Eq.

It is easier to work on R4. Then the Weitzenböck formula shows

D˚ADA “ ∇˚
A∇A ` ρpF

`
A q

DAD
˚
A “ ∇˚

A∇A ` ρpF
´
A q.

No scalar curvature shows up because R4 is flat. If F´A ” 0, then the cokernel of
DA is trivial.

By the index theorem, IndCpDAq “ k. We get k-dimensional (over C) harmonic
spinors:

φi, 1 ď i ď k.

Each of them decays as 1{r3 at the infinity. This means

φi “
ai
r3
`Op 1

r4
q

for some ai P pS
`bCEq8 – C4 as r Ñ 8. There are two steps to recover the ADHM

data,

(1) Pick up the leading coefficients of the spinors at 8 ù Λ.
(2) x0φi, x1φi, x2φi, x3φi ù B.

To explain the second term, write

B “ B0 `B1I `B2J `B3K.

for some Hermitian k ˆ k matrices Bm, 0 ď m ď 3. Then

pBmqij “

ż

R4

xφi, xmφjy

for 1 ď i, j ď k and 0 ď m ď 3. Since xφi, xmφjy decays as 1{r5, it is integrable over
R4.
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Remark. Tom improvised a little bit at this point. This inverting process apparently
has a Upkq-symmetry: we can choose any unitary basis of kerDA. In addition, Λ is
a vector in C4k, not in Hk. This approach is not the one described in Atiyah’s book.
For interested readers, we recommend §3.3 of

‚ Donaldson, S. K.; Kronheimer, P. B.
The geometry of four-manifolds. Oxford Mathematical Monographs. Oxford
Science Publications. The Clarendon Press, Oxford University Press, New
York, 1990. x+440 pp.

Exercise 10.2.1. Compute the index of D`A.

Proof. For an oriented 4-manifold X, the Â-genus is defined by

ÂpXq “ 1´
1

24
p1pXq.

Since c1pEq “ 0, the Chern-character of E is

chpEq “ 2´ c2pEq ` ¨ ¨ ¨ .

By the Atiyah-Singer index theorem, we have

IndCpD
`
Aq “

ż

X

ÂpXq chpEq “

ż

X

p1´
1

24
p1pXqqp2´ c2pEqq.

“ ´c2pEqrXs ´
1

12
p1pXqrXs “ k ´

1

12
p1pXqrXs.

It remains to verify that for X “ S4, p1pTS
4q “ 0. One way to see this is to make

use of the twistor space CP3:

S2 CP3

˚ S4

π

Let F “ π˚TS4, then
TCP3

“ F ‘ V

where V denotes the bundle of vertical spaces. Since V is a line bundle and its
restriction to each fiber S2 is the tangent bundle, its total Chern class is

cpV q “ 1` 2a.

where a P H2pCP3;Zq is the canonical generator. On the other hand, by the Euler
exact sequence,

cpTCP3
q “ p1` aq4 “ 1` 4a` 6a2

` 4a3.

For a complex vector bundle E, p1pERq “ c2
1pEq ´ 2c2pEq. Therefore,

π˚p1pTS
4
q “ p1pFRq “ p1pTCP3

q ´ p1pV q

“ p4aq2 ´ 12a2
´ p2aq2 “ 0.
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It is interesting to note that F is a complex bundle even though TS4 is not. �
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Lecture 11. Gauge Transformations

11.1. Stabilizers

We start with the gauge equivalence of connections. Let G be a compact Lie group
and P Ñ X be a principal G´bundle:

G P

X

We adopt the following notations:

‚ AdP “ P ˆAd G is a bundle of Lie groups
‚ adP “ P ˆad g is a bundle of Lie algebras
‚ AP is the space of smooth connections on P . It is an affine space over

Ω1padP q “ ΓpX,T ˚X b adP q.
‚ GP “ ΓpX,AdP q is the space of smooth sections of AdP . The point-wise

multiplication defines a group structure. It is the so-called gauge group.

A gauge transformation g P GP is also a bundle map

g̃ : P P

X

that commutes with right multiplications. For any p P P , g̃ppq “ p ¨ gppq for some
gppq P G and

gpphq “ h´1gppqh “ Adph´1
qgppq.

Hence, g is the corresponding section of AdP Ñ X determined by g̃. We will use
these two points of view interchangeably.

Let V Ñ X be a bundle induced by a faithful linear representation of G. Then
both AdP and adP are sub-bundles of

EndpV q.

The gauge group GP acts on AP by the formula

AP ˆ GP Ñ AP

pA, gq ÞÑ g˚A “ A` gdAg
´1.

where dA “ ∇A is the covariant derivative induced on EndpV q.

Exercise 11.1.1. Check that g˚A is the pull-back connection.

Proof. The induced connection ∇A on EndpV q is defined by the property:

p∇Aφqv ` φp∇Avq “ ∇Apφpvqq.
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Let us compute the pull-back connection g˚p∇Aq “ g ˝∇A ˝ g
´1:

g ˝∇Apg
´1vq “ g ˝ p∇Ag

´1
qv ` g ˝ g´1∇Av

“ p∇A ` g∇Ag
´1
qv.

Using a trivialization of the bundle, we usually have a formula:

g˚A “ gAg´1
` gdg´1.

where A is an 1-form valued matrix and g is a matrix. This formula agrees with the
previous description because

gAg´1
` gdg´1

“ A` gpdg´1
` Ag´1

´ g´1Aq

“ A` g pdg´1
` rA, g´1

sq
looooooooomooooooooon

“dAg´1

. �

The quotient space B “ BP “ AP {GP is the moduli space of connections on P .
How bad is this action? Orbits with non-trivial stabilizers give rise to “non-smooth”

points in B. Given a central element u P ZpGq, the bundle map

ũ : P Ñ P, p ÞÑ p ¨ u

fixes all connections on P , because, by definition, a connection is invariant under the
right multiplication. This shows for any A P AP ,

u˚A “ A,

so u P StabA.Working with the quotient group GP {ZpGq can make this action faithful,
so ZpGq does not cause an issue.

If g˚A “ A, then g∇Ag
´1 “ 0. This means both g´1 and g are parallel sections of

EndpV q, so g is determined by its value gppq at a base point p P P . Hence,

StabA Ă G.

To understand it more concretely, take a loop γ : r0, 1s Ñ X around x “ πppq P X.
Let γ̃ be the horizontal lift of γ with γ̃p0q “ p. Then γ̃p1q “ p ¨ u´1 for some u P G.
This element

u “ ρA,ppγq P G

is the holonomy of A around γ, and ρA,p defines a representation:

ρA,p : ΩpX, xq Ñ G.

The inverse in the definition of u is to make ρA,p a group homomorphism. If
g P StabA, then g̃ ˝ γ̃ is a horizontal lift of γ with g̃ ˝ γ̃p0q “ p ¨ gppq, so it must agree
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with the path γ̃ptq ¨ gppq for any t P r0, 1s. In particular, comparing the end point
gives:

p ¨ gppq ¨ u´1
“ g̃ppq ¨ u´1

“ g̃pp ¨ u´1
q “ g̃pγ̃p1qq

“ γ̃p1q ¨ gppq “ p ¨ u´1
¨ gppq.

This shows gppq lies in the commutant of Im ρA,p. This is also a sufficient condition.
Hence,

StabA “ CpIm ρA,pq Ă G.

Any subgroup of G is the image of ρA,p for some A and p P P . We have to decide
which subgroups of G can be realized as commutants of other subgroups.

For a subgroup H Ă G, let

CpHq :“ the commutant of H Ă G.

We list some properties and examples:

(1) If H “ CpKq for some K Ă G, then

CpCpHqqq “ H,

but this is not true in general if the assumption H “ CpKq is removed.
(2) All commutants form a directed graph G where arrows are given by inclusions

of subgroups. The center ZpGq is the initial object, while G is the final object.
By (1), taking commutants identifies G with its dual graph (where arrows are
reversed).

(3) Let G “ Upnq. Let H consist of elements of the block matrices
¨

˚

˚

˚

˚

˚

˝

x1In1

¨ ¨ ¨

xsIns
Upk1q

¨ ¨ ¨

Upkrq

˛

‹

‹

‹

‹

‹

‚
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where xi P S
1. Then CpHq is given by
¨

˚

˚

˚

˚

˚

˝

Upn1q

¨ ¨ ¨

Upnsq
x1Ik1

¨ ¨ ¨

xrIkr

˛

‹

‹

‹

‹

‹

‚

.

Up to conjugacy, all commutants in Upnq are given in this form.
(4) For a simply connected structure group G, the graph of commutants has a

relatively simpler shape. But in general there will be more commutants if
π1pGq ‰ teu. Take SOp3q for an example. The graph of commutants is

K4 “ Z2 ˆ Z2

1 Z2 O2 SOp3q.

SOp2q

‚ CpSOp3qq “ 1.

‚ Z2 “ te,

¨

˝

´1
´1

1

˛

‚u. CpZ2q “ Op2q.

‚ K4 “ tA “

¨

˝

˘1
˘1

˘1

˛

‚: detA “ 1u. CpK4q “ K4.

‚ SOp2q “ t

ˆ

A 0
0 1

˙

: A P SOp2qu. CpSOp2qq “ SOp2q.

‚ Op2q “ t

ˆ

A 0
0 detA

˙

: A P Op2qu. CpOp2qq “ Z2.

Arrows denote inclusions of subgroups. It is easily seen that this graph is dual
to itself.

Definition 11.1.2. A connection A P AP is called reducible if StabA ‰ ZpGq.

A reducible connection will make the quotient space singular.

11.2. Sobolev Completions

To analyze AP {GP , we need to complete this space in some Sobolev topology. For
an oriented Riemannian manifold X and E Ñ X a vector bundle, pick a smooth
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connection A. For a section s : X Ñ E, define its Sobolev norm to be

}s}p
Lpk,A

“

ż

X

k
ÿ

l“0

|∇plq
A s|

pdvolX

By completing C8pX,Eq with respect to } ¨ }Lpk,A , we obtain the Sobolev space

LpkpX,Eq.

This space is independent of A: norms } ¨ }Lpk,A induced by different connections are

equivalent as long as connections are smooth.
Let E “ T ˚X b adP or E “ EndpV q. We obtain the Sobolev completion of AP

and GP with respect to } ¨ }Lpk :

A p
k ,G

p
k .

We have regarded GP as a subset of C8pX,EndpV qq. If k is not large enough, then
L2
k ­ãÑ C0. For a section s in the completion G P

k , sx might not lie in

pAdP qx pĂ EndpVxqq

for some x P X. We have to be careful about the regularity of sections.

Theorem 11.2.1 (The Sobolev Embedding Theorem). In dimension n, we have
embeddings:

(1) Lpk ãÑ Lql if k ´ n
p
ě l ´ n

q
and k ą l.

(2) Lpk ãÑ Cl,α if k ´ n
p
ě l ` α, k ą l and 0 ă α ă 1.

In particular, k ´ p
n
ą 0 implies LpkpX,Eq ãÑ C0pX,Eq. In addition to the em-

bedding theorem, we also have the multiplication theorem which says in this case
LpkpX,Eq is a Banach algebra. We will show

Proposition 11.2.2. If k ´ p
n
ą 0, then G p

k is a Banach Lie group.

We will work out the case when G “ Upnq. Let V be the bundle induced by the
fundamental representation. Then

pAdP qx Ă EndpVxq

is the space of unitary transformations.

Proof. Consider the map

φ : LpkpX,EndpV qq Ñ LpkpX,HermpV qq

f ÞÑ f˚f.

where HermpV q denotes the bundle of Hermitian endomorphisms of V . Then G p
k “

φ´1pIdV q. For any g P G p
k , the tangent map

dgφ : LpkpX,EndpV qq Ñ LpkpX,EndpV qq.
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is surjective. By the implicit function theorem, ker dgφ gives a local coordinate chart
of G k

k . It suffices to check that the multiplication and the inverse map:

G p
k ˆ G p

k
ˆ
ÝÑ G p

k , G p
k

inv
ÝÝÑ G p

k

are smooth maps between Banach manifolds. This follows from the fact that Lpk is
an algebra. �

Compare with the case in symplectic geometry. We need to deal with the diffeomor-
phism group DiffpXq, which becomes much trickier. Instead of Sobolev completions,
it is more natural to use the Ck-norm. The composition

DiffkpXq ˆDiffkpXq Ñ DiffkpXq

is still valid, but it is not smooth any more. Some derivatives will lose if we study
the tangent map. For interested readers, Tom recommended

‚ Ebin, David G. On the space of Riemannian metrics. Bull. Amer. Math. Soc.
74 1968 1001-1003.

This was part of Ebin’s thesis at MIT under the supervision of Professor Singer.
The idea is to include carefully higher and higher Ck-norms. Reader can also see the
prototype of polyfolds in his thesis.

The action of G p
k`1 on A p

k is given by

G p
k`1 ˆA p

k Ñ A p
k

pg, Aq ÞÑ A` gdAg
´1.

This action is smooth when
k ` 1´

n

p
ą 0.

When n “ 4 and p “ 2, we need k ą 1. In the borderline case when k “ 1,
L2

2 ­ãÑ C0. The completion G 2
2 is defined to be

tg P L2
2pX

4,EndpV qq : gpxq P AdP a.e. x P Xu.

It is still useful to consider this group. For A P A 2
1 , A “ A0 ` a for some a P

L2
1pX, adP q (A0 is a smooth background connection). We have

FA “ FA0 ` dA0a`
1

2
ra^ as P L2.

The L2-norm of FA is the one controlled by the energy identity, so the borderline case
is still important.
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Lecture 12. The configuration space is Hausdorff

12.1. The configuration space is Hausdorff

We study the property of the configuration space in more details. Recall that G is
compact Lie group and P Ñ X is a principal G´bundle:

G P

X

Let E Ñ X be a bundle induced by a faithful linear representation of G. Then both
AdP and adP are sub-bundles of

EndpEq “ E b E˚.

We adopt the following notations:

‚ AP is the space of smooth connections on P .
‚ A p

k is the Lpk-completion of AP .
‚ GP “ ΓpX,AdP q is the space of smooth sections of AdP . It is also the

automorphism group of P .
‚ G p

k`1 is the Lpk`1-completion of GP .

When the condition

(13) k ` 1´
n

p
ą 0

is satisfied, Lpk ãÑ C0 and the action

G p
k`1 ˆA p

k Ñ A p
k

is smooth. For A P A p
k , the stabilizer is given by

StabA “ tg P G p
k`1 : dAg “ 0u.

We form the quotient space

Bp
k “ A p

k {G
p
k`1.

Assuming (??), we will show that

Theorem 12.1.1. The configuration space Bp
k is a Banach manifold, i.e.Bp

k is locally
the quotient of a Banach space by a compact Lie group.

We will achieve Step 0 in this section:

Theorem 12.1.2. Bp
k is Hausdorff.

Recall that an equivalence condition for a topological space S being Hausdorff is
that the diagonal

∆ Ă S ˆ S
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is a closed subset. For a Hausdorff space S with an action by a Hausdorff topological
group G, for the quotient space S{G to be Hausdorff, we need the graph

ΓG “ tps, g ¨ sq : s P S, g P Gu Ă S ˆ S

to be closed. We give a proof of Theorem 12.1.2 in the borderline case.

Exercise 12.1.3. When k ` 1´ n
p
“ 0, define

G p
k`1 “ tg P L

p
k`1pEndpEqq, g P AdP a.e.u.

then it is a group.

Proof. We will focus on the case when n “ 4, p “ 2 and k “ 1. For g, g1 P
L2

2pX,EndpEqq with g, g1 P AdP a.e., g ¨ g1 P AdP a.e.. It remains to check the
regularity:

∇2
A0
pg ¨ g1q “ ∇2

A0
pgq ¨ g1 ` g ¨∇2

A0
pg1q ` 2∇A0pgq ¨∇A0pg

1
q.

Usually, we run into trouble for the first two terms because L2
2 ­ãÑ C0. But we use

the fact that G is compact, so g, g1 P L8 by default. The multiplication theorem

L2
ˆ L8 ãÑ L2, L2

1 ˆ L
2
1 ãÑ L2.

implies ∇2
A0
pg ¨ g1q P L2. �

Remark. G 2
2 is not a very nice group. We will not talk about the smoothness of

multiplications.

Proposition 12.1.4. B2
1 “ A 2

1 {G
2
2 is Hausdorff.

Proof. We have to show the graph

Γ “ tpA, g˚Aq : A P A 2
1 , g P G 2

2 u Ă A 2
1 ˆA 2

1

is a closed subset. Suppose we have a sequence pAi, giq such that

pAi, g
˚
i Aiq Ñ pA,Bq P A 2

1 ˆA 2
1

as iÑ 8. Suppose

Ai “ A0 ` ai,

g˚Ai “ A0 ` bi

ai, bi P L
2
1pX,T

˚X b adP q.

Then ai
L2

1
ÝÑ a :“ A´ A0 and bi

L2
1
ÝÑ b :“ B ´ A0. We have

A0 ` bi “ g˚Ai “ A0 ` gi∇A0g
´1
i ` giaig

´1
i

ñ bi “ ´p∇A0giqg
´1
i ` giaig

´1
i

ñ ∇A0gi “ giai ´ bigi.

We wish to show that tgiu is bounded in L2
2, so t∇A0giu has to be bounded in L2

1.
This is achieved in two steps:
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(1) t∇A0giu is bounded in L4-norm. This is because taiu, tbiu have uniformly
bounded L2

1-norm and tgiu has uniformly bounded L8 norm. We use the
multiplication theorem (when n “ 4)

L2
1 ˆ L

8 ãÑ L4
ˆ L8 ãÑ L4.

(2) t∇A0giu is bounded L2
1-norm. It suffices to control }∇2

A0
gi}2:

∇A0paigiq “ ∇A0paiq
looomooon

PL2

¨ gi
loomoon

PL8

` ai
loomoon

PL2
1

¨∇A0pgiq
loomoon

PL4

.

Now we use the multiplication structures L2 ˆ L8 ãÑ L2 and L2
1 ˆ L4 ãÑ L2.

The boundedness of the L4-norm of ∇A0gi follows from (1).

This shows that tgiu has a weakly convergent subsequence in L2
2. Let the limit be

g. Since L2
2 ãÑ L2 is compact,

pgi
L2

ÝÑ gq ñ pgi
a.e.
ÝÝÑ gq ñ pg P AdP a.e.q.

Hence, g P G 2
2 is a gauge transformation. Finally, we have to show g˚A “ B P A 2

1 . It
is enough to prove that they are equal in a weaker Sobolev space. Take limit of the
equation

∇A0gi “ giai ´ bigi.

Since ai
L2

1
ÝÑ a and gi

L2
1
ÝÑ g, the right hand side converges to

ga´ bg

as iÑ 8 in L2pXq. The left hand side converges to ∇A0g in L2, so

∇A0g “ ga´ bg. �

The proof relies heavily on the fact that G Ă EndpVx, Vxq is compact. If this
assumption is removed, the quotient space might not be Hausdorff any more:

‚ Take S “ R and G “ R˚. Then the quotient space consists of two points 0̄, 1̄.
Open sets are

H, t0̄, 1̄u, t1̄u,

so S{R is not Hausdorff.
‚ Take S “ slp2,Cq and G “ SLp2,Cq with the adjoint action (taking conjuga-

tion). Then S{G consists of

(1) aλ “

ˆ

λ 0
0 ´λ

˙

, λ P C. aλ „ a´λ.

(2) bµ “

ˆ

0 µ
0 0

˙

, µ P C˚. bµ „ b1.

As a set, S{G “ C{Z2 Y t˚u. The topology is non-Hausdorff.
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12.2. Local Charts

The next step is to construct orbifold charts for the quotient space Bp
k. Suppose

we have a finite dimensional manifold M acted by a compact Lie group G. Pick
x PM . A transverse Sx is a sub-manifold of M that intersects transversely with
the orbit G ¨x. The idea is to find a transverse Sx invariant under the action of
Stabx.

A tidy way to organize the construction is the following:

(1) If the action is free, consider the map

Gˆ Sx ÑM

pg, sq ÞÑ g ¨ s.

and show it is a diffeomorphism onto its image when Sx is small enough. This
reduces to the fact that TxSx ‘ TxG – TxM .

(2) Suppose the action is not free and Sx is Stabx-invariant. Then Stabx acts on
Gˆ Sx

hpg, sq ÞÑ pgh´1, hsq.

This action is free. By the first case, the quotient space

Gˆ Sx{ Stabx

is a manifold. Consider the map

φ : Gˆ Sx{ Stabx ÑM

rpg, sqs ÞÑ g ¨ s.

When Sx is small enough, φ is a diffeomorphism onto a neighborhood of the
orbit G ¨ x. Then the orbifold chart comes from

Sx{ Stabx – pGˆ Sx{ Stabxq{G ĂM{G.
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If someone is ever confused with the definition of an orbifold, he/she can actu-
ally read off all necessary conditions to define an orbifold from this picture. If y is
contained in the image of φ, then it is identified with

rpg, zqs P Gˆ Sx{ Stabx

for some g P G and z P Stabx. Therefore, Staby Ă Stabx. One can also realize the
construction of the transition map φxy from an orbifold chart pSy, φyq to pSx, φxq.

Return to the infinite dimensional case. We wish to define slices for the G -action
on A :

pg, Aq ÞÑ A` gdAg
´1
“ A´ g´1dAg.

Consider the differential of this action:

TeG “ Ω0
pX, adP q Ñ Ω1

pX, adP q

ξ ÞÑ ´dAξ.

Since the L2-inner product is G -invariant, consider the L2-complement of ImTeG .
Define

SA “ ta P Ω1
pX, adP q : xdAξ, ayL2pXq “ 0, @ξ P Ω0

pX, adP qu.

When X is closed,
pxdAξ, ayL2pXq “ 0, @ξq ô pd˚Aa “ 0q.

When X is not closed,

pxdAξ, ayL2pXq “ 0, @ξq ô pd˚Aa “ 0, ˚a|BX “ 0q.

An interesting question is how large a local orbifold chart could be. In our case,
it is necessary to fix a Sobolev completion. A stronger Sobolev topology we use, a
smaller chart we get. But it is enough for applications, since there are bijections
between moduli spaces tF`A “ 0u{G in different Sobolev completions.

It is convenient to work with a canonical (gauge invariant) smooth metric. Another
example is the moduli space of Riemannian metrics on X. The space MetpXq of



74 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

smooth metrics on X is acted on by the diffeomorphism group DiffpXq. It is known
that for a fixed metric g, the isometry group is a compact Lie group if X is compact.
This question was addressed in Ebin’s Thesis. For an announcement of results, see

‚ Ebin, David G. On the space of Riemannian metrics. Bull. Amer. Math. Soc.
74 1968 1001-1003.

In this case,

Te DiffpXq “ ΓpX,TXq

T Met “ Sym2
pT ˚Xq,

and the differential of the group action is

X ÞÑ
B

Bt
φ˚X,tg

ˇ

ˇ

t“0
“ LXg.

One can show this first-order operator has an injective symbol. Taking Sobolev
completions, Ebin figured out a Diff2

k`1pXq-invariant metrics on Met2
k and tried the

same strategy as above.
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Lecture 13. The Construction of Slices

This Monday happened to be the Open House for prospective (graduate) students
at MIT. Tom expected some of them would come to his class, so he prepared a
special lecture introducing applications of gauge theory on low dimensional topology
and made a PPT. Unfortunately, we waited for 10 minutes and none of them showed
up. Tom was very frustrated and decided to continue on his normal lectures.

This is the reason why this lecture was shorter than others.

Here is a digression. Taubes studied SLp2,Cq-connections and the set up is as
follows. Suppose we have an SUp2q-principal bundle P Ñ X. It induces an SLp2,Cq
bundle:

P ˆι SLp2,Cq Ñ X.

by the fundamental representation ι : SUp2q ãÑ SLp2,Cq. Since

slp2,Cq “ sup2q ‘ isup2q,

an SLp2,Cq-connection can be written as

A` iΦ

with Φ P Ω1pY, adP q and an SUp2q-connection A P AP . We still use SUp2q-gauge
transformations:

GP .

It is a good set-up for some questions. We mentioned in the last lecture that
slp2,Cq{SLp2,Cq is not Hausdorff. Nevertheless, if we can get rid of nilpotent ele-
ments, then it is still fine.

13.1. The construction of Slices

We wish to construct orbifold charts for A p
k {G

p
k`1. For A P A p

k , let

SA,ε “ tA` a : d˚Aa “ 0, ˚a|BX “ 0, }a}Lpk ă εu.

Then the Hodge theory tells us (we need to solve a Neumann boundary value
problem for d˚AdA):

LpkpX,T
˚X b adP q “ Im dA ‘ ta P L

p
kpX,T

˚X b adP q : d˚Aa, ˚a|BX “ 0u

where

dA : Lpk`1pX, adP q Ñ LpkpX,T
˚X b adP q.

Consider the map

m : G p
k`1 ˆ SA,ε Ñ A p

k .

pg, A` aq ÞÑ g˚pA` aq “ A` a` gdA`ag
´1.
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and its differential at pe, Aq:

Dpe,Aqm : Lpk`1pX, adP q ˆ ta P Lpk : d˚Aa “ 0, ˚a|BXu Ñ Lpk.

pξ, aq ÞÑ ´dAξ ` a.

Hence, by the Hodge theory, we have

Theorem 13.1.1. The differential Dm is surjective at pe, Aq for all g P G p
k`1.

If pξ, αq lies in the kernel of Dpe,Aqm, then

dAξ ` α “ 0

ñ dAξ “ 0, α “ 0

ñ kerDpe,Aqm – the Lie algebra of StabA .

The goal is to show that

m̄ : G p
k`1 ˆ SA,ε{ StabA Ñ A p

k .

is a diffeomorphism if ε ! 1.

Theorem 13.1.2. When ε ! 1, m̄ is a local diffeomorphism onto its image.

Proof. We have shown that Dpe,Aqm̄ is a bijection. By implicit function theorem, for
a tiny StabA-invariant neighborhood U of StabA Ă G p

k`1 and ε ! 1,

U ˆ SA,ε{ StabA

is a diffeomorphism onto its image, so the theorem is proved at the point

rpe, Aqs
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For other points, we use the fact that m̄ is G p
k`1-equivariant:

U ˆ SA,ε{ StabA G p
k

pg ¨ Uq ˆ SA,ε{ StabA G p
k .

m

g g

m

Since vertical maps are diffeomorphisms, m is a diffeomorphism on pg¨UqˆSA,ε{ StabA
which is a neighborhood of rpg, Aqs. This proves the theorem. �

To prove m̄ is a diffeomorphism globally, it remains to show m̄ is injective for ε ! 1.
Suppose we have

g˚pA` aq “ A` b

for some a, b P SA,ε and g P G p
k`1. We wish to show that g P StabA. We know from

the last lecture that
dAg “ ga´ bg

as a section of EndpEq. Apply d˚A, then

d˚AdAg “ d˚Apga´ bgq

“ ´ ˚ dA
`

gp˚aq ´ p˚bqg
˘

psince d˚Aa “ d˚Ab “ 0q “ ´ ˚ pdAg ^ ˚a´ p´1qn´1
˚ b^ dAgq.

The above computation shows

d˚AdAg “ ΦpdAg, aq ´Ψpb, dAgq.

for some bilinear bundle maps Φ,Ψ.

Lemma 13.1.3. For some C ą 0,

}d˚AdAg}pL2
1q
˚ ě C}dAg}L2 .

for all g P L2
1pX,EndpEqq.

Assuming this lemma, we have

C}dAg}L2 ď }d˚AdAg}pL2
1q
˚(14)

ď }ΦpdAg, aq}pL2
1q
˚ ` }Ψpb, dAgq}pL2

1q
˚ .

ď C1p}dAg}L2}a}Ln ` }dAg}L2}b}Lnq.

In the middle, we used the fact that in dimension n ą 2, L2
1 ãÑ L2n{pn´2q and

L2n{pn´2q
ˆ L2

ˆ Ln Ñ L1
ş

X
ÝÑ R

is bounded linear. Indeed,
n´ 2

2n
`

1

2
`

1

n
“ 1.

This shows L2 ˆ Ln Ñ pL2
1q
˚ is bounded linear.
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Using p14q, if

}a}Ln ` }b}Ln ď
C

2C1

,

then }dAg}2 has to be zero and we are done. This requirement is independent of the
choice of Sobolev completion of G . The injectivity holds for a ball of a much weaker
Sobolev norm (Ln). The Ln-norm is important here, because the action

G n
1 ñ A n

0

is precisely at the borderline of the Sobolev embedding. But we can still obtain
injectivity as above.

In the next lecture, we will discuss Uhlenbeck’s Fundamental Lemma:

Theorem 13.1.4. There exists C, ε ą 0 such that for any L2
1-connection A on B4

with
ż

B4

|FA|
2
ď ε,

we can find a gauge transformation g P G 2
2 such that

g˚A “ Γ` a

where Γ is the trivial connection and

(1) d˚Γa “ 0,
(2) ˚a|BB4 “ 0,
(3)

ş

B4 |∇Γa|
2 ` |a|2 ď C

ş

B4 |FA|
2.

There are generalizations of this result in higher dimensions. The energy
ż

B4

|FA|
2

is conformally invariant in dimension 4, which is no longer true in higher dimensions.
If we stick to the L2-norm, we must keep track of the size of n-ball Bnp0, Rq. In this
case, the constant in (3)

C “ CpRq

depends on the radius. Instead, we can work with
ż

Bn
|FA|

n
2

which is still invariant under the rescaling of the metric. A modification of Uhlenbeck’s
theorem will continue to hold then.

Exercise 13.1.5. Prove Lemma 13.1.3.

Proof. We assume the regularity g P L2
1 and

a, b P L
n{2
1 .
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We think of g as a section of EndpEq Ñ X, not as a a gauge transformation. The
equation

dAg “ ag ´ gb

still holds in L2. Because of the multiplication structure,

L
n{2
1 ˆ L2

1 Ñ L
2n
n`2

1

dAg P L
2n
n`2

1 and it makes sense to talk about its boundary value. Since ˚a, ˚b “ 0 on
BX,

˚dAg “ 0

on BX. Therefore, we are allowed to use integration by parts without worrying about
the boundary term:

}d˚AdAg}L2
1pXq

˚ “ sup
}v}

L2
1
“1

xd˚AdAg, vyL2

“ sup
}v}

L2
1
“1

xdAg, dAvyL2 .

Write g “ g1 ` g2 with

g1 P ker dA, xg2, g1yL2 “ 0.

Then }dAg}2 “ }dAg2}2 ě C}g2}L2
1

for some C ą 0. Let

v “
g2

}g}L2
1

be the test function. Hence,

}d˚AdAg}L2
1pXq

˚ ě
1

}g2}L2
1

xdAg, dAgyL2

ě
C

}dAg}2
}dAg}

2
2

ě C}dAg}2.

The heuristic for this estimate is that d˚A is injective on Im dA:

Ω0 Ω1,
dA

d˚A

so we expect that }d˚AdAg}L2
k`1

ě }dAg}L2
k

for any k. When X has a non-empty

boundary, it is not true that

L2
´k “ pL

2
kq
˚.

Instead,

L2
´k “ pL

2
k,0q

˚.
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Here, L2
k,0 denotes the space of L2

k functions whose restriction at the boundary is zero

(k ą 1
2
). This space allows us to do integration by parts without worrying about the

boundary term. For this exercise, we have to be careful about the boundary.
�
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Lecture 14. The Big-Slice theorem

14.1. The Big-Slice theorem

Consider the space A p
0 of Lp-connections and Lp1 gauge transformations G p

1 . We
assume p ą n where n is the dimension of the base manifold X, so

Lp1 ãÑ L8

and Lp1 is an algebra. Let

Sbig
A,ε “ ta P L

p : d˚Aa “ 0, ˚a|BX , }a}Ln ă εu.

be the big slice around A P A p of radius ε. It is called big because the Ln-norm is
used in the definition, which is weaker than the Lp-norm.

Remark. For an Lp section a, the Sobolev restriction theorem fails and ˚a|BX is not
well-defined. Nevertheless, if d˚Aa “ 0, the boundary value xa, ~nydvolBX “ ˚a|BX still
exists in the sense of distribution:

xx, xa, ~nyyBX :“ xdAx̃, ayL2pXq ´ xx̃, d
˚
Aay

looomooon

“0

.

Here, x is a test function on BX and x̃ is a reasonable extension of x on X. For
this lecture, it is recommended to ignore the boundary and assume X is closed. The
analysis will become easier then. �

In the previous lecture, we studied the G p
1 equivariant map

m̄ : pG p
1 ˆ S

big
A,εq{ StabA Ñ A p.

and proved that

Theorem 14.1.1. If ε ! 1, then m̄ is injective.

We wish to extend this result and show that

(1) m̄ is a diffeomorphism onto its image.
(2) Impm̄q contains an Ln-neighborhood of A.

The first statement only implies that Impm̄q contains an Lp-neighborhood of A.
The second statement is stronger, since it implies

‚ There exists δpεq ą 0 such that for any A1 P A p
0 with }A1 ´ A}Ln ă δ, we can

find a gauge transformation g P G p
1 with g˚A1 P Sbig

A,ε.

This is the content of the Big-Slice theorem.
For (1), it suffices to check that for any a P Sbig

A,ε, the linearization

Dpe,A`aqm̄

is invertible.
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Figure 1. The left picture is accurate.

Before we pass to the quotient space, the linearized operator of

m : G p
1 ˆ S

big
A,ε Ñ A p

pg, A` aq ÞÑ pA` gag´1
` gdAg

´1
q.

at pe, A` aq is

Dpe,A`aqmpξ, αq “ α ´ pdAξ ` ra, ξsq.

When a “ 0, it is a surjection between spaces:

Lp1pX, adP q ‘ tα P Lp : d˚Aα “ 0, α|BXu Ñ LppX,T ˚X b adP q.

When a P Sbig
A,ε is allowed to change, applying the multiplication theorem (Remark :

this estimate is incorrect)

Lp1 ˆ L
n
Ñ Lp

to the term ra, ξs, we see that when }a}n ! ε for some ε small enough,

Dpe,A`aqm
remains surjective. Hence, p1q follows from the inverse function theorem.

Remark. This proof is incorrect because the multiplication theorem here was wrong
when p ą n. Tom corrected this mistake in the next lecture.

The second part is harder. The first step is an a priori estimate:

Lemma 14.1.2. Let A P A p, we can find δ,K ą 0 such that the following property
holds
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‚ Suppose A` b P A p and for some g P G p
1 ,

g ¨ pA` bq “ A` a

with A` a P Sbig
A,ε. If }a}n ` }b}n ď δ, then

}dAg}n ` }a}n ď K}b}n

}dAg}p ` }a}p ď K}b}p.

This lemma is saying that if A` b is gauge equivalent to a connection A` a in the
big slice Sbig

A,ε, the Ln-norm of a and Ln1 -norm of g is controlled by }b}n given that }b}n
and }a}n are small. It is an a priori estimate because we have assumed the existence
of a gauge transformation g.

Proof. Recall from previous lectures that

g ¨ pA` bq “ A` a

implies that
dAg “ gb´ ag.

Apply d˚A to this equation and use the fact that d˚Aa “ 0:

d˚AdAg “ Φ1pdAg, bq ` Φ2pg, d
˚
Abq `Ψpa, dAgq.

where Φ1,Φ2 and Ψ are bilinear bundle maps. Their expressions are not important
(see Lecture 13). What we need to know from analysis is that

‚ If BX “ H, d˚AdA : Ln1 Ñ pLn1 q
˚ is bounded linear and Fredholm of index 0.

ker d˚AdA “ ker dA consists of parallel sections.
‚ d˚AdA : Ln1 Ñ pLn1 q

˚ various continuously for A P A p (but not for A P A n).
‚ For some KpAq ą 0,

}d˚AdAξ}pLn1 q˚ ě KpAq}dAξ}n.

The constant KpAq depends continuously on A P A p, (but not in A n).

Hence, we have

KpAq}dAg}n ď }d
˚
AdAg}pLn1 q˚

ď }Φ1pdAg, bq}pLn1 q˚ ` }Φ2pg, d
˚
Abq}pLn1 q˚ ` }Ψpa, dAgq}pLn1 q˚ .

We wish to control the last three terms in terms of }dAg}n. We will use the multi-
plication theorem:

‚ For Φ1 and Ψ, use LnˆLnˆLn1 Ñ L1

ş

X
ÝÑ R. For this to hold, since Ln1 ãÑ Lq

for any q ă 8, we need

1

n
`

1

n
`

1

q
ă 1,

which is n ą 2. This implies that

Ln ˆ Ln Ñ pLn1 q
˚
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and

}Φ1pdAg, bq}pLn1 q˚ À }dAg}n}b}n,

}Ψpa, dAgq}pLn1 q˚ À }dAg}n}a}n.

‚ For Φ2, use Ln1 ˆ L
n
´1 ˆ L

8 Ñ L1, so

pLn1 q
˚
ˆ L8 Ñ pLn1 q

˚
“ Ln´1 pBX “ Hq.

Therefore, we have

}Φ2pg, d
˚
Abq}pLn1 q˚ À }g}8}d

˚
Ab}pLn1 q˚ À }g}8}b}n.

Putting all these together, we obtain

KpAq}dAg}n ď C1}dAg}np}a}n ` }b}nq ` C2}b}n

ď C1δ}dAg}n ` C2}b}n.

if }a}n ` }b}n ď δ. Suppose 2C1δ ď KpAq, then

}dAg}n ď
C2

KpAq ´ C1δ
}b}n ď

2C2

KpAq
}b}n.

As for }a}n, we exploit the equation:

a “ gbg´1
´ dAg ¨ g

´1

and the fact that g P L8. Hence,

}a}n ď }b}n ` }dAg}n ď C3}b}n. �

Exercise 14.1.3. Prove Lemma 14.1.2 for the Lp-norm.

Proof. We will use the following facts from analysis:

‚ If BX “ H, d˚AdA : Lp1 Ñ pLp1q
˚ is bounded linear and Fredholm of index 0.

ker d˚AdA “ ker dA consists of parallel sections.
‚ d˚AdA : Lp1 Ñ pLp1q

˚ various continuously for A P A p.
‚ For some KpAq ą 0,

}d˚AdAξ}pLp1q˚ ě KpAq}dAξ}p.

The constant KpAq depends continuously on A P A p.

Hence, we have

KpAq}dAg}p ď }d
˚
AdAg}pLp1q˚

ď }Φ1pdAg, bq}pLp1q˚ ` }Φ2pg, d
˚
Abq}pLp1q˚ ` }Ψpa, dAgq}pL

p
1q
˚ .

We wish to control the last three terms in terms of }dAg}p. We will use the multipli-
cation theorem:
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‚ For Φ1 and Ψ, use LpˆLnˆLp1 Ñ L1

ş

X
ÝÑ R. For this to hold, since Lp1 ãÑ L8,

we need
1

p
`

1

n
ď 1

which is true if n ě 2. This implies

Lp ˆ Ln Ñ pLp1q
˚

and

}Φ1pdAg, bq}pLp1q˚ À }dAg}p}b}n,

}Ψpa, dAgq}pLp1q˚ À }dAg}p}a}n.

‚ For Φ2, use Lp1 ˆ L
p
´1 ˆ L

8 Ñ L1, so

pLp1q
˚
ˆ L8 Ñ pLp1q

˚
“ Lp´1 pBX “ Hq.

Therefore, we have

}Φ2pg, d
˚
Abq}pLp1q˚ À }g}8}d

˚
Ab}pLp1q˚ À }g}8}b}p.

Putting all these together, we obtain

KpAq}dAg}p ď C1}dAg}pp}a}n ` }b}nq ` C2}b}p

ď C1δ}dAg}p ` C2}b}p.

if }a}n ` }b}n ď δ. Suppose 2C1δ ď KpAq, then

}dAg}p ď
C2

KpAq ´ C1δ
}b}p ď

2C2

KpAq
}b}p.

As for }a}p, we exploit the equation:

a “ gbg´1
´ dAg ¨ g

´1

and the fact that g P L8. Hence,

}a}p ď }b}p ` }dAg}p ď C3}b}p. �

Now we are ready to prove the Big-Slice theorem:

Proof of the Big-Slice theorem. It remains to prove p2q. We will use the method of
continuity. Let

Uδ “ tA` b : b P Lp, }b}n ă δu.

The goal is to show if δ is small enough,

Uδ Ă mpG p
1 ˆ S

big
A,εq.

The proof is divided into three steps:

‚ Step 1. Uδ is connected. This is obvious.
‚ Step 2. Uδ X mpG p

1 ˆ Sbig
A,εq is open. Both of them are open, so is their

intersection. The Ln-ball Uδ is open, because Lp ãÑ Ln.
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‚ Step 3. Uδ XmpG
p
1 ˆ S

big
A,εq is closed inside Uδ.

Only the last step is at issue. Suppose we have a convergent sequence of bi P
Uδ X mpG p

1 ˆ Sbig
A,εq with lim bi “ b P Uδ, so there are pairs pgi, aiq P G p

1 ˆ Sbig
A,ε such

that

gi ¨ pA` biq “ A` ai P S
big
A,ε.

This implies that

}ai}n ` }bi}n ď ε` δ.

for each pair pai, biq. By making ε` δ small, pai, biq satisfies the condition of Lemma
14.1.2. Therefore, for some K ą 0,

}dAgi}n ` }ai}n ď K}bi}n(15)

}dAgi}p ` }ai}p ď K}bi}p.(16)

Since bi Ñ b in Lp, }bi}p’s are uniformly bounded. The second estimate then implies

}dAgi}p, }ai}p

are uniformly bounded and we can find weakly convergent subsequence:

gi
w´L1

p
ÝÝÝÑ g, ai

w´Lp
ÝÝÝÑ a.

Since Lp1 ãÑ L8 is compact, g P G p
1 is a gauge transformation. Taking the weak limit

of the equation in Lp,

dAgi “ gibi ´ aigi.

we obtain

dAg “ gb´ ag.

It remains to verify that a lies in the big slice Sbig
A,ε:

‚ d˚Aa “ 0 because it is the weak limit of td˚Aaiu.
‚ Since ai Ñ a weakly in Ln, }a}n ď K}b}n ď Kδ ă ε, where we use the estimate

(15). The last inequality Kδ ă ε is achieved by making δ small.

This completes the proof. �

We are on the way towards Uhlenbeck’s Fundamental Lemma. We focus on dimen-
sion 4 and X “ B4 with the Euclidean metric:

P “ B4 ˆG

B4.

Theorem 14.1.4. There exists C, ε ą 0 such that for any L2
1-connection A “ Γ ` a

on B4 with
ż

B4

|FA|
2
ď ε,
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we can find a gauge transformation g P G 2
2 such that

g˚A “ Γ` b

where Γ is the trivial connection and

(1) d˚Γb “ 0,
(2) ˚b|BB4 “ 0.
(3)

ş

B4 |∇Γb|
2 ` |b|2 ď C

ş

B4 |FA|
2.

Informally, rΓs P A 2
1 {G

2
2 is an isolated non-degenerate critical point (in fact, a

minimizer) of the energy functional:

EpAq :“

ż

B4

|FA|
2.

Remark. If f is a Morse function on a finite dimensional manifold M with a unique
minimizer p, then for x close to p:

0 ď fpxq ´ fppq „ |x´ p|2,

since the Hessian at p is non-degenerate. If we view EpAq as a functional on L2
1, then

(3) is saying
EpAq „ inf

gPG 2
2

}g ¨ A´ Γ}L2
1
.

Therefore, the minimizer rΓs P A 2
1 {G

2
2 of EpAq has to be non-degenerate (informally),

and so isolated. �
The proof is again by the method of continuity. Let

Vε “ tΓ` a : a P L2
1, EpAq ă εu,

Wε “ tA P Vε : Dg P G 2
2 , s.t. conclusions holdu.

The proof is again subdivided into three steps. We have to show that when ε ! 1
and C " 0,

‚ Step 1. Vε is connected.
‚ Step 2. Wε is closed in Vε.
‚ Step 3. Wε is open in Vε.

These steps will imply Vε “ Wε. The Big-Slice theorem will imply Step 3. The
question is how to get the estimate p3q out of p1qp2q. We will present a proof in the
next lecture.
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Lecture 15. Uhlenbeck’s Fundamental Lemma

15.1. A correction to the proof of the Big-Slice Theorem

Consider the space A p
0 of Lp-connections and Lp1 gauge transformations G p

1 . We
assume p ą n where n is the dimension of the base manifold X, so

Lp1 ãÑ L8

and Lp1 is an algebra. Let

Sbig
A,ε “ ta P L

p : d˚Aa “ 0, ˚a|BX , }a}Ln ă εu.

be the big slice around A P A p of radius ε.
Previously, we studied the G p

1 -equivariant map

m̄ : pG p
1 ˆ S

big
A,εq{ StabA Ñ A p.

and proved the Big-Slice theorem:

Theorem 15.1.1 (The Big-Slice theorem). If ε ! 1, then

(1) m̄ is a diffeomorphism onto its image.
(2) Impm̄q contains an Ln-neighborhood of A.

The proof of (1) is divided in two steps:

(a) When ε ! 1, m̄ is injective.
(b) When ε ! 1, the linearized operator Dpe,A`aqm̄ is invertible.

Step (a) is proved in Lecture 13. The proof of (b) in Lecture 14 was incorrect, and
Tom did a correct proof this time. Occasionally, Tom did not want to look at his
notes in hopes that he may come up with a simpler proof on his own. But sometimes
the proof is too simple to be correct.

Before we pass to the quotient space, the linearized operator of

m : G p
1 ˆ S

big
A,ε Ñ A p

pg, A` aq ÞÑ pA` gag´1
` gdAg

´1
q.

at pe, A` aq is
Dpe,A`aqmpξ, αq “ α ´ pdAξ ` ra, ξsq.

When a “ 0, it is a surjection between spaces:

Lp1pX, adP q ‘ tα P Lp : d˚Aα “ 0, α|BXu Ñ LppX,T ˚X b adP q.

Since Lp1 ãÑ L8 is compact (X is compact), the composition

Lp1 ˆ L
p
Ñ L8 ˆ Lp Ñ Lp

is also compact. When a ‰ 0, by applying this multiplication theorem to the term
ra, ξs, we see that the linearized operator

Dpe,A`aqm “ Dpe,Aqm´ ra, ¨s
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is the sum of a Fredholm operator and a compact operator, so it is Fredholm. More-
over,

IndDpe,Aqm “ IndDpe,A`aqm.
To prove pbq, it suffices to show that

‚ If }a}n ! 1 and pξ, αq P kerDpe,A`aqm, then

dAξ “ 0.

This implies dim kerDpe,A`aqm “ dim kerDpe,Aqm “ dim StabA, so these linearized
operators are surjective. The linearization of m̄ becomes invertible then.

We only need a linearized proof of Step (a). Suppose

dAξ “ α ´ ra, ξs.

By applying d˚A, we obtain:

d˚AdAξ “ d˚Apα ´ ra, ξsq.

psince d˚Aα “ 0q “ ´d˚Ara, ξs

“ ´rd˚Aa, ξs ` ˚r˚a, dAξs

psince d˚Aa “ 0q “ ˚ra, ˚dAξs “ Φpa, dAξq

for a bilinear bundle map Φ. Using estimates from Lecture 13:

c}dAξ}2 ď }d
˚
AdAξ}pL2

1q
˚

Ln ˆ L2
ˆ L2

1 Ñ L1
ş

X
ÝÑ R,

we obtain that

c}dAξ}2 ď }d
˚
AdAξ}pL2

1q˚
ď C}a}n}dAξ}2

which forces }dAξ}2 ” 0 when }a}n ! 1. This completes the proof of the Big-Slice
theorem 15.1.1.

Part (2) of the Big-Slice theorem 15.1.1 is concerned with an Ln-neighborhood of
A. By using g P G p

1 to translate this neighborhood, it actually implies

(2’) For A P A p and a big slice Sbig
A,ε, G p

1 ¨ S
big
A,ε contains an Ln-neighborhood of the

orbit G p
1 ¨ A.

Let us state an immediate generalization of (2’) that will be used in the proof of
Uhlenbeck’s Fundamental Lemma:

Corollary 15.1.2. For A P A p Ă A n and a big slice Sbig
A,ε, G n

1 ¨ S
big
A,ε contains an

Ln-neighborhood of the orbit G n
1 ¨ A inside A n.

Remark. The connection A has to be in Lp pp ą nq for this corollary to hold.

Exercise 15.1.3. Prove Corollary 15.1.2.
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Proof. The proof is by approximation. Let δ be the size of the Ln-neighborhood of A
in the Big-Slice theorem. It suffices to show if A` b P A n and }b}n ă δ{2, then there
exists g P G n

1 such that

g ¨ pA` bq P Sbig
A,ε.

Let bi P L
p such that bi Ñ b in Ln. By the Big-Slice theorem 15.1.1, we have find

gi P G p
1 such that

gi ¨ pA` biq “ A` ai P S
big
A,ε.

Therefore, }ai}n ď ε. By Lemma 1.2 from Lecture 14, for some K ą 0,

}ai}n ` }gi}Ln1 ď K}bi}n.

Hence, we can find a weakly convergent subsequence ai Ñ a P Ln, gi Ñ g P Ln1 . By
passing to the limit, we know that

}a}n ď ε, d˚Aa “ 0, ˚a|BX “ 0

and

g ¨ pA` bq “ pA` aq P Sbig
A,ε.

Here, the big slice is actually the closure

Sbig
A,ε Ă A n. �
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15.2. Uhlenbeck’s Fundamental Lemma

We start with a lemma:

Lemma 15.2.1. There exists C1, ε1 ą 0 such that for all FA “ Γ` b with

‚ }b}4 ď ε1,
‚ d˚b “ 0,
‚ ˚b|BB4 “ 0,

we have
ż

B4

|∇Γb|
2
` |b|2 ď C1

ż

B4

|FA|
2.

Proof. By the Weitzenböck formula, we have
ż

B4

|pd` d˚qb|2 “

ż

B4

|∇Γb|
2
`

ż

BB4

˚b^ d˚b`

ż

BB

|b|2.(17)

for any b P Ω1pB4q. Since the Euclidean metric on B4 is flat, the Ricci curvature term
does not show up. Moreover, S3 “ BB4 Ă B4 has constant mean curvature, so the
last term is positive.

Exercise 15.2.2. Prove the Weitzenböck formula.

We postpone the solution of this exercise to the end of the note.
By assumption d˚b “ 0 and ˚b|BB4 “ 0. The equation p17q then implies

(18)

ż

B4

|db|2 ě

ż

B4

|∇Γb|
2.

Since L2
1 ãÑ L4, for some CSob ą 0,

}b}4 ď CSob}b}L2
1

:“ p

ż

B4

|∇Γb|
2
` |b|2q

1
2 .

Putting all these together, we have
ż

B4

|FA|
2
“

ż

B4

|db` b^ b|2 Á

ż

B4

|db|2 ´ |b|4

pby p18qq ě p

ż

B4

|∇Γb|
2
q ´ }b}44

psince }b1}4 ă εq ě p

ż

B4

|∇Γb|
2
q ´ ε21C

2
Sob}b}

2
L2

1

ě
λ2

1

λ2
1 ` 1

}b}2L2
1
´ ε21C

2
Sob}b}

2
L2

1

ě p
λ2

1

λ2
1 ` 1

´ ε21C
2
Sobq}b}

2
L2

1
ě C´1

1 }b}2L2
1
,
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if ε1 ! 1. Here, we used that fact that
ż

B4

|∇Γb|
2
ě λ2

1

ż

B4

|b|2. �.

for some λ1 ą 0. To see this, one can use proof by contradiction because a parallel
1-form b on B4 with the boundary condition ˚b|BX has to be zero.

We are ready to state and prove Uhlenbeck’s Fundamental Lemma. Let P “ B4ˆG
be the principal bundle:

Theorem 15.2.3. There exists C1, ε ą 0 such that for any L2
1-connection A “ Γ` a

on B4 with

EpAq :“

ż

B4

|FA|
2
ă ε,

we can find a gauge transformation g P G 2
2 such that

g˚A “ Γ` b

where Γ is the trivial connection and

(1) d˚Γb “ 0,
(2) ˚b|BB4 “ 0.
(3)

ş

B4 |∇Γb|
2 ` |b|2 ď C1EpAq.

Proof. The proof is by the method of continuity. Let

Vε “ tΓ` a : a P L2
1, EpAq ă εu,

Wε “ tA P Vε : Dg P G 2
2 , s.t. (1)(2)(3) hold for g ¨ Au.

The proof is divided into three steps. Let ε1, C1 be the constants in Lemma 18 and
choose ε ! 1 such that 2C1Csobε ď ε1. We have to show

‚ Step 1. Vε is connected.
‚ Step 2. Wε is closed in Vε.
‚ Step 3. Wε is open in Vε.

Three steps together will imply Vε “ Wε.
Step 1. Connectedness. For each t P r0, 1s, Define

τt : A 2
1 Ñ A 2

1

Apxq ÞÑ Aptxq|B4 .

For each A P A 2
1 , the path

t P r0, 1s ÞÑ τtpAq

is continuous, but the “global” map

τ : r0, 1s ˆA 2
1 Ñ A 2

1

pt, Aq ÞÑ τtpAq

is not continuous. In this case, we say that τ is point-wise continuous in A 2
1 .
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Remark. An analogue of τ is the translation operator T on LppRnq:

T : Rn
ˆ LppRn

q Ñ LppRn
q

ph, fpxqq ÞÑ fpx´ hq.

For each f P LppRnq, T p¨, fq is continuous as a map Rn Ñ LppRnq, but T is not
continuous itself.

The advantage of the path τt is that τtpAq has uniformly small energy (using the
fact that EpAq is scale invariant or even conformal invariant):

EpτtpAqq “

ż

B4

|FτtpAq|
2
“

ż

|x|ďt

|FA|
2
ď

ż

|x|ď1

|FA|
2
ă ε.

and τ0pAq “ Γ. This shows if A P Vε, then t ÞÑ τtpAq is a path that lies in Vε and
connects Γ and A. Vε is path connected. Step 1 is done.

Remark. There is an obvious deformation retract of A 2
1 onto Γ:

HtpAq “ tA` p1´ tqΓ.

which is continuous as a map r0, 1s ˆ A 2
1 Ñ A 2

1 . The problem with the linear
homotopy is that the path HtpAq does not necessarily lie in Vε given that A P Vε.
The energy EpHtpAqq may not decrease monotonically and might exceed ε for some
t P r0, 1s.

Step 2. Closedness. Suppose

Ai “ Γ` ai P Wε

and ai Ñ a P L2
1 as iÑ 8. We can find gi P G 2

2 such that

(19) gi ¨ pΓ` aiq “ Γ` bi

satisfies p1qp2qp3q. We need to prove some a priori estimates:

}bi}4 ď Csob}b}L2
1
ď C1Csob

ż

B4

|FAi |
2
ď C1Csobε ď

ε1
2
.
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and

}bi}L2
1
ď C1

ż

B4

|FAi |
2
ď C1ε.

By passing to a weakly convergent subsequent, we have

bi
w´L2

1
ÝÝÝÑ b P L2

1 ñ bi
s´L4

ÝÝÝÑ b.

Moreover, }b}4 “ lim }bi}4 ă ε1. By (19),

(20) dgi “ giai ´ bigi.

Our goal is to show }gi}L2
2

is uniformly bounded:

‚ }dgi}4 ď }gi}8}ai}4 ` }bi}4}gi}8 ă C2 is uniformly bounded.
‚ The next step is the second derivative of gi:

}∇pdgiq}2 ď }bi b∇gi}2 ` }p∇biqgi}2 ` }gi∇ai}2 ` }∇gi b ai}2
ď }bi}4}dgi}4 ` }bi}L2

1
}g}8 ` }ai}L2

1
}g}8 ` }ai}4}dgi}4

ď C3.

Hence, we can find a weakly convergent subsequence such that

gi
w´L2

2
ÝÝÝÑ g P L2

2.

Since the embedding L2
2 ãÑ Lq p@1 ă q ă 8q is compact, gi

s´Lq
ÝÝÝÑ g and gi

a.e.
ÝÝÑ g.

This shows g P G 2
2 is a gauge transformation.

Now we have the convergence:

ai
s´L2

1
ÝÝÝÑ a, bi

w´L2
1

ÝÝÝÑ b, gi
w´L2

2
ÝÝÝÑ g.

Consider the limit of the equation p20q as iÑ 8:

dg “ ga´ bg

which holds in L4´c for any 0 ă c pă 1q. This shows g ¨ pA` aq “ A` b. It remains
to verify that

p1qp2qp3q hold for A` b P A 2
1 .

Both p1q and p2q follow from bi Ñ b in w ´ L2
1. The last follows from Lemma 15.2.1.

Indeed, b satisfies p1qp2q and the estimate

}b}4 ă ε1.

Step 3. Openness. This follows from the Big-Slice theorem. �

Exercise 15.2.4. Prove Step 3.

Proof. For the proof, we need a variant of Corollary 15.1.2:

Corollary 15.2.5. For A P A p
1 Ă A 2

1 pp ą 2q and a big slice Sbig
A,ε, G 2

2 ¨ S
big
A,ε contains

an L2
1-neighborhood of the orbit G 2

2 ¨ A inside A 2
1 .
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We choose A “ Γ to be the trivial connection in Corollary 15.2.5. Let ε1 pă ε1q be
the size of the big slice S 1 around Γ and δ be the size of the L2

1-neighborhood around
A.

Suppose

A` a P Wε,

so there exists g P G 2
2 such that g ¨ A “ A` b satisfies p1qp2qp3q. Then we know

p C´1
sob}b}4 ď q }b}L2

1
ď C1EpAq ă C1ε ă

δ

2

if ε is small enough. This implies together with p1qp2q that

g ¨ A “ A` b P S 1.

In order to show Wε Ă Vε is an open subset, we need to find η ą 0 and for any a1 P L2
1

with }a1}L2
1
ă η, a gauge transformation g1 P G 2

2 such that

g1 ¨ pA` a` a1q

satisfies p1qp2qp3q. Note that

g ¨ pA` a` a1q “ g ¨ pA` aq ` ga1g´1
“ A` b` ga1g´1.

Since g P L8, }ga1g´1}4 À }a
1}4 ď Csob}a

1}L2
1
ă ηCSob. Furthermore,

}∇pga1g´1
q}2 À }g}8}a

1
}L2

1
` }a1}4}dg}4 ă C2η.

By making η small, we can assure that

}b` ga1g´1
}L2

1
ă δ.

By Corollary 15.2.5, we can find g1 P G 2
2 such that

g1 ¨ g ¨ pA` a` a
1
q “ A` b1 P S 1

satisfies p1qp2q. To prove p3q, by Lemma 15.2.1, it remains to verify

}b1}4 ď ε1.

This is guaranteed, because the size ε1 of S 1 is made small so that ε1 ă ε1. �

Finally, we give a solution to Exercise 15.2.2. The transcriber believed that formula
(17) had missed a boundary term.

Exercise 15.2.6. Let b be a smooth 1-form on a compact manifold X with boundary
BX. Let V P ΓpX,TXq be the dual tangent vector of b and ~n be the outward normal
at BX. Then

ż

X

|db|2 ` |d˚b|2 “

ż

X

|∇b|2 `
ż

X

RicpV, V q

´

ż

BX

px∇V V, ~nydvolBX ` ˚b^ d
˚bq
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Proof. The local version of the Weitzenböck formula states that

∆b “ ∇˚∇b` RicpV, V q

where ∆ “ dd˚ ` d˚d is the Hodge Laplacian. For a proof, see [2, P. 156, Corollary
8.3]. To derived the global version, we use integration by parts:

ż

X

xdb, dby ´

ż

X

xb, d˚dby “

ż

BX

b^ ˚db

ż

X

xd˚b, d˚by ´

ż

X

xb, dd˚by “ ´

ż

BX

˚b^ d˚b

ż

X

x∇b,∇by ´
ż

X

xb,∇˚∇by “
ż

BX

xb,∇~nbydvolBX .

Note that for any m-form ω:

b^ ˚ω “ p´1qm´1
˚ pιpV qωq.

Apply this formula for ω “ db:

´

ż

BX

b^ ˚db “

ż

BX

˚pιpV qdbq “

ż

BX

xιpV qdb, ~nydvolBX

“

ż

BX

dbpV, ~nqdvolBX .

Extend ~n to a vector field in a neighborhood of BX. For any vector fields pW1,W2q,
we have:

dbpW1,W2q “ W1pbpW2qq ´W2pbpW1qq ´ bprW1,W2sq.

“ W1xV,W2y ´W2xV,W1y ´ xV,∇W1W2 ´∇W2W1y

“ x∇W1V,W2y ´ x∇W2V,W1y.

Let W1 “ V and W2 “ ~n, then

dbpV, ~nq “ x∇V V, ~ny ´ x∇~nV, V y.

Therefore,
ż

X

|db|2 ` |d˚b|2 “

ż

X

|∇b|2 `
ż

X

RicpV, V q ´

ż

BX

`

xb,∇~nby ` dbpV, ~nq
˘

´

ż

BX

˚b^ d˚b

“

ż

X

|∇b|2 `
ż

X

RicpV, V q

´

ż

BX

px∇V V, ~nydvolBX ` ˚b^ d
˚bq
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Now we use the fact that d˚b ” 0 and ˚b|BX ” 0. This means V K ~n and bp~nq ” 0
at BX. Therefore,

ż

X

|db|2 ´

ż

X

|∇b|2 “
ż

X

RicpV, V q `

ż

BX

xV,∇V ~ny

The last term is related to the shape operator on BX. When X “ Dn and BX “ Sn,
we have

RicpV, V q ” 0, xV,∇V ~ny “ |V |
2.

When X Ă Sn is a hemisphere with the round metric and BX is the equator of Sn,

RicpV, V q “ pn´ 1q|V |2, xV,∇V ~ny ” 0.

In either case, the right hand side is positive. The best way to convince yourself
that all signs in the computation are correct is to work out the case X “ Dn directly
(using coordinates), as is done in Uhlenbeck’s original paper [3]. �
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Lecture 16. Uhlenbeck’s Compactness Theorem I

16.1. The curvature map is proper

Last time, we proved Uhlenbeck’s Fundamental Lemma. Let P “ B4 ˆ G be the
principal bundle:

Theorem 16.1.1. There exists C1, ε ą 0 such that for any L2
1-connection A “ Γ` a

on B4 with

EpAq :“

ż

B4

|FA|
2
ă ε,

we can find a gauge transformation g P G 2
2 such that

g˚A “ Γ` b

where Γ is the trivial connection and

(1) d˚Γb “ 0,
(2) ˚b|BB4 “ 0.
(3)

ş

B4 |∇Γb|
2 ` |b|2 ď C1EpAq.

Let the curvature slice be

SCε “ tA “ Γ` b : d˚b “ 0, ˚b|BB4 “ 0,

ż

B4

|FA|
2
ă
ε

2
u

with the same ε as in Theorem 16.1.1.

Theorem 16.1.2. The curvature map

A P SCε ÞÑ FA P L
2

is proper on the slice SCε.

Proof. Let Ai “ Γ` bi P SCε. Suppose their curvatures tFAiu are Cauchy in L2, then

ż

B4

|FAi ´ FAj |
2
Á

ż

B4

|dpai ´ ajq|
2
´

ż

B4

|pai ´ ajq ^ ai ` aj ^ pai ´ ajq|
2

ě

ż

B4

|pd` d˚qpai ´ ajq|
2
´ C2}ai ´ aj}

2
L2

1
p}ai}

2
L2

1
` }aj}

2
L2

1
q

“ C3}ai ´ aj}
2
L2

1
´ εC2C1}ai ´ aj}

2
L2

1

“ pC3 ´ εC2C1q}ai ´ aj}
2
L2

1
.

This implies taiu is Cauchy when ε ! 1. �
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16.2. The Removable Singularities Theorem

Now let us consider the global picture. Let

P Ñ X4

be a principal G-bundle over a closed 4-manifold X and tAiu be a sequence of anti-self
dual connections. Then

EpAq :“

ż

X

|FA|
2
“ ´

ż

X

trpFA ^ ˚FAq “

ż

X

trpFA ^ FAq

“ 8π2
xc2pP q, rX

4
sy.

is a constant independent of A. We can cover

X “
ď

iPΛ

Bpxi, δq

by balls of a given radius δ such that

‚ For any x P X, at most N balls contain x.

Then we can find a subsequence of connections tAju that except for

EpAqN

ε

balls the curvature constraint

(21)

ż

Bpxi,δq

|FAj |
2
ă ε

holds for all connections Aj in this subsequence.

Remark. One way to produce such a cover is as follows. Find a maximal collection
of disjoint balls of radius δ

3
inside X. Let them be

Bpxi,
δ

3
q, 1 ď i ď m.

Then the collection tBpxi, δqu necessarily covers X. For any x P X, if x P Bpxi, δq,
then

Bpxi,
δ

3
q Ă Bpx, 2δq.
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Therefore,

N ď N0 :“
maxxPX V olpBpx, 2δqq

min1ďiďm V olpBpxi, δ{3qq
.

At this step, we can apply Gromov-Bishop comparison theorem to estimate N0 in
terms of a curvature bound of X. Alternatively, we shrink the size of δ. Locally,
any metric is close to the standard Euclidean metric. Then N is bounded by the
corresponding number N0 in Rn. �

We can iterate this process and get a cover of

Xc :“ X ´ tx1, x2, ¨ ¨ ¨ , xku

such that for any balls in this cover, the constraint (21) holds and we can apply
Uhlenbeck’s Fundamental Lemma. We wish to show that after proper gauge fixing,

rAis|Xc

C8loc
ÝÝÑ rAs on Xc

for a smooth connection A in P |Xc . However, if
ż

Xc

|FA|
2
ă

ż

X

|FAi |
2
“ 8π2

xc2pP q, rX
4
sy,

then we can only have weak convergence |FAi |
w´L2

ÝÝÝÑ |FA|.
We also need the Removable Singularities Theorem:

Theorem 16.2.1. Suppose A “ Γ ` a is a smooth connection in pB4 ´ t0uq ˆ G
and F`A “ 0. If EpAq ă 8, then we can find a smooth gauge transformation g :
B4 ´ t0u Ñ G such that

g ¨ A “ Γ` a1

and a1 extends to a smooth connection on B4 ˆG.

The point is that the topology of the bundle might change if g ‰ 0 P π3pGq.
This theorem allows us to extend the limit A to a connection A1 in a possibly

different bundle P 1 Ñ X. If π1pGq ‰ t0u, then P might have characteristic classes in
dimension 2, but they are unaffected under the transformation g in Theorem 16.2.1.
Only a 4-dimensional class could be changed.

16.3. The Patching Argument: A Sketch

The 4-ball B4 allows us to use the rescaling argument. If we can prove the con-
nectedness of Vε for other 4-manifolds, then Uhlenbeck’s Fundamental Lemma still
holds for them. In particular, to prove the Removable Singularities theorem, we wish
to work on an annulus, but the argument has to be refined.

We need a patching argument.
Suppose we have

X “ B4
1 YB

4
2
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and a smooth connection A in P Ñ X with small energy EpAq. By Uhlenbeck’s
Fundamental Lemma, on B4

i , we find a gauge transformation gi such that

gi ¨ A “ Γ` ai.

and }ai}L2
1
ă C1EpAq. On B4

1 XB
4
2 , let g12 “ g2 ¨ g

´1
1 , then

(22) g12 ¨ pΓ` a1q “ Γ` a2 ñ dg12 “ g12a1 ´ a2g12.

If ai has small L4-norm, then dg12 has small L4-norm and g12´c has small L4
1-norm

for some c P G. Compute the covariant derivative of (22), then

∇pdg12q “ ∇g12 b a1 ` g12 ¨∇a1 ´∇a2 ¨ g12 ´ a2 b∇g12.

Using the multiplicative theorem

L4
ˆ L4 ãÑ L2, L8 ˆ L2 ãÑ L2,

we see that g12 ´ c is small in L2
2. Our goal is to factorize

g12 “ η´1
2 η1

with η2, η1 small in L2
2. We have to estimate the C0-norm of g12. Apply d˚ to p22q,

then

d˚dg12 “ ´ ˚ pdg12 ^ ˚a1q ˘ ˚p˚a2 ^ dg12q

“ Φ1pdg12, a1q ` Φ2pa2, dg12q P ImpL2
1 ˆ L

2
1q.

It is an observation by Taubes that

L2
1 ˆ L

2
1 ãÑ L2

X∆pC0
q.

The proof uses Hardy’s Inequality.

Lemma 16.3.1 (Hardy’s Inequality). If f P L2
1pBp0, 1qq is supported on Bp0, 1{2q,

then

|

ż

B4

|fpxq|2

|x´ y|2
dx| ď C}f}2L2

1

for any y P Bp0, 1{2q.
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Proof. WLOG, assume y is the origin. Using polar coordinates:
ż

B4

|fpxq|2

|x´ y|2
dx “

ż 1

0

ż

S3

|fpr, ωq|2rdrdω,

and
ż 1

0

|fprq|2rdr “ ´

ż 1

0

ffrr
2dr

ď p

ż 1

0

f 2rdrq
1
2 p

ż 1

0

p
Bf

Br
q
2r3drq

1
2

which implies
ż 1

0

|fprq|2rdr ď

ż 1

0

p
Bf

Br
q
2r3dr.

Putting all these together, we obtain

|

ż

B4

|fpxq|2

|x´ y|2
dx| ď

ż 1

0

ż

S3

p
Bf

Br
q
2r3drdω “

ż

B4

|
Bf

Br
|
2.

�

This inequality1 will imply g12 has small C0-norm since

1

|x´ y|2

is proportional to the Green’s function of the Laplacian ∆. By possibly shrinking the
domain,

}g12 ´ c}C0pB1q

for some B1 Ă B4
1 XB

4
2 . The goal2 is to find smooth gauge transformations

ηi on B4
i

such that g12 “ η´1
1 ¨ η2 with ηi small in L2

2. Then

η1 ¨ pΓ` a1q “ η2 ¨ pΓ` a2q

equal on B4
1 XB

4
2 and we have estimates on the L2

1-norm of the resulting connection.

1Tom didn’t explain the details
2Tom didn’t finish the construction. He intended to give a sketch only.
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Lecture 17. Uhlenbeck’s Compactness Theorem II

We record a short conversation happened in the class:

Tom: “ The timing is extremely good. We talked about the Chern-Simons func-
tional and Simons came to MIT. We are studying Uhlenbeck’s theorems and she won
the Abel prize.”

A student:“ So you should talk about one of your theorems. [Audience laughs] ”
Tom paused for a second and made a face.
“ Well, only if a prize is coming.”

Remark. James Simons received the Donald Sussman Fellowship Award from the
Sloan School, MIT and gave three Fireside Chats in early March. The first talk,
moderated by Tom, was on his mathematical life.

Karen Uhlenbeck was awarded the Abel Prize in March 19, 2019.

17.1. A local compactness result

Let Br “ B4
r be the ball of radius r in R4. Let

MpBrq “ trAs : FA “ ´ ˚ FAu Ă A 2
1 {G

2
2 .

be the moduli space of anti-self dual connections on Br. When r “ 1, we studied the
space

Mε
pB1q “ trAs PMpB1q :

ż

B1

|FA| ă εu.

By restricting connections to a smaller ball, we get a restriction map:

r : Mε
pB1q ãÑMpBrq.

Theorem 17.1.1 (Uhlenbeck). When ε ! 1, The restriction map r is compact.

This theorem is analogous to a classical theorem in complex analysis. Consider the
space of holomorphic functions on the unit disk Bp0, 1q Ă C with uniformly bounded
L2-norms, then the restriction map to a smaller disk Bp0, rq is compact in Ck-topology
for any k ą 0:

tf : Bp0, 1q Ñ C : B̄f “ 0, }f}2 ă Cu
r
ÝÑ CkpBp0, rqq.

For a sequence of connections tAiu Ă MεpB1q, Uhlenbeck’s fundamental lemma
allows us to show they are weakly convergent in L2

1. We wish to prove strong L2
k

convergence in the interior.
Here is a rough idea of the proof3. For any connection A, there is an inequality

(23)

ż

Br

|FA|
2
ě ´CSpA|Brq.

3See the next section for more details
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The equality holds if and only if A is anti-self dual. Write

A` a.

By Fubini’s theorem, over the sphere S3
r , the quantity

(24)

ż

S3
r

|∇Γa|
2
` |a|2

is finite for almost all r P r0, 1s. On the other hand, the Chern-Simons functional CS
is continuous in L2

1{2-topology:

CSpΓ` aq “ ´
ż

S3
r

trp
1

2
a^ da`

1

3
a^ a^ aq.

Indeed, da P L2
´1{2 and L2

1{2 ãÑ L3 in dimension 3:

1

2
´

3

2
“ 0´

3

3
.

Apply multiplication theorems:

L2
1{2 ˆ L

2
´1{2 ãÑ L1, L3

ˆ L3
ˆ L3 ãÑ L1.

Suppose p24q is uniformly bounded for all ai and for a sequence of numbers rj Ñ 1,
by (23), we conclude

lim
iÑ8

ż

Brj

|FAi |
2
“

ż

Brj

|FA|
2.

for each rj. This will imply the strong convergence on Brj :

FAi
s´L2pBrj q
ÝÝÝÝÝÝÑ FA.

Remark. If fi Ñ f weakly in L2, then }f}2 ď lim inf }fi}2. If }f}2 “ lim inf }fi}2,
then the convergence is in fact strong. �

We wish to use the properness of the curvature map (see Lecture 15). By Uhlen-
beck’s fundamental lemme, we can achieve

(1) d˚Γai “ 0,
(2) ˚ai|BB1 “ 0.
(3)

ş

B1
|∇Γai|

2 ` |ai|
2 ď C1EpAiq.

But instead of p2q, what we really want is

(2’) ˚ai|BBrj “ 0 for rj ă 1.

Nevertheless, we can still prove properness if

(1) ai|BBr is small in L2
1{2

(2) ai is small in L2
1pB1q.

Let us go through some details in this sketch.
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17.2. A more organized sketch

Our goal is to prove Theorem 17.1.1.
Step 1. Put Ai in good gauge. Using Uhlenbeck’s fundamental lemma, we write

A “ Γ` ai

with ai P L
2
1pB

4
1 , T

˚B4
1 b adP q and

(1) d˚Γai “ 0,
(2) ˚ai|BB1 “ 0.
(3)

ş

B1
|∇Γai|

2 ` |ai|
2 ď C1EpAiq ď C1ε.

By passing to a subsequence, we assume ai Ñ a weakly in L2
1 for some connection

matrix a. Let A “ Γ` a, then

FAi
w´L2pB1q
ÝÝÝÝÝÝÑ FA.

Step 2. For each i, define

fiprq “

ż

Br

|FAi |
2.

They are monotonically increasing functions with a uniform bound on the supremum
norm. Using polar coordinates, we have

fiprq “

ż r

0

ż

S3

|FAi |
2r3drdω “ 2

ż r

0

ż

S3

|FAi |S3 |
2r3drdω.

Here, we used the fact that FAi is anti-self dual and

|dt^ ej ` ej`1 ^ ej`2|
2
“ 2|ej`1 ^ ej`2|

2.

Hence,

f 1iprq “ 2

ż

S3

|FAi |S3
r
|
2r3dω “ 2r3

ż

S3

|FAi |S3
r
|
2dω.

Since f 1i ě 0 and
ş1

0
fiprqdr ď M , by a theorem in measure theory, we can find

M 1 ą 0, a subsequence of tfiu and 0 ă rj Ñ 1, such that

fiprjq
1
ďM 1

for all i, j. Hence, when j " 1,
ż

S3

|Fi|S3
rj
|
2
ď 2M 1,

for any i.
Step 3. For each fixed rj, tFi|S3

rj
u is a sequence of connections on S3 with bounded

energy. By another compactness theorem4, for each Ai, we can find a gauge
transformation gi on S3 such that

gi ¨ pAi|S3
rj
q ´ Γ

4Tom didn’t explain this.
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has bounded L2
1-norm and gi is in the identity component of G . In particular, we can

find a weakly convergent subsequence in L2
1, so they converge strongly in L2

1{2 (the

inclusion L2
1 ãÑ L2

1{2 is compact). Since CS is continuous in L2
1{2-topology,

CSpAi|S3
rj
q “ CSpgi ¨ pAi|S3

rj
qq Ñ CSpA1|S3

rj
q.

if gi ¨ Ai Ñ A1 in w-L2
1pS

3q.
Step 4. Since each Ai is anti-self dual, the equality in (23) is achieved. Step 3 then

implies that

lim
iÑ8

ż

Brj

|FAi |
2
“

ż

Brj

|FA|
2

for each fixed rj. Here, A is the limit of tAiu found in Step 1. Note that A|S3
rj

is gauge

equivalent to A1 on S3
rj

. By a theorem from functional analysis, the weak convergence

(on a smaller ball Brj):

FAi
w´L2pBrj q
ÝÝÝÝÝÝÝÑ FA.

is in fact strong:

FAi
s´L2pBrj q
ÝÝÝÝÝÝÑ FA.

Step 5. We can almost apply the properness result from Lecture 14, except that
the boundary condition is not fulfilled:

˚ai|BBr ‰ 0.

Nevertheless, we know that
} ˚ ai|BBr}L2

1{2

is uniformly small. By the proof of the Big-Slice theorem5, we can find gauge
transformations gi on Brj with controlled L2

2-norm putting Ai into the slice. Since
gi|S3

rj
is in the identity component of the gauge group,

CSpgi ¨ Aiq “ CSpAiq
is convergent. By passing to subsequence, we assume

gi ¨ Ai
w´L2

1pBrj q
ÝÝÝÝÝÝÝÑ A2, Fgi¨Ai

w´L2pBrj q
ÝÝÝÝÝÝÝÑ FA2

for some L2
1-connection A2 on Brj . By the argument in Step 3,

lim
iÑ8

ż

Brj

|Fgi¨Ai |
2
“

ż

Brj

|FA2 |
2.

which implies

Fgi¨Ai
s´L2

ÝÝÝÑ FA.

Finally, we use the properness result to finish the argument.

5Tom didn’t explain this.
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17.3. The global picture

Suppose X is a closed 4-manifold and rAis PMpXq is a sequence of anti-self dual
connections in P Ñ X. By the covering argument from Lecture 16, we can find a
finite collection of points tx1, ¨ ¨ ¨ , xku Ă X and a cover of Xc “ X ´ tx1, ¨ ¨ ¨ , xku:

tBpxα, rαquαPΛ

such that

(1) tBpxα, rα{2quαPΛ is still a cover of Xc.
(2) For any x P Xc, there are at most N balls that contains x.
(3) For each Ai,

ż

Bpxα,rαq

|FAi |
2
ď ε,

so we can apply Uhlenbeck’s Fundamental Lemma.

Using the local compactness theorem, the restriction map

Mε
pBpxα, rαqq ÑMpBpxα, rα{2qq

is compact. By passing to a subsequence, connections

rAis|Bpxα,rα{2q

converge for all α P Λ. Use the patching argument to get gi on P |Xc such that

gi ¨ Ai
s´L2

1,loc
ÝÝÝÝÝÑ A

on P |Xc . To extend A to a connection on X, we need Uhlenbeck’s Removable Singu-
larities theorem:

Theorem 17.3.1. Suppose A “ Γ ` a is a smooth connection in pB4 ´ t0uq ˆ G
and F`A “ 0. If EpAq ă 8, then we can find a smooth gauge transformation g :
B4 ´ t0u Ñ G such that

g ¨ A “ Γ` a1

and a1 extents to a smooth anti-self dual connection on B4 ˆG.

Therefore, by applying a gauge transformation on P |Xc , A becomes a smooth anti-
self dual connection on P 1 Ñ X, but P 1 is not necessarily the same bundle as P .

17.4. Bubbling Phenomena

What can we say about P 1? Since
ż

X

|FA|
2
ă lim

ż

X

|FAi |
2
“ 8π2c2pP q,

we must have
c2pP

1
q ă c2pP q.
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For each distinguished point xj, there exist α ą 0 and a sequence of numbers triu
with ri Ñ 0 such that

0 ă α ă

ż

Bpxj ,riq

|FAi |
2
pď 8π2c2pP qq.

We rescale Bpxj, rjq so that its radius is normalized to be 1:

τ1{ri : Bpxj, riq Ñ Bpxj, 1q Ă TxjX.

The metric

gi “ pτ
´1
1{ri
q
˚g

on Bpxj, 1q is changing and converges to the Euclidean metric g8. The connection

pτ1{riq˚Ai

on Bpxj, 1q is anti-self dual with respect to gi. We can still prove a similar compactness
theorem, even through they are ASD with respect to different metrics.

Fix R ą 0, then under above rescaling,

τ1{ri : Bpxj, Rq Ñ Bpxj,
R

rj
q Ă TxjX.

and at the limit,

lim τ1{ripBpxj, Rqq “ TxjX – R4.

Therefore, away from a finite collection of points tyj1, y
j
2, ¨ ¨ ¨ , y

j
mu Ă R4,

pτ1{riq˚Ai
L2

1,loc
ÝÝÝÑ Aj

for some smooth anti-self dual connection Aj on R4 with finite energy:
ż

R4

|FAj |
2
“ lim

i

ż

Bpxj ,
R
ri
q

|FAj |
2
ď lim

i

ż

Bpxj ,Rq

|FAi |
2
ď 8π2c2pP q.
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Here, R4 is regarded as S4´tSu, S4 with the South pole removed. By Uhlenbeck’s
Removable Singularities theorem, Aj extends to a smooth connection on S4 for some
bundle P j Ñ S4.

Finally, we can iterated this construction and obtain a bubble tree compactification
of the moduli space, which is finer than Uhlenbeck’s compactification to be introduced
in the next lecture. Uhlenbeck realized this bubble tree compactification first in her
study of harmonic maps, but she didn’t formalize the construction. Nowadays, it
is called Kontsevich’s compactification, which is improper from a historical point of
view.
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Lecture 18. The structure of the moduli space

18.1. The local structure

Let X4 be a closed 4-manifold and MkpXq be the moduli space of ASD6 connections
on Pk Ñ X. Here, Pk Ñ X is a principle SUp2q-bundle and

c2pPkqrXs “ k ě 0.

Let Syml
pXq “ X l{Σl be the symmetric product of X. Then Uhlenbeck’s com-

pactness theorem states that any sequence of connections trAisu Ă MkpXq has a
subsequence whose limit is

prAs, px1, ¨ ¨ ¨ , xlqq

with rAs PMk´l and xi P X. The l-tuple of points is unordered. Thus, this limit is
contained in

Mk´lpMq ˆ Syml
pXq

for some 0 ď l ď k.

We examine the local structure of MkpXq more carefully. If rAs P MpXq, then
locally, MpXq is described by the zero locus of

GA : tA` a P SAu Ñ Ω2
`padP q

A` a ÞÑ F`A`a.

whose linearization at a “ 0 is d`A. With appropriate Sobolev completions, GA

becomes a Fredholm map. Note that the chain of maps:

(25) Ω0
padP q

dA
ÝÑ Ω1

padP q
d`A
ÝÑ Ω2

`padP q

is a complex if A is ASD. Indeed,

d`A ˝ dA “ F`A “ 0.

6“ASD” stands for “anti-self dual”
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In fact, p25q is an elliptic complex, that is, the symbol sequence is exact. This
implies that the sequence

Lpk`1pX, adP q
dA
ÝÑ LpkpX,T

˚X b adP q
d`A
ÝÑ Lpk´1pX,Λ

2
` b adP q

is a Fredholm complex, which means

(1) It has finite dimensional cohomology groups.
(2) All maps have closed range.

There are two ways to compute the index of d`A ‘ d
˚
A:

(1) Use Atiyah-Singer Index theorem.
(2) Compute some model cases, then apply the excision theorem.

It will save us some time if we adopt the second one.

18.2. Index Computation: When P is trivial

If P is trivial and A is the trivial connection, then the complex p??q becomes

(26) Ω0
b g

d
ÝÑ Ω1

b g
d`
ÝÑ Ω2

` b g.

Its cohomology groups are:

H0
– g, H1

“ H1
pX,Rq b g, H2

“ H`
2 b g.

We elaborate on H`
2 . If ω P Coker d`, then ω P Ω2

` and for any a P Ω1,

0 “

ż

X

xd`a, ωy “

ż

X

da^ ˚ω “

ż

X

da^ ω.

By Stokes’ theorem,
ż

X

a^ dω “ 0,

so dω ” 0. Since ω “ ˚ω, d˚ω “ 0 as well. Hence, ω is a harmonic 2-form.
For each 4-manifold X, we associate a quadratic form QX : H2pXq Ñ R. If

α P H2pXq is represented by a immersed surface Σ, we perturb Σ into Σ1 such that
they intersect transversely. Then, QX is the signed count of intersections of Σ and
Σ1:

QXpαq “
ÿ

xPΣXΣ1

εpxq.

In terms of cohomology, if rαs P H2pX,Rq,

QXprαsq “

ż

X

α ^ α.

if α is a closed 2-form representing rαs. The induced bilinear form QX is the in-
tersection form on H2pX,Rq, which is symmetric. By Poincaré duality, QX is non-
degenerate. We write

H2
pXq – W`

‘W´.
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where W` pW´q is a maximal positive (negative) definite subspace of H2pXq. Define

b˘pXq “ dimW˘.

By Hodge theory,

H2
pX,Rq – tω P Ω2

pXq : dω “ 0, d˚ω “ 0u “ H2
pXq.

Since the hodge star operator acts on H2pXq, H2pXq decomposes into eigenspaces:

H2
pXq “ H`

‘H´
“ p`1q ‘ p´1q.

Then, H˘ is also the maximal positive (negative) definite subspaces of QX :

ω P H˘
ñ

ż

X

ω ^ ω “ ˘

ż

X

ω ^ ˚ω “ ˘

ż

X

|ω|2 ě pďq 0.

Thus, the second cohomology of p18q is

H2
“ H2

` b g.

When A is trivial,

the index of p25q “ dim g ¨ p1´ b1 ` b
`
q.

It is convenient to write it in a different way. Let

σpXq “ b`pXq ´ b´pXq

be the signature of X. Let χpXq be the Euler characteristic:

χpXq “ b0 ´ b1 ` b2 ´ b3 ` b4 “ 2b0 ´ 2b1 ` b2 “ 2b0 ´ 2b1 ` pb
`
` b´q.

Then,

1´ b1 ` b
`
“
χ` σ

2
ñ the index of p25q “

dim g

2
¨ pχpXq ` σpXqq.

What if A is not trivial? In fact, the index of

Lpk`1pX, adP q
dA
ÝÑ LpkpX,T

˚X b adP q
d`A
ÝÑ Lpk´1pX,Λ

2
` b adP q
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is independent of the choice of A. As A varies, the complex is changed by 0-order
terms (hence, by compact operators).

18.3. Index Computation: When P is not trivial

We constructed SUp2q-instantons on S4 using the round metric and

dimMkpS
4
q “ 8k ´ 3.

when k ě 1. These moduli spaces are regular. By the Weitzenböck formula,

d`Apd
`
Aq
˚
“ ∇˚

A∇A ` Φ1pF
`
A q ¨ `Φ2pW

`
q ¨ `Φ3psq¨

where Φ1,Φ2,Φ3 are bundle maps that depend on F`A , the Weyl curvature tensor
and the scalar curvature s respectively. Since A is ASD and the round metric is
conformally flat, F`A ” 0 and W` ” 0. Since s is point-wise positive, d`Apd

`
Aq
˚ has no

kernel, so

d`A is surjective.

Therefore, the expected dimension of MkpS
4q is at least 8k´3. But they are actually

equal.
To apply the excision principle of elliptic operators, we need the following picture:

(1) X1 “ U1 Y V1 and X2 “ U2 Y V2.
(2) W1 “ U1 X V1 is diffeomorphic to W2 “ U2 X V2.
(3) We have elliptic differential operators:

D1 : ΓpE1q Ñ ΓpF1q on X1

D2 : ΓpE2q Ñ ΓpF2q on X2.

(4) There exist bundle isomorphisms

φ : E1|W1 Ñ E2|W2 , ψ : F1|W1 Ñ F2|W2

that cover the diffeomorphism in (2) and intertwine D1 and D2:

D2 “ ψ ˝D1 ˝ φ
´1 on W2.

Under these assumptions, we can

(1) Define X3 “ U1 Y V2 and X4 “ U2 Y V1.
(2) Obtain E3 Ñ X3 by gluing E1|U1 and E2|V2 .
(3) Obtain E4 Ñ X4 by gluing E2|U2 and E1|V1 . Similarly, define F3 Ñ X3 and

F4 Ñ X4.
(4) Define elliptic differential operators:

D3 : ΓpE3q Ñ ΓpF3q, D4 : ΓpE4q Ñ ΓpF4q.

The conclusion is that

IndD1 ` IndD2 “ IndD3 ` IndD4.
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To apply the excision theorem, let

X1 “ X, c2pP1q “ k, X2 “ S4, c2pP2q “ 0,

X3 “ X, c2pP3q “ 0, X4 “ S4, c2pP4q “ k.

and Di “ d`Ai ‘ d
˚
Ai

: Ω1padPiq Ñ Ω0padPiq ‘ Ω2
`padPiq. Since c2pP2q “ c2pP3q “ 0,

IndD2 “ ´
3

2
pχpS4

qq ` σpS4
qq “ ´3, IndD3 “ ´

3

2
pχpXqq ` σpXqq.

We have already known IndD4 “ 8k ´ 3, so

IndD1 “ IndD3 ` pIndD4 ´ IndD2q “ 8k ´
3

2
pχpXqq ` σpXqq.

In the same manner, we can compute the index in general, without assuming the

structure group is SUp2q.
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Theorem 18.3.1 (Uhlenbeck). For a generic metric on X, the moduli space MkpXq
is smooth, i.e., d`A is surjective for all A P MkpXq which is not flat or reducible
and

dimMkpXq “ 8k ´
3

2
pχpXq ` σpXqq.

The Uhlenbeck’s compactification sits inside a larger space:

MkpXq
Uhl
ĂMkpXq dimk “ 8k ´

3

2
pχpXq ` σpXqq

ď

Mk´1pXq ˆX dim “ dimk´4
ď

Mk´2pXq ˆ Sym2X dim “ dimk´4ˆ 2
ď

¨ ¨ ¨
ď

M0pXq ˆ SymkX dim “ 4k.

The dimension of the l-th stratum is dimk´4l except when l “ k. Suppose b`pXq “
0, π1pXq “ t0u and k “ 1. Then b1 “ 0, and

dim1 “ 8 ¨ 1´ 3 ¨ p1´ 0` 0q “ 5.

Then the compactification looks like

M1pXq
Uhl
ĂM1pXq dim1 “ 5
ď

M0pXq ˆX dim “ 4.

Note that M0pXq consists of flat connections. Since π1pXq “ t0u, the flat con-
nection is unique with stabilizer SUp2q. Because of the SUp2q-action, the expected
dimension of M0pXq is

dimM0pXq ´ dimSUp2q “ 0´ 3 “ ´3.

where dimM0pXq is the actual dimension.

If X “ S4, M1pXq “ B̊5 “ H5 “ SOp5, 1q{SOp5q and its compactification is the
closed 5-ball:

M1pS4q “ B̊5 Y S4
“ B5.

Theorem 18.3.2 (Donaldson). For any closed smooth 4-manifold X with π1pXq “
t0u and b`pXq “ 0,

M1pXq “M1pXq
ď

X.

and X has a product neighborhood p´1, 0s ˆX ĂM1pXq.

Therefore, if M1 is a smooth manifold, then X is null-bordant. Theorem 18.3.1 has
almost guaranteed that M1 is smooth, but we have to rule out reducible solutions. For

instance, CP2 has trivial π1 and b`pCP2
q “ 0 , but it is not null-bordant. Reducible

solutions will occur in M1pCP2
q.
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CP2 is CP2 with the reversed orientation. If you use the conjugate complex struc-
ture on CP2, you will end up with the same oriented manifold.

Tom:“ Taubes were thinking about the moduli space on a connected sum of 4-

manifolds and started with the case when one piece was CP2. He started to think

what was a CP2. Is that the manifold with reversed complex structure? I believe

that he didn’t spend more than 15 minutes on this problem, but be careful, CP2 is
not this manifold.”

18.4. Reducible Solutions

Let P be a SUp2q-principal bundle over X and A is a reducible ASD connection.
The commutants graph of SUp2q is simply:

Z2 Ă Up1q Ă SUp2q.

If StabA “ S1, then P is induced from a Up1q-bundle Q:

P “ QˆUp1q SUp2q.

This means that the canonical 2-plane bundle E splits as

E “ L‘ L˚,

and the connection A splits as
ˆ

B 0
0 B˚

˙

.

for a unitary connection B on Q. By the Chern-Weil theory,

r
i

2π
FBs “ c1pQq P H

2
pX,Zq.

Since A is ASD, so is B. When does Q admit an ASD connection? For a cohomology
class rαs P H2pXq, it admits an ASD representative if and only if

ż

X

α ^ θ “ 0, @θ P H2
`pXq.

If b` “ 0, then any line bundle Q admits a connection with an ASD curvature.
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We have to decide which principal bundles P arises in this way. We will address
this problem in the next lecture and prove Donaldson’s diagonalization theorem.
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Lecture 19. Donaldson’s Diagonalization Theorem

We will sketch a proof of Donaldson’s diagonalization theorem.

Theorem 19.0.1 (Donaldson 1982). If X4 is a closed smooth simply connected 4-
manifold with a definite intersection form qX , then qX is diagonalizable.

Fix an orientation of X such that the intersection form qX is negative definite. Let
M1pXq be the moduli space of ASD connections on X of charge 1. Then

dimM1pXq “ 8´ 3p1´ b1 ` b`q “ 8´ 3p1´ 0` 0q “ 5.

In this case, Uhlenbeck’s compactification of M1pXq is

MUhl

1 “M1pXq YX,

and X has a collar neighborhood in MUhl

1 . The analysis used in the collar neighbor-
hood theorem will be analogous to some techniques in Floer homology. We need the

generic metric theorem:

Theorem 19.0.2. When the structure group G “ SUp2q or SOp3q, the linearized
ASD equation:

d`A : kerpd˚Aq Ñ Ω2
`padP q

is surjective at every A PMkpXq which is not reducible or flat.

This result is unknown when G is a higher rank compact Lie group, for instance,
when G “ SUp3q. For any x P X,

dim Λ2
` b adP |x “ 9 if G “ SUp2q or SOp3q,

dim Sym2
pT ˚Xq|x “ 10,

dim Sym2
0pT

˚Xqx “ 9.

Note that Sym2
pT ˚Xq is the tangent space of metrics on X, while traceless symmetric

2-tensors Sym2
0pT

˚Xqx form the tangent space of conformal structures. Proof of the
generic metric theorem holds because

dim Sym2
0pT

˚Xqx ě dim Λ2
` b adP |x,
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which is no longer true when rankpGq ě 3.

19.1. The local structure near reducible solutions

The moduli space M1pXq contains no flat connections, since the charge k ‰ 0.
What about reducible connections?

SUp2q P Up1q Q

X X

D?

The embedding ρ : Up1q ãÑ SUp2q is given by

ρpeiθq “

ˆ

eiθ 0
0 e´iθ

˙

.

Suppose P is induced from a Up1q-bundle: P “ QˆρSUp2q. Fix a reference unitary
connection A0 of Q. If A is another unitary connection of Q, then

A “ A0 ` a

for some a P iΩ1pXq, and FA “ FA0 ` da. If FA is ASD, then

(27) d`a “ ´F`A0
.

The condition that b` “ 0 implies that the operator

d` : Ω1
Ñ Ω2

`

is surjective, so the equation (27) has a solution. As for the uniqueness, d`a “ 0
implies da “ 0, since

0 “

ż

X

da^ da “ ´

ż

X

|d`a|2 `

ż

X

|d´a|2.

Thus, a “ db for some b P iΩ0pXq if b1pXq “ 0. The solution of p27q is unique up to
gauge transformations.

Note that P is determined by c2pP q P H
4pX,Zq up to isomorphism, while Q is

determined by c1pQq “ c1pLq P H
2pX,Zq, where

L “ QˆUp1q C.
is the line bundle induced from the fundamental representation. Let E “ PˆSUp2qC2,
then E “ L‘ L˚. By the Cartan formula,

c2pEq “ ´c
2
1pLq.

Define αpXq “ #tc P H2pX,Zq : c2 “ ´1u{ ˘ 1. Replacing L by L˚, we will get the
same SU(2)-bundle P , but the first Chern class

c1pL
˚
q “ ´c1pLq
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is replaced by its opposite. Hence, we need to quotient out ˘1 in the definition of
αpXq. Furthermore,

αpXq “ #treducible ASD connections in M1pXqu.

To study the local structure near reducible solutions, consider the deformation
complex at a reducible connection A:

(28) 0 Ñ Ω0
padP q

dA
ÝÑ Ω1

padP q
d`A
ÝÑ Ω2

`padP q Ñ 0.

If P is induced from Q, then

adP “ P ˆad sup2q “ pQˆUp1q SUp2qq ˆad sup2q

“ Qˆad ˝ρ sup2q “ iR‘ pLb2
qR.

Indeed, the adjoint action of ρpeiθq “

ˆ

eiθ 0
0 e´iθ

˙

is given by

ˆ

it z
´z̄ ´it

˙

ÞÑ

ˆ

it ze2iθ

´z̄´2iθ ´it

˙

P sup2q.

The deformation complex decomposes into a direct sum of complexes:

0 Ñ Ω0
pX, iRq d

ÝÑΩ1
pX, iRq d`

ÝÑ Ω2
`pX, iRq Ñ 0

0 Ñ Ω0
pX, pLb2

qRq
dB
ÝÑΩ1

pX, pLb2
qRq

d`B
ÝÑ Ω2

`pX, pL
b2
qRq Ñ 0.

Take the cohomology groups:

H0
pX, iRq “ iR,H1

pX, iRq “ 0, H2
`pX, iRq “ 0

H0
BpX, pL

b2
qRq “ 0,H1

BpX, pL
b2
qRq “ Cn`3, H2

`,BpX, pL
b2
qRq “ Cn.

The Euler characteristic number of the deformation complex is

´ dimM1pXq “ ´5.

This forces dimCH
1
BpX, pL

b2qRq´dimCH
2
`,BpX, pL

b2qRq “ 3. The complex structure

on H1
BpX, pL

b2qRq is not canonical. It depends on which complex structure is chosen
on pLb2qR.

We could assume n “ 0, by the generic metric theorem. H0pX, iRq – iR corre-
sponds to the tangent space of the stabilizer. Thus,

TrAsM1pXq “ C3,

but S1 acts on this space. The action is given by matrices:
¨

˝

e2θi

e2θi

e2θi

˛

‚,
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so t˘1u “ ZpSUp2qq acts trivially. Just like the slice theorem, M1pXq locally looks
like

the slice/ stabilizers “ C3
{S1

– cpCP2
q

which is a cone over CP2. Globally, we think of M1pXq as a cobordism between

X Ñ
ž

αpXq

CP2.

This is not an interesting result unless M1pXq is an oriented cobordism.
Remark. The oriented cobordism group ΩSO

4 – Z is generated by rCP2
s and is

detected by the signature. The un-oriented cobordism group Ω4 – Z2‘Z2 is generated
by rRP4

s and rRP2
ˆ RP2

s. �

19.2. Orientation

We need to address the orientability of M1pXq. Consider the orientation line
bundle of M1pXq:

ľmax
pTM1pXqq

where
Źmax denotes the highest exterior power. In fact, it is Quillen’s observation

that
Źmax

pTM1pXqq is the restriction of a universal determinant line bundle asso-
ciated a family of Fredholm operators. Let HR be a real infinite dimensional Hilbert
space. Then the space of Fredholm operators is homotopy equivalent to

FredpHRq – ZˆBO.

where the Z-component corresponds to the index and BO is the classifying space of
the infinite orthogonal group Op8q “ limnÑ8Opnq. Note that

H1
pBO,Z2q – Z2.

The non-trivial element is the universal Stiefel-Whitney class w1, and it is represented
by a non-trivial real line bundle γ. The question is: can we construct γ concretely on
FredpHRq without using this homotopy equivalence?
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Let T ãÑ FredpHRq be a compact family of Fredholm operators:

Dt : H0 Ñ H1, @t P T.

Consider the real line:

λt “
ľmax

kerpDtq b
ľmax

CokerpDtq
˚.

This is a family of real lines over T . We have to show it is locally trivial, so it has
a well-defined topology. The problem is that dim kerpDtq is not locally constant and
kerpDtq does not form a vector bundle over T .

Let A : V0 Ñ V1 be an invertible map between finite dimensional real vector spaces.
Let d “ dimV0 “ dimV1. Then we can assign a canonical element in

ľmax
V ˚0 b

ľmax
V1 Q

ľd
A.

If pu1, ¨ ¨ ¨ , udq is a basis of V0, let pu˚1 , ¨ ¨ ¨ , u
˚
dq be the dual basis in V ˚0 . Define

ľd
A “ pu˚1 ^ ¨ ¨ ¨ ^ u

˚
dq b Au1 ^ Au2 ^ ¨ ¨ ¨ ^ Aud.

This element is independent of the choice of pu1, ¨ ¨ ¨ , udq. It is non-zero, because
A is invertible. In particular, if there is a compact family of invertible maps At
parametrized by t P T , we obtain a section of

ľmax
V ˚0 b

ľmax
V1.

over T . This idea is generalized to an acyclic complex of vector spaces:

0 Ñ V0
A1
ÝÑ V1

A2
ÝÑ V2

A3
ÝÑ ¨ ¨ ¨

An
ÝÝÑ Vn Ñ 0.

An acyclic complex is a complex with trivial cohomology. We can assign to A “

pA1, ¨ ¨ ¨ , Anq a canonical element in
ľmax

V ˚0 b
ľmax

V1 b
ľmax

V ˚2 b
ľmax

V4 ¨ ¨ ¨

Different literature may adopt different conventions. Though the complex is acyclic,
this element is a meaningful invariant of A. This is the origin of Milnor torsion
and Whitehead torsion. If we have a simplicial complex X with trivial rational
cohomology, then applying this process to the simplicial chain complex of X will give
us a canonical element in Q. To make it an genuine invariant of X, we need to verify
its invariance under the subdivision of simplicial structures of X.

Back to our problem. For fixed t0 P T , choose J Ă H1 such that CokerDt0 Ă J .
Then the composition pr ˝Dt : H0 Ñ H1 Ñ H1{J is surjective in a neighborhood of
t0 P T .
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Consider the acyclic complex:

0 Ñ kerpDtq Ñ D´1
t pJq

Dt
ÝÑ J Ñ CokerpDtq Ñ 0.

Then we obtain a canonical
Ź

Dt element in
ľmax

pkerDtq
˚
b
ľmax

D´1
t pJq b

ľmax
J˚ b

ľmax
CokerDt.

In particular, this is a canonical map between lines:

(29)
ľmax

kerDt b
ľmax

pCokerDtq
˚
Ñ

ľmax
D´1
t pJq b

ľmax
J˚.

Note that the right hand side is a genuine vector bundle near t0, so it produces a
trivialization of λt. When the auxiliary space J is changed, one can show different
trivializations are compatible with each other.

The trivializing map defined in (29) is sensitive to the sign. If we start with p´Dtq,
we would arrive at a different topology of λt.

Remark. There is a detailed construction of
Ź

Dt in Tom and Peter’s book [4,
Section 20]. Readers can also find some lecture notes on Milnor torsion on Google,
so we did not fill in the definition here. �

We will finish the proof Theorem 19.0.1 in the next lecture.
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Lecture 20. The Topology of Configuration Space I

20.1. The proof of Donaldson’s Diagonalization Theorem

Recall from the last lecture that for a compact family tDt : t P T u of real Fredholm
operators, we constructed the determinant line bundle over T :

R λpDtq

T.

For the ASD moduli space M1pXq of charge 1, we have Uhlenbeck’s compactifica-

tion MUhl

1 “M1pXq YM . The number of reducible solutions is given by

αpXq “ tc P H2
pX,Zq : c2

“ ´1u{ ˘ 1,

and each reducible solution has a neighborhood diffeomorphic to a cone over CP2:

cpCP2
q.

If M1pXq is orientable, then X is oriented-cobordant to αpXq copies of CP2. Since
the signature σ is a cobordism invariant, we have

|σpXq| “ |
ÿ

αpXq

σpCP2
q or σpCP2

q| ď αpXq.

This is what we learn from the geometry. On the other hand, any two elements
c, c1 P H2pX,Zq with c2 “ c12 “ ´1 and c ‰ ˘c1 are orthogonal to each other, because
qX is negative definite.

Remark. Since c ‰ ˘c1, pc˘ c1q2 ă 0. Hence, ´2 ă 2c ¨ c1 ă 2. �

For each c P H2pX,Zq with c2 “ ´1, define

Λc “ tb P H
2
pX,Zq : c ¨ b “ 0u.

Then H2pX,Zq “ Zc‘ Λc. This decomposition can be continued. We conclude that

αpXq ď rankH2
pX,Zq “ ´σpXq.

Together with this algebraic input, we know αpXq “ ´σpXq and qX “ ‘r´1s has
to be diagonalizable.

Remark. If qX “ p´E8q, σpXq “ ´8 and αpXq “ 0 since p´E8q is an even lattice.
Finally, let us explain why M1pXq Ă BP “ AP {GP is orientable. We will first

sketch a strategy. In fact,
ľmax

TM1pXq “ λpDrAsq|M1pXq

where the family of operators DrAs is induced by

Ω1
pX, adP q

pd˚A,d
`
Aq“DA

ÝÝÝÝÝÝÝÑ Ω0
pX, adP q ‘ Ω2

`pX, adP q.
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Note that λpDAq Ñ A is line bundle on AP . The gauge action of G lifts to λpDAq:

λpDAq

G AP .
action

action

However, λpDAq does not push down directly to the quotient space BP “ AP {G
because of stabilizers. Let A ˚ Ă A be the space of irreducible connections. Then
the restriction λpDAq|A ˚ descends to a determinant line bundle downstairs:

λpDAq|A ˚{G

B˚ “ A ˚{G .

Let M˚
1pXq “M1pXq XB˚. Then

λpDrAsq λpDrAsq

M˚
1pXq B˚.

Ă

Ă

The trick is to show the determinant line bundle over B˚ is orientable, and so is its
restriction λpDrAsq ÑM˚

1pXq. In particular, even if M˚
1pXq might be disconnected,

we get a consistent way to orient different components.

20.2. The algebraic topology of B˚

Let us understand the algebraic topology of B˚ in more generality. The materials
below are based on [5]:

‚ Atiyah, M. F.; Bott, R.
The Yang-Mills equations over Riemann surfaces. Philos. Trans. Roy. Soc.
London Ser. A 308 (1983), no. 1505, 523-615.
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Step 1 Let G 0 be the based gauge group. Let x0 P X be a base point, then

G o
“ tg P G : gx0 “ Idu.

The action of G o on A is free and A is contractible, so

A {G o weak homotopy equivalent
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

–
BG 0.

Let B0,˚ “ A ˚{G o, then it is a fiber bundle over B˚ with fiber G{ZpGq:

G{ZpGq Bo,˚

B˚.

It is easier to start with Bo,˚ and A {G o. To understand BG o, it suffices to find
another model of BG o. Consider the classifying space of G:

G EG

BG.

The total space EG of the universal bundle is contractible.

Lemma 20.2.1. Let rP,EGsG be the mapping space of G-equivariant maps between
P and EG, then rP,EGsG is contractible and is acted on freely by G o.

Remark. Here, r¨, ¨s denotes the mapping space, not the homotopy classes of con-
tinuous maps.

Furthermore, the quotient space rP,EGsG{G o is rX,BGs˚
rP s. Here, r¨, ¨s˚ denotes

the mapping space that preserves base points, i.e. maps that send x0 to a base point
of BG. Since BG is the classifying space, the principal bundle P is pulled back from
EGÑ BG via some map f : X Ñ BG and the homotopy class of f is unique. Then
r¨, ¨s˚

rP s is the connected component of r¨, ¨s˚ that contains f .

Remark. Tom was a little sloppy here. Let us sketch a proof of Lemma 20.2.1.
Suppose P “ X ˆG is the trivial bundle, then

rP,EGsG “ rX ˆG,EGsG “ rX,EGs

is contractible. In the general case, a map f : Sn Ñ rP,EGsG is equivalent to a
G-equivariant map

Sn ˆ P Ñ EG

and it is a section of the bundle

EG pSn ˆ P q ˆG EG

Sn ˆX.

s
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If x̃ P P is any lift of x P X, then

spy, xq “ rpy, x̃q, fpy, x̃qs P pSn ˆ P q ˆG EG.

To show πnprP,EGs
Gq “ t0u, it suffices to show any two sections are homotopy

equivalent. Such a homotopy is given by the obstruction theory, using the fact that
the fiber EG is contractible.

Then, it is easy to see rP,EGsG{G “ rX,BGsrP s, the non-based mapping space.
To compare it with rX,BGs˚

rP s, we consider two fibrations:

MappX,BGq˚
rP s MappX,BGqrP s

BG

G MappP,EGqG{G o

MappP,EGqG{G BG.

ι

ev

π

ev

The vertical map in the first fibration is the evaluation map at the base point
x0 P X:

ev : MappX,BGqrP s Ñ BG, f ÞÑ fpx0q P BG.

It becomes clear that the projection map π in the second diagram is the fibrant
replacement of the inclusion map ι in the first map, because ΩBG – G. It follows
that MappX,BGq˚

rP s – MappP,EGqG{G o. �

The integral cohomology of rX,BGs˚
rP s is delicate, while its rational cohomology

is easier to understand. Take G “ SUpnq. Then H˚pBSUpnq,Zq is a polynomial
algebra generated by Chern classes

c2, c3, ¨ ¨ ¨ , cn.

Note that c1 “ 0, because the structure group G is SUpnq, not Upnq. Each of them
corresponds to a map to an Eilenberg-Maclane space:

fm : BSUpnq
cm
ÝÑ KpZ, 2mq.

Putting them altogether, we obtain

f “
n
ź

i“2

fi : BSUpnq Ñ KpZ, 4q ˆKpZ, 6q ˆ ¨ ¨ ¨KpZ, 2nq.

This map f is not a homotopy equivalence, but it is a rational homotopy equivalence.
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Remark. It suffices to prove that f induces isomorphisms on rational cohomology
groups, so by Serre’s theorem, f induces isomorphisms on Q b π˚p¨q. Using Serre’s
spectral sequence and induction, we know that

H˚
pKpZ, 2mq,Qq “ Qru2ms

is a polynomial algebra generated by the fundamental class u2m P H
2mpKpZ, 2mq,Zq,

and

H˚
pKpZ, 2m´ 1q,Qq “ Qru2m´1s{pu

2
2m´1q.

for any m ě 1. �

Therefore, we know that

rX,BSUpnqs˚
Q´w.h.e
ÝÝÝÝÝÑ

–
rX,KpZ, 4qs˚ ˆ rX,KpZ, 6qs˚ ˆ ¨ ¨ ¨ ˆ rX,KpZ, 2nqs˚.

Moreover, by a theorem of Thom,

(30) rX,KpZ, 2nqs˚ –
dimX
ź

i“0

KpH2n´i
pX,Zq, iq.

In particular When n “ 2 and dimX “ 4, we have

rX,BSUp2qs˚
Q´w.h.e
ÝÝÝÝÝÑ

–
rX,KpZ, 4qs˚ –

4
ź

i“0

KpH4´i
pX,Zq, iq.

Take out the particular component correspondent to rP s:

rX,BSUp2qs˚rP s
Q´w.h.e
ÝÝÝÝÝÑ

–

4
ź

i“1

KpH4´i
pX,Zq, iq.

Hence, the rational cohomology ring is given by

H˚
prX,BSUp2qs˚rP s,Qq – ApH˚pX,Qqq

:“ SympH0pXqq b SympH2pXqq

b
ľ˚

pH1pXq bH3pXqq.

since H ipKpH4´ipX,Zq, iq,Qq – H4´ipX,Qq.

20.3. Another description using the slant product

We have an evaluation map:

ev : rX, Y s˚ ˆX Ñ Y

pf, xq ÞÑ fpxq.

If µ P HdpY q and a P HkpXq, we form the slant product:

ev˚pµq P Hd
prX, Y s˚ ˆXq, ev˚pµq{a P Hd´k

prX, Y s˚q.
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In the case of G “ SUp2q, Bo
P “ AP {G o

P “ rX,BSUp2qs˚
rP s and we have an

evaluation map:

SUp2q U pAP ˆ P q{G o
P

B0
P ˆX BSUp2q.ev

Note that we have a universal SUp2q-bundle U over Bo ˆ X which is pulled back
from the evaluation map. Therefore,

c2pU q “ ev˚c2.

For any a P H˚pX,Zq, define

ev˚pc2q{a “ c2pU q{a P H4´degpaq
pB0

P q.

Then these elements generate the rational cohomology ring of Bo
P :

ApH˚pX,Qqq – H˚
pBo

P ,Qq
a P HipX,Qq ÞÑ c2pU q{a P H4´i

pBo
P ,Qq.

where

ApH˚pX,Qqq “ SympH0pXqq b SympH2pXqq b
ľ˚

pH1pXq bH3pXqq.

Each copy (either a polynomial algebra or a exterior algebra) corresponds to the
rational cohomology ring of

KpH4´i
pX,Zq, iq.

for 0 ă i ď 4, where the only relation is

α ! β “ p´1qdegα deg ββ ! α.

When G “ SUpnq with n ě 3, we also need to consider the slant product with respect
to other characteristic classes of U , and we obtain another copy of ApH˚pX,Qqq with
a shifted degree:

deg SympH0pXqq SympH2pXqq
Ź˚
pH1pXqq

Ź˚H3pXq
c2pU q 4 2 3 1
c3pU q 6 4 5 3
¨ ¨ ¨

20.4. The topology of B˚
P

Step 2. Finally, we return to B˚
P by studying the bundle:

(31)

G{ZpGq A ˚
P ˆ P {GP “ U ˚

B˚
P ˆX.
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Claim 20.4.1. A ˚
P is weakly contractible.

The point is that A ´ A ˚ Ă A has infinite co-dimension. Suppose H Ă G is
a subgroup, and P is induced from a principal H-bundle Q. Since g “ h ‘ n as a
representation of H, we have

adP “ QˆadG˝ι g “ adQ‘ V

for a vector bundle V . Then

Ω1
pX, adP q “ Ω1

pX, adQq ‘ Ω1
pX, V q.

A tangent vector in Ω1pX, adQq tends to preserve the reducibility, while a vector in
Ω1pX, V q tends to make the connection less reducible, i.e. the stabilizer becomes a
smaller subgroup of G. When G “ SUp2q, it just becomes irreducible. Hence,

πnpA
˚
q – πnpA q “ 0.

This shows A ˚ is a classifying space of G {ZpGq. We repeat the computation as
above. Consider the classifying space BpG{ZpGqq and its rational cohomology:

H˚
pBpG{ZpGqq,Qq – H˚

pBG,Qq “ Sympgq.

where Sympgq is the invariant sub-algebra of the polynomial algebra generated by t,
under the action of the Weyl group. Here, t is a Cartan sub-algebra of g. Note that
this isomorphism is only valid over Q. Consider

SUp2q v.s SOp3q.

While H4pBSUp2q,Zq is generated by c2, H4pBSOp3q,Zq is generated by p1. The
two-fold cover SUp2q Ñ SOp3q induces a map

ι : BSUp2q Ñ BSOp3q,

and ι˚p1 “ ´4c2. Using the universal bundle (31), we define

H˚pXq Ñ H4´˚
pB˚

q

a ÞÑ ´
1

4
p1pU

˚
q{a.

We will continue the computation in the next lecture.

Exercise 20.4.2. Explain the homotopy equivalence p30q.

Proof. In [5], there is no proof or reference provided for the homotopy equivalence
(30), so we decide to sketch a proof. The transcriber would like to thank Greg Parker
for helpful discussion.
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To start, note that these spaces have the same homotopy groups:

πiprX,KpZ, 2nqs˚q “ rSi, rX,KpZ, 2nqs˚s˚h
“ rSi ^X,KpZ, 2nqs˚h
“ H2n

pSi ^X,Zq
“ H2n´i

pX,Zq.

The issue is to find a map that induces isomorphisms on homotopy groups:

f “
dimX
ź

i“0

fi : rX,KpZ, 2nqs˚ Ñ
dimX
ź

i“0

KpH2n´i
pX,Zq, iq.

It is determined by each component:

fi : rX,KpZ, 2nqs˚ Ñ KpH2n´i
pX,Zq, iq.

Equivalently, it is an element in

H i
prX,KpZ, 2nqs˚, H2n´i

pX,Zqq.

This group fits into a short exact sequence (write X “ rX,KpZ, 2nqs˚ for short):

0 Ñ ExtpHi´1pX ,Zq, H2n´i
pX,Zqq Ñ H i

pX , H2n´i
pX,Zqq

π
ÝÑ HompHipX ,Zq, H2n´i

pX,Zqq Ñ 0.

It is not clear to us whether there is a canonical element in the group

H i
pX , H2n´i

pX,Zqq,

but we do have a canonical element in Imπ. Consider the evaluation map:

ev : rX,KpZ, 2nqs ˆX Ñ KpZ, 2nq.

Let u2n be the canonical element in

H2n
pKpZ, 2nq,Zq.

Then the slant product defines map:

ev˚pu2nq{ : HipX ,Zq Ñ H2n´i
pX,Zq

Denote this canonical element in HompHipX ,Zq, H2n´ipX,Zqq by α. Then this exer-
cise follows from a lemma. �

Lemma 20.4.3. If fi is any lift of α in H ipX , H2n´ipX,Zqq, then

fi : X Ñ KpH2n´i
pX,Zq, iq

induces an isomorphism on πi and the zero-map on πk if k ‰ i.
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Proof of lemma. The statement is clear if k ‰ i, since homotopy groups of

KpH2n´i
pX,Zq, iq

vanish in these dimensions. Take β : pSi, s0q Ñ pX , b̄q to be a based map. Let b be
the base point of KpZ, 2nq. Then the base point b̄ of X is the constant map:

b̄pxq “ b, @x P X.

Consider the following diagrams:

(32)

Si ˆX rX,KpZ, 2nqs˚ ˆX KpZ, 2nq

Si ^X.

βˆId

π

ev

β̃

The composition ev ˝ pIdˆβq factorizes through Si ^X, because Si _X is sent to

the base point b. The map β̃ corresponds to β under the adjunction:

rSi,X s˚ – rSi ^X,KpZ, 2nqs˚.

Hence, the homotopy class of β̃ is the image of φrβs in the diagram:

φrβs P H2npSi ^X,Zq

rSis P πipS
iq πipX q πipKpH

2n´ipX,Zq, iqq

rSis P HipS
iq HipX ,Zq HipKpH

2n´ipX,Zq, iq,Zq

H2n´ipX,Zq

–?

β˚

Hur

– φ

pfiq˚

Hur Hur–

β˚ pfiq˚

α
xu2n,¨y–

Here, Hur denotes the Hurewicz map. The goal is to show pfiq˚ ˝ φ
´1 is an iso-

morphism. Note that

Hur ˝ pfiq˚rβs “ Hur ˝ pfiq˚ ˝ β˚rS
i
s “ pfiq˚ ˝ β˚rS

i
s

and xu2n, pfiq˚ ˝ β˚rS
isy “ α ˝ β˚rS

is. In terms of diagram (32),

α ˝ β˚rS
i
s “ ev˚pu2nq{β˚rS

i
s “ pβ ˆ Idq˚ ˝ ev˚pu2nq{rS

i
s

“ π˚ ˝ β̃˚pu2nq{rS
i
s

“ π˚pφrβsq{rSis.
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Finally, it suffices to show the map

H2n
pSi ^X,Zq Ñ H2n´i

pX,Zq
γ ÞÑ π˚rγs{rSis

is the desuspension map, where π : Si ˆX Ñ Si ^X is the projection map. Either
we can take it as the definition, or it is an exercise of algebraic topology. �
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Lecture 21. The Topology of Configuration Space II

21.1. The algebraic topology of B˚

Recall from the last lecture that the rational cohomology of B˚
P is given by

(33) H˚
pB˚

P ,Qq – Ab ¨ ¨ ¨ b A
looooomooooon

n´1 copies

if P is a principle SUpnq-bundle with fixed Chern classes:

ci P H
2i
pX,Zq, 2 ď i ď n.

Here, the algebra ApXq is defined as

ApXq “ SympH0pXqq b SympH2pXqq b
ľ˚

pH1pXq bH3pXqq.

with HipXq “ HipX,Qq.
This isomorphism p33q is constructed by using the slant product:

µi : H˚pXq Ñ H2i´˚
pB˚

P q, ˚ ‰ 4

a ÞÑ c̄ipU
˚
q{a.

Let us explain the definition of c̄i. For the based configuration space Bo “ A {G o,
we have a fiber bundle:

SUpnq U “ A ˆ P {G o

Bo ˆX,

while for the irreducible configuration space B˚ “ A ˚{G , we have

PSUpnq U ˚ “ A ˚ ˆ P {G

B˚ ˆX,

Rationally, we have an isomorphism

π˚ : H˚
pBPSUpnq,Qq Ñ H˚

pBSUpnq,Qq – Qrc2, ¨ ¨ ¨ , cns

induced by the projection map π : SUpnq Ñ PSUpnq. Then we define c̄i as pπ˚q´1pciq
for 2 ď i ď n, so

H˚
pBPSUpnq,Qq – Qrc̄2, ¨ ¨ ¨ , c̄ns.
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We address the orientability of the determinant line bundle λ Ñ B˚
P by studying

π1pB˚
P q. The answer is already interesting when G “ SUp2q. By the fibration,

G {ZpGq A ˚

B˚,

we have an isomorphism π1pB˚
P q – π0pG {ZpGqq. We need to understand the compo-

nent group of G {ZpGq. Let us start with π0pG q.
Remark. We need to compute H1pB˚

P ,Z2q which classifies real line bundles over
B˚
P . We computed H1pB˚

P ,Qq – H3pX,Qq, but this is not enough.

21.2. The component group π0pG q

The adjoint bundle AdP “ PˆAdSUp2q has a pair of distinguished sections t˘ Idu.

Let s : X Ñ AdP be a generic section, then γ “ s´1p´ Idq is a smooth 1-manifold
inside X. It is clear that if γ “ H, then s is homotopic to the constant section Id.
The vertical tangent bundle at ´ Id Ă AdP is

Np´ Idq “ V T AdP |´ Id – adP.

Then the differential ds|γ identifies

Npγq pĂ Xq – adP |γ.

By choosing an orientation of g, we obtain an orientation of adP and a framing f of γ,
i.e. a trivialization of the normal bundle Npγq inside X. In particular, γ is oriented.

Suppose P is trivial, then we are trying to classify homotopy classes of maps:

rX,S3
sh.
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If we look for a homotopy between s and the constant section Id, the primary
obstruction lies in H3pX, π3pS

3qq which is simply

s˚ru3s

where u3 P H
3pS3,Zq is the fundamental class of S3. Then γ is the Poincaré dual of

s˚ru3s:

γ “ PDrs˚pu3qs P H1pX,Zq.
If rγs “ 0, or equivalently, s˚u3 “ 0 P H3pX, π3pS

3qq, we have to deal with the
secondary obstruction which lies in

H4
pX, π4pS

3
qq – H4

pX,Z2q.

Let us understand this obstruction class more carefully. The discussion below is
intended to mimic the Pontryagin-Thom construction.

Remark. The Pontryagin-Thom construction gives a bijection between

rX,S3
sh – Ω1

framepXq

where Ω1
framepXq is the framed cobordism group of framed 1-submanifolds in X.

When s “ Id, the frame sub-manifold is an empty set.

The homology class rγs P H1pX,Zq is the primary obstruction class. If rγs “ 0,
then γ is null-bordant inside X, i.e. γ “ BΣ for some oriented embedded surface
Σ Ă X ˆ I. To exhibit a homotopy between s and Id, it is enough to see that

pγ, fq

is null-bordant as a framed sub-manifold in X. In other words, the normal bundle
NΣ Ñ Σ is a real 3-plane bundle:

R3 NΣ

Σ.

The question is:

‚ Can we extend the framing f of NΣ at the boundary γ “ BΣ to the whole
surface Σ?

We need an isomorphism of NΣ
–
ÝÑ adP |Σ agreeing with a given one on

the boundary γ “ BΣ. (Σ deformation retracts to an one-simplex, so both bundles
are trivial over Σ).

A potential obstruction of this extension comes from the framing of Npγq:

Npγq adP |γ

γ.
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which defines an element in

(34) H2
pΣ, BΣ; π1pSOp3qqq – Z2.

Suppose Σ2 Ă X4 ˆ I is closed and embedded. When is the normal bundle NΣ
trivial? Since

H1
pBSOp3q,Zq “ t0u, H2

pBSOp3q,Zq “ Z2,

the primary obstruction is the second Stiefel-Whitney class

w2pNΣq P H2
pΣ, π1pSOp3qqq.

Since TΣ ‘ NΣ “ TX ‘ R|Σ and w2pTΣq “ 0, w2pNΣq “ w2pTX|Σq. If we further

project Σ into X (Σ ãÑ X ˆ I
pr1
ÝÝÑ X), then

w2pTX|ΣqrΣs “ w2pNXΣqrΣs “ epNXΣqrΣs mod 2

“ Σ ¨ Σ mod 2.

where NXΣ is the normal bundle of Σ in X.

If w2pXq “ 0, then the intersection form qX is even, i.e.

qXprΣsq ” 0 mod 2

for any rΣs P H2pX,Zq. This direction does not require X to be simply connected. If
H1pX,Zq “ 0, then the other direction is also true, i.e. having an even intersection
form qX implies w2pXq “ 0.

Recall Rokhlin’s theorem:

Theorem 21.2.1. If X is a spin 4-manifold, then σpXq ” 0 mod 16.

One way to think about this theorem is via the index theorem: in dimension 4,

IndCD :“ dimCpkerDq ´ dimCpCokerDq “ ´
1

8
σpXq,
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where D is the Dirac operator associated to a spin manifold X. In fact, when dim “

8k ` 4, the Dirac operator is H-linear, so

IndCD ” 0 mod 2.

For instance, let K3 “ tx4 ` y4 ` z4 ` w4 “ 0u Ă CP3 be the K3 surface. Then
w2pK

3q “ 0, σpK3q “ ´16. Its intersection form is given by

2p´E8q ‘ 3

ˆ

0 1
1 0

˙

.

On the other hand, K3 admits a fix-point-free involution τ . Then the intersection
form of the quotient space E “ K3{τ is

p´E8q ‘

ˆ

0 1
1 0

˙

.

which is even. Moreover, σpEq “ ´8, so E is not spin by Rokhlin’s theorem. This
doesn’t violate our statement above, because H1pE,Zq “ π1pEq “ Z2.

Back to our problem. In conclusion, assuming H1pX,Zq “ 0, we have

π0pMappX4, S3
qq “

"

0 w2pXq ‰ 0
Z2 w2pXq “ 0.

We can cancel the obstruction class in (34) to extend a framing if and only if there
exists an closed oriented surface Σ1 Ă X such that

w2pTX|Σ1qrΣ
1
s ‰ 0.

In the general case, if H1pX,Zq “ 0, then

π0pG q “

"

0 w2pXq ‰ w2padP q
Z2 w2pXq “ w2padP q.

Indeed, we can find a surface pΣ, BΣ “ γq Ă pI ˆ X, t0u ˆ Xq with a bundle
isomorphism:

NpΣq adP |Σ

Σ

that extends a given isomorphism on the boundary:

Npγq adP |γ

γ

if and only if there exists a closed oriented surface Σ1 in X such that

w2pTX|Σ1qrΣ
1
s ‰ w2padP |Σ1qrΣ

1
s.
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To study π0pG {ZpGqq, it remains to understand the map ZpGq Ñ π0pG q. In
particular, we focus on the case when G “ SUp2q and w2pTXq “ w2padP q,

‚ How does ZpSUp2qq “ t˘1u map into π0pG q? Or equivalently,
‚ Is ´ Id homotopic to Id in G ?

In the reducible case, P “ L‘ L˚, then adP “ R‘ Lb2. Then

AdP “ SpadP ‘ Rq “ SpLb2
‘ R‘ Rq.

where S denotes the unit sphere bundle.
(To be continued.)
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Lecture 22. Orienting the Moduli Space

22.1. Orientability

Recall from the last lecture that the component group of G is

π0pG q “

"

0 w2pXq ‰ w2padP q
Z2 w2pXq “ w2padP q.

given that H1pX,Zq “ 0. Since the SOp3q-bundle adP is induced from an SUp2q-
bundle, it is spin, so w2padP q ” 0. Moreover, w2pXq “ 0 if and only if the intersection
form qX of X is even. Hence,

π0pG q “

"

0 if qX is odd (not even).
Z2 if qX is even.

In the first case (assuming π1pXq “ t0u), π0pG {ZpGqq “ t0u and the determinant
line bundle λ Ñ B˚ has to be trivial. In the second case, we take the connect sum

X#CP2
to make the intersection form odd. In either case, we obtain Donaldson’s

diagonalization theorem.
Also, we learned from the last lecture that

ZpGq Ñ π0pG q

is the zero map if and only if adP splits as R‘ L, so

π0pG {ZpGqq “

$

&

%

0 otherwise

Z2 If qX is even and c2pP q “ ´c
2
1pL̃q

for some c1pL̃q P H
2pX,Zq.

For other purpose, it is important to know whether the moduli space MkpXq is
orientable even if π0pG {ZpGqq “ Z2 or H1pX,Zq ‰ 0.

Theorem 22.1.1 (Donaldson). The real line bundle detpd` ‘ d˚q Ñ B˚ is always
trivial for SUp2q-bundles.

We do not assume X is simply connected in this theorem.

22.2. Passing to SUp3q-bundles

In some cases π0pG q – Z2. This Z2 factor comes from

π4pSUp2qq – π4pS
3
q – Z2.

by obstruction theory. However, when n ą 2,

π4pSUp3qq – 0,

so it is not a problem any more.
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Remark. This is equivalent to the fact that the principal bundle

(35)

SUp2q SUp3q

S5 BSUp2q

is not trivial. Consider the long exact sequence of homotopy groups:

π5pS
5
q
j
ÝÑ π5pBSUp2qq – Z2 Ñ π4pSUp3qq Ñ 0.

The image of jpr1sq classifies this bundle. �
The first step is to extend the structure group to SUp3q and see how the determinant

line bundle change. We embed SUp2q into SUp3q as
ˆ

SUp2q 0
0 1

˙

.

Then the restriction of the adjoint representation adSUp3q |SUp2q splits as

p3` 4` 1q “ sup2q ‘ C2
‘ R “

ˆ

sup2q ` c ¨ I2 C2

˚ ´2c

˙

.

where C2 is the fundamental representation of SUp2q. Let P 1 “ P ˆSUp2q SUp3q be
the SUp3q bundle. Then the space of SUp2q connections ASUp2q becomes a subspace
of ASUp3q. For A P ASUp2q, consider the Fredholm operator:

d`A ‘ d
˚
A : Ω1

pX, adSUp3q P
1
q Ñ Ω0

pX, adSUp3q P
1
q ‘ Ω2

`pX, adSUp3q P
1
q.

It splits as a direct sum of:

Ω1
pX, adSUp2q P q Ñ Ω0

pX, adSUp2q P q ‘ Ω2
`pX, adSUp2q P q,

Ω1
pX,Eq Ñ Ω0

pX,Eq ‘ Ω2
`pX,Eq,

Ω1
pX,Rq Ñ Ω0

pX,Rq ‘ Ω2
`pX,Rq.

where E is the canonical 2-plane bundle associated to the fundamental representation
of SUp2q. Note that the second operator is complex linear, so we have canonical
orientations for the kernel and cokernel as complex vector spaces. The last operator
is independent of A. In all, we have

λSUp3q|A ˚
SUp2q

– λSUp2q.

Therefore, it suffices to show the bundle

λSUp3q Ñ B˚
SUp3q

is trivial.
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Remark. Technically, B˚
SUp3q consists of irreducible SUp3q-connections and does not

contain the image of ASUp2q. Since A or A ˚ is weakly contractible, the determine
line bundle

λÑ ASUp2q or ASUp3q

is always orientable. The problem is whether the monodromy

π0pG {ZpGqq – π1pB
˚
q Ñ Autpλq

is non-trivial. It has nothing to do with the size of stabilizers. �
Compute π0pGSUp3qq. This is equivalent to the classification of bundles on S1 ˆX

which restricts to a given bundle on ts0u ˆ X. We can analyze the problem via
obstruction theory. Suppose we have a map f : X Ñ BSUpnq pn ě 3q which extends
trivially to

S1
ˆX Ñ BSUpnq.

One can ask if this extension is unique. Since

πipBSUpnqq “

$

&

%

0 0 ď i ď 3
Z i “ 4
0 i “ 5 pn ě 3q.

For two extensions, the first obstruction to find a homotopy between them lies in

H4
pS1

ˆX, ts0u ˆX; π4pBSUpnqqq – H3
pX,Zq – H1pX,Zq.

The second obstruction is always zero:

H5
pS1

ˆX, ts0u ˆX; π5pBSUpnqqq – t0u.

Therefore, π0pG q – H1pX,Zq. When π1pXq “ t0u, the component group is trivial.
However, when π1pXq ‰ t0u, we need to work harder.

22.3. The grafting construction

Let us describe a concrete realization of π0pG q, by the grafting construction. Sup-
pose c2pP q “ k and c2pP

1q “ k´1. Let P1 Ñ S4 is the SUp2q-bundle with c2pP1q “ 1.
By taking the connected sum, we can obtain P from P 1 and P1:

P – P 1#P1 Ñ X#S4.

We can paste connections as well. Let pP 1, A1q and pP1, A1q be connections on X
and S4 respectively. Take x0 P X and the north pole N P S4 to be base points. Use
the connection A1 to trivialize the bundle P 1 Ñ X near x0 via parallel transportation
along radial geodesics. Do the same thing near N .

We only need an identification of fibers

P 1|x0 – P1|N .
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to get a bundle on X#S4. To paste connections, we interpolate connection 1-forms
by cut-off functions:

A1|Bx0
– Γ1 ` a1, A1|BN – Γ` a.

where Bx0 and BN are some fixed small geodesic balls around x0 P X and N P S4.
Denote the outcome by A1#A1. This construction descends to the gauge equivalent
classes, i.e.

A1#A1 „g1#g1 pg
1
¨ A1q#pg1 ¨ A1q,

where g1#g1 is the connected sum of two gauge transformations. Note that the parallel
transportation is equivariant under gauge transformations.

Now take a generating loop γ Ă X such that rγs ‰ 0 P H1pX,Zq – π0pG q “
π1pA ˚{G q. The idea is to do the grafting construction along the loop γ: keep N P S4

fixed and let x0 travel along γ Ă X, so

A loop γ ñ A loop γ˚ P A ˚
{G .

How does the determinant line bundle looks like along this family γ˚ of connections?
We can understand this using the excision theorem for elliptic operators. Recall the
setup from Lecture 18:

(1) X1 “ U1 Y V1 and X2 “ U2 Y V2.
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(2) W1 “ U1 X V1 is diffeomorphic to W2 “ U2 X V2.
(3) We have elliptic differential operators:

D1 : ΓpE1q Ñ ΓpF1q on X1

D2 : ΓpE2q Ñ ΓpF2q on X2.

(4) There exist bundle isomorphisms

φ : E1|W1 Ñ E2|W2 , ψ : F1|W1 Ñ F2|W2

that cover the diffeomorphism in (2) and intertwine D1 and D2:

D2 “ ψ ˝D1 ˝ φ
´1 on W2.

Under these assumptions, we can

(1) Define X3 “ U1 Y V2 and X4 “ U2 Y V1.
(2) Obtain E3 Ñ X3 by gluing E1|U1 and E2|V2 .
(3) Obtain E4 Ñ X4 by gluing E2|U2 and E1|V1 . Similarly, define F3 Ñ X3 and

F4 Ñ X4.
(4) Define elliptic differential operators:

D3 : ΓpE3q Ñ ΓpF3q, D4 : ΓpE4q Ñ ΓpF4q.

The conclusion is that

IndD1 ` IndD2 “ IndD3 ` IndD4.
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The same construction can be carried out for a family of operators:

Dt
1 : ΓpE1q Ñ ΓpF1q on X1

for t P T , while D2 is fixed. Here, T is a compact parameter space. We require that
Dt

1 is identified canonically on V1 Ă X1. In this case, the index defines an element in
the K-theory

K0
pT q.

The first Stiefel-Whitney class w1 defines a group homomorphism that detects
orientability:

w1 : K0
pT q Ñ H1

pT,Z2q.

22.4. An Easy Proof of the Excision Theorem

Most proofs of the excision theorem rely on the index theorem, but it is silly. The
theorem is just right. Choose a partition of unity on pφi, ψiq on Xi pi “ 1, 2q such
that

φ2
i ` ψ

2
i “ 1.

and φ1 “ φ2, ψ1 “ ψ2 on the overlap W1 – W2.
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Consider bundle maps:

ΓpE1q ‘ ΓpE2q
α
ÝÑ ΓpE3q ‘ ΓpE4q

ΓpF1q ‘ ΓpF2q
β
ÐÝ ΓpF3q ‘ ΓpF4q

where

α “

ˆ

φ1 ψ2

ψ1 φ2

˙

, β “

ˆ

φ1 ´ψ1

ψ2 φ2

˙

.

Formally, α ˝ β “ β ˝ α “ Id. By direct computation,

β ˝

ˆ

D3 0
0 D4

˙

˝ α “

ˆ

D1 0
0 D2

˙

` some error terms.

Error terms involve commutators of Di and multiplications of φ, ψ, which are zero-
order operators, so indices add.

If we have a family of operators, then the same trick works.
To apply the excision theorem for families, let X1 “ X and X2 “ S4.

(To be continued.)

Exercise 22.4.1. Verify that π4pSUp3qq – t0u.

Proof. We prove that SUp3q is not homotopy equivalent to S3 ˆ S5, so the fiber
bundle (1) is not trivial. These spaces have the same cohomology rings. However,
using Z2-coefficient,

H˚
pSUp3q,Z2q, H

˚
pS3

ˆ S5,Z2q
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are different as modules of the Steenrod algebra. Let u3 and u5 be the generators in
dimension 3 and 5 respectively. Then

H˚
pSUp3q,Z2q – H˚

pS3
ˆ S5,Z2q – Z2ru3, u5s{pu

2
3, u

2
5q.

The difference is that

(36) Sq2 u3 “ u5 P H
˚
pSUp3q,Z2q

while Sq2 u3 “ 0 P H˚pS3ˆ S5,Z2q. To prove (36), we use the fact that the Steenrod
operation Sq2 is a stable operator, so it suffices to prove

Sq2 Σu3 “ Σu5 P H
6
pΣSUp3q,Z2q.

Consider the homotopy equivalence SUp3q – ΩBSUp3q and its adjunction

j : ΣSUp3q Ñ BSUp3q.

Lemma 22.4.2. Using either Z or Z2 coefficient, the pull-back map

j˚ : Hn
pBSUp3qq Ñ Hn

pΣSUp3qq

is always surjective. Moreover, it is an isomorphism when 0 ď n ď 7.

Proof. Let us focus on Z2 coefficient. To prove surjectivity, note that

Hn
pΣSUp3q,Z2q – rΣSUp3q, KpZ2, nqs˚ – rSUp3q,ΩKpZ2, nqs˚.

Since SUp3q – ΩBSUp3q, we have

ΩBSUp3q

SUp3q ΩKpZ2, nq.

f̃
–

f

Applying the adjunction again, we conclude that a map from ΣSUp3q to KpZ2, nq
alway factorize through j : ΣSUp3q Ñ BSUp3q.

This map is also injective when 0 ď n ď 7, because we can compute their dimen-
sions in this range.

One can also prove this lemme using Serre’s spectral sequence. �

This lemma implies that

j˚pc2q “ Σu3, j
˚
pc3q “ Σu5 mod 2,

where c2 and c3 are the second and the third Chern classes. It remains to prove
Sq2c2 “ c3 and exploit the naturality of Steenrod operations:

H6pBSUp3q,Z2q H6pΣSUp3qq

H4pBSUp3q,Z2q H4pΣSUp3qq.

j˚

j˚

Sq2 Sq2
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Consider the map BSUp3q Ñ BUp3q and i : BT 3 Ñ BUp3q, where T 3 is the
maximal torus of Up3q. We obtain maps on cohomology rings:

H˚pBUp3q,Z2q – Z2rc1, c2, c3s H˚pBUp3q,Z2q{tc1 “ 0u

H˚pBT 3,Z2q – Z2rx1, x2, x3s H˚pBSUp3q,Z2q.

i˚

where i˚c2 “ x1x2 ` x2x3 ` x3x1 and i˚c3 “ x1x2x3. Hence,

Sq2 c2 “ Sq2
px1x2 ` x2x3 ` x3x1q

“ x2
1x2 ` x

2
2x3 ` x

2
3x1 ` x1x

2
2 ` x2x

2
3 ` x3x

2
1

“ c1c2 ´ 3c3

– c3 mod 2. �
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Lecture 23. The convention of orientations

23.1. The Grafting Argument

Recall the grafting argument from the last lecture. Let P 1 Ñ X be the SUp2q
bundle with c2pP

1q “ k ´ 1 and P1 Ñ S4 has c2pP1q “ 1. By taking a base point
x0 P X and N P S4, we form the connected sum X#S4. Paste connections A1 on P 1

and A1 on P1 along x0. Let A1#x0A1 be the outcome. Take a loop γ Ă X and let
x0 travel along γ. We obtain a path of connections on the bundle P “ P 1#P1 with
c2pP q “ k. Similarly, we can “paste” operators by using the excision theorem:

We use γ to parametrize this family of operators. In the first picture, connections
A1 and A1 are fixed, so are operators d˚ ‘ d` (so the family is constant). We let x0

move around the loop γ. In the second picture, connections form a loop in B˚
P . By

the excision theorem, two families of operators define the same element in

K0
pγq.

The first family is trivial, so this element is zero. This proves the orientability of
λÑ B˚ in general, even if π0pG q ‰ t0u.

(This is a proof by pictures)
Consider the universal bundle

SOp3q “ SUp2q{ZpSUp2qq U ˚

B˚ ˆX.
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The grafting construction can be carried out at any point x P X, so we obtain a
map

τ : X Ñ B˚

x ÞÑ A#xA1.

(Tom:“Let us use τ for Taubes. This is how it is pronounced.”)
Consider τ̃ “ τ ˆ IdX : X ˆX Ñ B˚ ˆX and the pull-back bundle

τ̃˚pU ˚
q Ñ X ˆX.

Consider the slant product

µ : HipX,Qq Ñ H i
pX,Qq

a ÞÑ ´
1

4
p1pτ̃

˚
pU ˚

qq{a.

This map µ is just the Poincaré duality map. If c2pP q “ k “ 1, then

PDr´
1

4
p1pτ

˚
pU ˚

qqs “ ∆X Ă X ˆX.

Thus, this cohomology class is supported near the diagonal. In general,

´
1

4
p1pτ

˚
pU ˚

qq “ PDr∆Xs ´
1

4
p1pπ

˚
1 padP 1qq.

where π1 : X ˆ X Ñ X is the projection map onto the first factor and P 1 is the
SUp2q-bundle with c2 “ k ´ 1.

Compare with the Abel-Jacobi map. Let JacdpΣq be the moduli space of degree d
holomorphic line bundles over a compact Riemann surface Σ. Then we have

µ : JacdˆΣ Ñ Jacd`1

pL , pq ÞÑ L ppq.

If we carry out the grafting construction on Σ carefully and holomorphically, we
will recover the Abel-Jacobi map.
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23.2. Conventions for orienting moduli spaces

We extend the grafting construction to give a map

B˚
k pXq ˆB˚

1 pS
4
q Ñ B˚

k`1pXq(37)

pAk, A1q ÞÑ Ak#x0A1.

By specifying the orientation for S4, we wish to establish an orientation convention
of MkpXq such that when c2 “ k or k ` 1, it is compatible with the grafting map
(37).

Let Mo
1pS

4q be the framed moduli space on S4 of charge 1. Equivalently, this is
the moduli space of finite energy solutions to the ASD equation on R4, module gauge
transformations whose limit is IdG. We choose the base point to be the point at
infinity. We have seen that

M1pS
4
q “ B̊5

is the open 5-ball. Hence,

Mo
1pS

4
q –M1pS

4
q ˆ SUp2q – R4

ˆ R` ˆ SUp2q.

Note that R4 ˆ R` – ConfpR4q is the conformal group of R4 and R` corresponds to
dilations. We obtain an orientation of Mo

1pS
4q by orienting each factor and choosing

a preferred order of factors. In fact, the framed ASD moduli space on a complex
(hyper-Kahler) manifold is a complex (hyper-Kahler) manifold. Since R4 has the
standard hyper-Kahler structure, Mo

1pS
4q has a canonical orientation.

When k “ 0, consider the deformation complex of the trivial connection Γ on X.
Its cohomology groups are

H0
pX,Rq b sop3q, H1

pX,Rq b sop3q, H2
`pX,Rq b sop3q.

Definition 23.2.1. A homology orientation of X is an orientation of

H0
pX,Rq ‘H1

pX,Rq ‘H2
`pX,Rq.

Since maximal positive definite subspaces (with respect to the intersection form)
of H2pX,Rq form a connected set, this definition is independent of the choice of
H2
`pX,Rq Ă H2pX,Rq. An orientation of sop3q is also needed in order to orient

M0pXq.
Finally, to orient SUp2q-moduli spaces in general,

‚ Pick a cohomology orientation of X and an orientation of sop3q.
‚ Orient MkpXq by grafting k-instantons. Choose a base point x0 P X and
Ak P AkpS

4q. Use the grafting map:

µk : B˚
0 Ñ B˚

k(38)

A ÞÑ A#x0Ak.
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23.3. Orienting SOp3q moduli spaces

For an SOp3q principal bundle Q, the gauge group has more connected components.
For any simply connected compact Lie group G, it comes with its adjoint form

Gad “ G{ZpGq. Gad acts on G by conjugation. For any principal Gad bundle Q, we
have the adjoint bundle:

Gad Q Gad AdQ

X X.

The adjoint bundle AdQ has a natural covering space:

ĆAdQ “ QˆAd G “ QˆG{Gad.

ĆAdQ is a |ZpGq|-fold cover of AdQ:

ZpGq ĆAdQ

AdG.

π

There are two different gauge groups:

GQ “ Sections of AdQ

ĂGQ “ Sections of ĆAdQ.

Life is simple with ĂGQ as the gauge group. The problem comes with reducible
solutions:

Gñ The graph of commutants of Gð ĂGQ

Gad
ñ A bigger graph than that of Gð GQ.

We wish to work with a smaller graph of commutants. Consider the exact sequence:

0 Ñ ZpGq Ñ ĂGQ
π
ÝÑ GQ Ñ H1

pX,ZpGqq Ñ 0.

The middle map π is induced from the projection map ĆAdQÑ AdQ. To compute
the cokernel, consider the lifting problem:

ĆAdQ

X AdQ

π

s

?

The only obstruction class lies in H1pX, π0pZpGqqq, so

GQ{ Im π – H1
pX,ZpGqq.
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Definition 23.3.1. ĆAdQ is called the determinant-1 gauge group.

The cokernel H1pX,ZpGqq acts on B{ĂGQ, so the size of stabilizers can increase.

23.4. The determinant-1 gauge group

Why is ĂGQ called the determinant-1 gauge group? Consider G “ SUpnq, then

Gad
“ PUpnq “ SUpnq{Zn “ Upnq{Up1q.

Here, Up1q is the subgroup of Upnq consisting of diagonal matrices. Let P Ñ X be a
Upnq bundle:

Upnq P

X

.

Let A 1
P “ tA P AP : detpAq “ λ is a fixed connection in detpP qu. The subgroup G 1

P

of GP that acts on A 1
P consists of sections of AdP that has determinant 1. Pick a

section s P G 1
P , then

sx P SUpnqx Ă Upnqx “ pAdP qx

for any x P X. The advantage of thinking this way is that a Upnq-bundle is easier to
work with than a PUpnq-bundle.

Let n “ 2, so PUp2q “ SOp3q. Consider a complex 2-plane bundle:

C2 E

X4

.

and let P be the frame bundle of E. If E “ L1 ‘ L2 splits, then

(39) adP “ R‘ R‘ pL˚1 b L2qR.

The first R factor corresponds to the determinant. Indeed, adP Ă EndpEq consists
of skew Hermitian maps and

EndpEq “ EndpL1q ‘ EndpL2q ‘ pL1 b L
˚
2q ‘ pL2 b L

˚
1q.

We define an orientation of the determinant line bundle λ Ñ B˚ compatible with
this splitting. The cohomology groups of the deformation complex are

H0
pX,Rq, H1

pX,Rq, H2
`pX,Rq, some copies of C’s.

If w2pQq “ 0, then Q is induced from an SUp2q-bundle. If w2pQq “ c ‰ 0, then we
take E “ C‘Lc with w2pLcq “ c, and orient A 1

P {G
1
P by the previous convention. At

this point,

adQ and kerpadP “ R‘ pR‘ LcqR Ñ Rq
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have the same w2, but ´1
4
p1 could be different. To increase the instanton number,

apply the grafting construction.
Remark. We need the Pontryagin square at the last step. Recall that the Pontryagin

square is a cohomology operation:

βn : Hn
pX,Z2q Ñ H2n

pX,Z4q.

such that

‚ βnpuq “ u2 mod 2.
‚ βnpuq “ v2 mod 4, if v P HnpX,Zq is an integral lift of u.

In our case, it is important to know that for any SOp3q-bundle ξ,

β2pw2pξqq “ p1 mod 4.

In particular, if w2pξ1q “ w2pξ2q, then

1

4
pp1pξ1q ´ p1pξ2qq P H

4
pX,Zq

is an integral class. Hence, we can use the grafting construction to compensate the
difference.

For an axiomatic description of Pontryagin squares, see [6].
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Lecture 24. Evaluation on the Fundamental Class

24.1. Reducible Solutions

Let us consider two cases:

(1) Let QÑ X be an SOp3q principal bundle. Consider the determinant-1 gauge

group ĂGQ. Let

w “ w2pQq, kpQq “ ´
1

4
p1pQq.

(2) Suppose we have a complex 2-plane bundle

C2 E

X.

Consider the determinant-1 gauge group G 1 and the space of connections A 1

with a fixed image in A pdetEq. Let

w “ w2pEq “ c1pEq mod 2,

k “ kpEq :“ c2pEq ´
1

4
c2

1pEq.

Exercise 24.1.1. Verify that kpE b Lq “ kpLq for any complex line bundle LÑ X.

The dimension of Mk,wpXq is 8k ´ 3p1` b` ´ b1q. This moduli space Mk,wpXq is
orientable and a cohomology orientation of X together with an orientation of sop3q
orients Mk,w, so

M˚
k,wpXq Ă B˚

Q

is an oriented sub-manifold.
When does Mk,wpXq contains reducible solution? This amounts to finding a com-

plex line bundle LÑ X such that

adQ “ R‘ LR

and c1pLq has an ASD connections. By Fredholm alternatives, c1pLq has an ASD
representative if and only if

xθ, c1pEqy “ 0, @θ P H2
`pX, gq

ñ

ż

X

θ ^ c1pEq “ 0, @θ P H2
`pX, gq.

The last one is a cohomological condition. We would like to put some geometry into
understanding this condition.

Remark. When G “ PUp2q “ SOp3q, the stabilizer of a reducible connection could
be:

Z2, K4, SOp2q, Op2q, SOp3q.
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Except for Z2, the structure group of Q is a subgroup of SOp2q, so adQ has an
R-summand. �

Consider

Grb`pH
2
pX,Rqq “ tb` dimensional subspaces of H2

pX,Rqu.
Gr`b`pH

2
pX,Rqq “ tH P Grb`pH

2
pX,Rqq : H is positive definite with

respective to the intersection formu.

Therefore, Gr`b` Ă Grb` and

H2
`pX, gq P Gr`b`

is a point. For an integral class c ‰ 0 P ImpH2pX,Zq Ñ H2pX,Rqq, consider (W
stands for walls):

Wc “ tH P Gr`b` : cY h “ 0, @h P Hu.
Then Wc Ă Gr`b` is a smooth manifold of co-dimension b`. Suppose H P Wc and
let h1, ¨ ¨ ¨ , hb` be a basis of H. Then HK is negative definite. Any other maximal
positive definite subspace H1 has to be graph over H, so H1 is characterized by a
linear map:

f : HÑ HK.

For H1 to be contained in Wc, we need

phi ` fphiqq Y cñ fphiq Y c “ 0, @1 ď i ď b`.

This is a co-dimensional b` constraint.
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If b` “ 1, then Gr`b` is the hyperbolic space of dimensional b2 ´ 1. The positive
unit sphere of H2pX,Rq has two connected components, and a cohomology orientation
pick up a preferred component. Then the union

ď

cPH2pX,Zq

Wc

is locally finite in the interior of Gr`b` , but it becomes dense at the “boundary”.

Theorem 24.1.2 (Taubes, Donaldson-Kronheimer). Let Met be the space of Rie-
mannian metrics on X. Then the map

P : Met Ñ Gr`b`pH
2
pX,Rqq

g ÞÑ H`
pX, gq

is transverse to Wc for any c ‰ 0 P H2pX,Zq.

This is a theorem first known to Taubes. A proof can be found in Donaldson and
Kronheimer’s book [7].

In particular, if b` ě 1, then for a generic metric g, there are no g-ASD represen-
tative for any c ‰ 0 P H2pX,Zq. If b` ě 2, then for a pair of good metrics g0, g1

(no ASD representatives for any c ‰ 0 P H2pX,Zq), they fits into an one-parameter
family of good metrics gt, t P r0, 1s.

As a consequence, if b` ě 1, then for a Baire set of Met, Mk,wpX, gq Ă B˚
P is a

finite dimensional smooth manifold. If b` ě 2, then for a generic path (a Baire set of
paths) gt between two good metric g0, g1, the union

ď

tPr0,1s

Mk,wpX, gtq Ă I ˆB˚
pP q

is a smooth cobordism between Mk,wpX, g0q and Mk,wpX, g1q.
The case when c “ 0 only occurs when w “ 0 and k “ 0. The reducible solution is

unique up to gauge. It is the trivial connection Γ in the trivial SOp3q-bundle.
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24.2. Cohomology Classes

For G “ SOp3q, we have seen that H˚pB˚,Qq – ApXq.
Question. Does rMk,wpXqs have a fundamental class in H˚pB˚,Qq?
This is a non-trivial problem, because Mk,wpXq is not compact. How do we get a

fundamental class?
Recall the Uhlenbeck’s compactification of Mk,wpXq:

Mk,w
Uhl
pXq “Mk,wpXq dimk “ 8k ´

3

2
pχ` σq

ď

Mk´1,wpXq ˆX dim “ dimk´4
ď

Mk´2,wpXq ˆ Sym2X dim “ dimk´8

¨ ¨ ¨
ď

Mk˚,wpXq ˆ Symk˚ X

Note that k “ c2pEq ´
1
4
c1pEq

2 P 1
4
Z. If k ı 0 mod Z, then k˚ ‰ 0.

If k P Z, then k˚ “ 0 and M0,0pXq “ t˚u consists of the unique trivial connection,
if π1pXq “ t0u. The bottom stratum has dimension 4k independent of X.

There is a relative fundamental class for the top stratum

Mk,w rel lower strata.

For any a P H˚pXq, we constructed µpaq P H˚pB˚q. The question is to whether µpaq
has a compact support:

µpaq P H˚pB˚q H˚pMk,wpXqq

H˚
cptpMk,wpXqq.

?

The idea is to find a nice representative of µpaq whose dual cycle will avoid each other
on the end of Mk,wpXq for different a P H˚pXq.

Let V Ă X be an open subset of X. Define

B˚
k,wpX, V q “ trAs P B˚

k,wpXq : A|V is irreducibleu Ă B˚
k,wpXq.

B˚
k,wpV q “ trAs P Bk,wpV q : A is irreducibleu.

Note that B˚
k,wpX, V q is a subspace of B˚

k,wpXq, because some connections could be
reducible on V , but they are irreducible on X. There is an obvious restriction map:

res : B˚
k,wpX, V q Ñ B˚

k,wpV q.

Consider the universal over B˚
k,wpV q ˆ V :

U ˚
V “ A ˚

k,wpV q ˆ P |V {G pV q Ñ B˚
k,wpV q ˆ V.
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and we have a commutative diagram:

U ˚
V

res˚U ˚
V “ ι˚U ˚ B˚

k,wpV q ˆ V

B˚
k,wpX, V q ˆ V U ˚

B˚
k,wpXq ˆX

resˆ1V

ι“i1ˆi2

It induces a commutative diagram on the level of cohomology group:

H˚pV q H˚pB˚pV qq

H˚pV q H˚pB˚pX, V qq H˚
cptpMk,wpXqq

H˚pXq H˚pB˚pXqq H˚pMk,wpXqq.

µV

?
res˚

µX,V ?

j˚

µ

i˚1

The observation is that Mk,wpXq is contained in the subspace B˚pX, V q, so the
map j˚ in the diagram is valid. This requires a unique continuation property of ASD
connections.

Lemma 24.2.1. If an ASD connection A is irreducible on X, then for any open
subset V Ă X, A|V is irreducible.

Let tΣiu1ďiďn Ă X be a finite collections of surfaces in X and let Vi Ă X be a
tubular neighborhood of Σi. We require that

Vi X Vj X Vk “ H

whenever i ‰ j ‰ k ‰ i. Finally, let V “
Ť

Vi. Each surface Σi defines a rational
class:

µV pΣiq P H
2
pB˚

pViq,Qq,

which determines a complex line bundle Li Ñ B˚pViq (such that c1pLq “ aiµV pΣiq

for ai P Q). Let si be the zero locus of a generic section of Li, then formally si “
PDrµpΣiqs. We wish to evaluate the product

µV pΣ1q ! ¨ ¨ ¨ ! µV pΣnq.
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on Mk,wpXq. Equivalently, this is counting the number of intersections with signs:

Z “
n
č

i“1

si XMk,wpXq,

and divide out
ś

ai P Q. The idea is to show Z is compact, and hence finite.

Since each µV pσiq is in degree 2, it is necessary to assume dimk “ dimMk,wpXq is
even. For instance, let b1 “ 0, b` “ 3 and k “ 11

4
, then dimk “ 10. Take n “ 5. The

compactification has two strata:

Mk,w
Uhl
pXq “Mk,wpXq dimk “ 10

ď

Mk´1,wpXq
looooomooooon

dim“2

ˆ X
loomoon

dim“4

dim “ 6

Since k is not an integer, the trivial connection Γ does not occur in the compactifi-
cation. Suppose we can find a sequence rAns P Z such that they converge to an ideal
connection prA8s, x8q PMk´1,w ˆX. We claim that for each 1 ď i ď 5, either

(1) x8 P Vi Ă Xi, or
(2) rA8s P si.

If x8 R Vi, then rAns Ñ rA8s on Vi in C8loc-topology. Since Mk´1,w does not contain
reducible solutions or the trivial connection Γ, A8|V is irreducible. Since si is a closed
subset of B˚pViq, rA8s P si.

If x8 ‰ Vi for any 1 ď i ď 5, then rA8s P
Ş5
i“1 si. However, the formal dimension

of
5
č

i“1

si XMk´1,wpXq.

is 2´ 5 ¨ 2 “ ´8. This case is ruled out by taking generic sections si.
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In general, x8 lies in at most two of Vi’s. Hence, for at least three sections sα, sβ, sγ,

rA8s P sα X sβ X sγ XMk´1,wpXq,

whose formal dimension is still negative. We conclude that Z is compact.
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Lecture 25. Donaldson’s Polynomial Invariants

25.1. The Polynomial Invariants

Recall the construction at the end of the last lecture. For each smoothly embedded
oriented sub-manifold Σ Ă X, let V be a tubular neighborhood of Σ. Here Σ is allowed
to be a point, a surface or a loop. There are two useful spaces of configurations:

B˚
pX, V q “ trAs P B˚

k,wpXq : A|V is irreducibleu Ă B˚
pXq.

B˚
pV q “ trAs P BpV q : A is irreducibleu.

There is an obvious restriction map:

rV : B˚
pX, V q Ñ B˚

pV q, A ÞÑ A|V .

Consider the universal bundle over B˚
V :

U ˚
V “ A ˚

V ˆ P |V {GV Ñ V ˆB˚
pV q.

Using the slant product, we defined a rational cohomology class:

µV prΣsq :“ ´
1

4
p1pU

˚
V q{rΣs P H

4´dim Σ
pB˚

pV qq.

By pulling back via the restriction map, we recover the class:

µXprΣsq “ r˚V pµV prΣsqq P H
˚
pB˚

pX, V q,Qq.

Fixing a co-cycle representative mV prΣsq of µV prΣsq, we obtain a representative:

mpΣq “ r˚V pmV pΣqq.

Now choose a collection of representatives of homology classes of X:

Σ1, ¨ ¨ ¨ ,Σn,

and construct mpΣ1q, ¨ ¨ ¨ ,mpΣnq. We would like to show the cup product:

(*) mpΣ1q ! ¨ ¨ ¨ ! mpΣnq is a compactly supported class in H˚pMP pXqq.

For (*) to hold, we need:

‚ 4n´
ř

dim Σi “ 8k ´ 3
2
pχ` σq “ dimMppXq.

‚ Need neighborhoods Vi of Σi to have minimal intersections. For instance, any
three surfaces do not meet; the neighborhood of a point is isolated from others.

‚ Need to worry about the “bottom stratum” where the instanton number k “ 0
and the flat connection occur. This stratum has dimension equal 4kpP q. We
can find a situation when k is not an integer.

The invariants to be defined rely on the following data:

‚ w P H2pX,Z2q such that w2pP q “ w. This class w is also used to orient the
moduli space.

‚ A cohomology orientation o.
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The polynomial invariant Dw,o is a Q-linear map:

Dw,o : ApXq Ñ Q
Dw,o

pΣ1 b Σ2 b ¨ ¨ ¨Σnq “ xmpΣ1q ! ¨ ¨ ¨mpΣnq, rMk,w, BMk,wsy.

where rMk,w, BMk,ws denotes the fundamental class of Mk,w relative to its end. The
principal bundle P is chosen such that

‚ 8kpP q ´ 3
2
pχ` σq “ 4n´

řn
i“1 dim Σi.

‚ w2pP q – w mod 2. As w2pP q is fixed, only the Pontryagin class of P can
be changed up to integers. The polynomial invariant Dw,o is defined using a
sequence of bundles, packaging their information altogether.

This invariant Dw,o is well defined (independent of all choices) if b`pXq ą 1.
Remark. One may ask about the integrability of Dw,o: does it send an integral

class to an integer? Since ´1
4
p1 is not necessarily a integral class, this is not clear in

general.
However, to make this construction work, we need to verify the restriction of

MP pX, gq lies in B˚pV q for a generic metric g:

rV pMP pX, gqq Ă B˚
pV q.

This follows from the unique continuation property of the ASD connections.

25.2. The unique continuation property

There are two classical unique continuation properties for harmonic functions. If
f is a harmonic function on Rn (i.e. ∆Rnf “ 0) and f vanishes on a open subset U ,
then f ” 0 on Rn.

The sharper version states that if f vanishes at a point p P Rn at infinite order, i.e.
∇pkqfppq ” 0 for any k ě 0, then f ” 0 on Rn.
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The case for connections is tricker. There is a global version and a local version
of unique continuation properties. If π1pXq ‰ 0, there will be some non-trivial flat
connections which is locally trivial, and yet irreducible globally. Therefore, to con-
clude a locally trivial (flat) connection is trivial globally, we have to assume π1pXq “ 0.

The sharper version of the unique continuation property is easier to prove (strangely
enough). For p P X, an geodesic neighborhood U of P is conformally equivalent to

r0,8q ˆ S3.

“The connection A “ Γ ` a is flat at infinite order at p” means that a decays faster
than any exponential functions on the half cylinder, i.e.

|aptq| ă expp´δtq, @δ ą 0, t ą 0.

If in addition A is ASD, i.e. F`A ” 0, then the connection 1-form a ” 0 (Hint: look
at the linearized ASD equation).

Suppose locally A “ Γ ` a “ Γ ` b ` c where Γ ` b is induced from Up1q-bundle
QÑ X with

P “ Qˆρ SUp2q,

and c is the difference. “The connection A is reducible to an infinite order at p”
means that

|cptq| ă expp´δtq, @δ ą 0, t ą 0.

This will imply c ” 0 if A is ASD. Hence

A is reducible to the infinite order at p

ñA is reducible in a neighborhood of p

ñA is reducible locally on X.

To pass from the local version to the global version, we need to assume X is simply
connected. Finally, A is reducible globally.

25.3. Generating Functions

If π1pXq “ 0, then

ApXq “ SympH2pX;Qq ‘H0pX,Qq.
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It will be enlightening to look at the generating function of Dw,o. Let x P H0pX,Zq be
the canonical generator (X is connected) and pick h P H2pX,Qq. Then as elements
in ApXq,

deg x “ 4, deg h “ 2.

Consider Dw,opexppth` sxqq where

exppth` sxq “
8
ÿ

n“0

pth` sxqn

n!
P ArXs bQ Qrrs, tss

and s, t are formal variables. All known 4-manifolds with b` ą 1 and b1 ” 0 satisfy
the simple type relation:

Dw,o
X px2zq “ 4Dw,o

X pzq.

Any 4-manifold with this property is said to have simple type. In this case, evalu-
ating µaphqxb on rMP s for b “ 0, 1 incorporate all interesting information. Define

Dw,o
X pthq “ Dw,0

X pp1`
x

2
q exppthqq.

The main theorem is:

Theorem 25.3.1 (Kronheimer-Mrowka). If X4 is a simply connected 4-manifold of
simple type, then there exist classes Ki P H2pX,Zq and numbers ai ‰ 0 P Q for
1 ď i ď n such that

Dw,o
X pthq “ et

2QXphqp

n
ÿ

i“1

p´1qki¨w`w
2

aie
tki¨hq

where QX denotes the intersection form of X, i.e. QXphq “ h ¨ h. These classes Ki

are called basic classes. Moreover,

‚ Ki ” w2pXq mod 2.
‚ If Σ Ă X is any smoothly embedded surface with self-intersection Σ2 ě 0, then

(40) 2gpΣq ´ 2 ě Ki ¨ Σ` Σ ¨ Σ.

for any 1 ď i ď n. pThis is a constraint of basic classes.q
‚ If Ki is a basic class, then ´Ki is a basic class.

Having simple type is closely related to whether or not

(41) K2
i ´ 2χpXq ` 3σpXq “ 0.

Let us compare p40q with the adjunction equality. Suppose pX, Jq is a complex
manifold, define the canonical class as

KX “ ´c1pTX, Jq P H
2
pX,Zq.

If Σ Ă X is an embedded complex curve, the tangent bundle TΣ is J-invariant. Since
TX|Σ “ TΣ‘NΣ, we have

c1pTX, Jq|Σ “ epTΣq ` epNΣq “ χpΣq ` Σ ¨ Σ.
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Therefore, 2gpΣq ´ 2 “ ´χpΣq “ KX ¨ Σ` Σ ¨ Σ.
As for (41), for an almost complex 4-manifold pX, Jq, we have

(42) KpX, Jq2 “ 2χpXq ` 3σpXq.

Indeed, by the Hirzebruch signature formula,

xp1pTXq, Xy “ ´3σpXq.

The wedge bundle Λ2pXq splits as Λ` ‘ Λ´, then both LHS and RHS of (42) are
equal to

xp1pΛ
`
pXqq, rXsy.

To see the LHS equals, note that Λ`pXq “ Rω ‘ pΛ0,2pXqqR.

Exercise 25.3.2. Show that for any closed oriented 4-manifold X,

xp1pΛ
`
pXqq, rXsy “ ´2χ´ 3σ.
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Lecture 26. The ASD equation on cylinders

26.1. The flowline equation

Consider an oriented closed 3-manifold Y and the trivial principal G-bundle Q Ñ
Y . Let Γ be the trivial connection, with respect to a fixed trivialization. Recall that
for A “ Γ` a, the Chern-Simons functional is defined as

CSpaq “
ż

trpa^ da`
2

3
a^ a^ aq.

and its gradient at A is

∇CSpAq “ ˚FA.
The downward gradient flow equation

´
B

Bt
Aptq “ ˚FA

is equivalent to the ASD equation on the 4-manifold RˆY . We would like to transfer
ideas from Morse functions to the Chern-Simons functional, and mimic the construc-
tion of Morse Homology. There are some potential problems:

‚ The functional CS is not single valued on the quotient space B “ A {G . We
will probably need the Novikov-Morse homology.

‚ The space of connections on Y 3 can have complicated topology. G {ZpGqmight
not act freely on A .

‚ Non-compactness due to bubbling.
‚ Constructing perturbation of CS to make it Morse.

Let us take a closer look at the ASD equation on a cylinder Z “ RˆY . The trivial
bundle QÑ Y pulls back to the trivial bundle over Z:

P “ π˚QÑ Rˆ Y.

Fix a reference connection B in Qˆ Y . Any connection A in P can be written as

A “ B ` b` cdt

with b P ΓpRˆY, π˚pT ˚Y badQqq and c P ΓpRˆY, adP q. We compute the curvature
of A:

FA “ FpB`bq ` dt^ p
B

Bt
b´ dpB`bqcq

“ pFB ` dBb`
1

2
rb^ bsq ` dt^ p

B

Bt
b´ dBc´ rb^ csq.

Moreover, the self dual part is given by

2F`A “ FA ` ˚4FA

“ FpB`bq ` ˚3p
B

Bt
b´ dpB`bqcq ` dt^ p˚3FB`b `

B

Bt
b´ dpB`bqcq
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The ASD equation becomes

0 “
B

Bt
b` ˚3FB`b ´ dpB`bqc.(43)

“
B

Bt
b`∇CSpB ` bq ´ dpB`bqc.(44)

Hence, bptq is a downward gradient flow up to an infinitesimal gauge transformation.
The last part dB`bc is tangential to the gauge orbit at B ` b.

The downward gradient flowline equation (43) itself does not form an elliptic sys-
tem; we will need the Coulomb gauge fixing condition:

0 “ ´d˚Bpb` cdtq “ ˚4dB ˚4 pb` cdtq

“ ´ ˚4 dBpdt^ ˚3b` ˚3cq

“
B

Bt
cptq ´ d˚Bb.

Together with the linearized ASD equation at B, we have:

0 “
B

Bt

ˆ

b
c

˙

`

ˆ

˚dB ´dB
´d˚B 0

˙ˆ

b
c

˙

The operator applied to pb, cq is cast in the form

B

Bt
`DB

where DB is a first order self-adjoint elliptic operator. This means

kerDB “ CokerDB.

We would like to understand what this kernel means and when it is trivial.

26.2. The extended Hessian

A critical point of CS is a flat connection of QÑ Y , i.e. FB ” 0. A flat connection
is induced from a π1-representation:

ρ : π1pY q Ñ G.

Consider the equation DBpb, cq “ 0:

(45)

"

˚dBb´ dBc “ 0
d˚Bb “ 0

Note that Im dB is orthogonal to Im dB in Ω1pY, adQq. To see this, consider the
twisted De Rham complex:

Ω0pY, adQq Ω1pY, adQq Ω2pY, adQq Ω3pY, adQq.
dB dB

˚

dB

d˚B“´˚dB˚
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This is a complex, because d2
B “ FB “ 0.

Hence, pb, cq is a solution to (45) if and only if

dBb “ d˚Bb “ 0, dBc “ 0,

i.e. b is a harmonic form in H1pY, adBq and c P H0pY, adBq. Here, H˚pY, adBq stands
for harmonic forms with respect to dB.

Definition 26.2.1. A critical points rBs of CS is called non-degenerate if

(1) H0pY, adBq “ t0u,
(2) H1pY, adBq “ t0u.

The first condition implies that B is irreducible as a flat connection.

Later, we will explain how to achieve conditions (1)(2). If B is a non-degenerate
critical point, then the operator

DB : L2
kpY, pΛ

0
‘ Λ1

q b adQq Ñ L2
k´1pY, pΛ

0
‘ Λ1

q b adQq

is invertible. DB is also called the extended Hessian at B.

Theorem 26.2.2. The operator B

Bt
` DB is invertible as a bounded linear operator

between

L2
kpRˆ Y, pΛ0

Y ‘ Λ1
Y q b adQq Ñ L2

k´1pRˆ Y, pΛ0
Y ‘ Λ1

Y q b adQq,

if and only if DB is invertible.

In this theorem, the connection B is independent of the time t.

Proof. We prove the theorem when k “ 1, by direct computation. Let u P C8c pRˆY q,
then

}p
B

Bt
`DBqu}

2
L2pRˆY q “

ż

RˆY
|
B

Bt
u|2 ` |DBu|

2
` 2x

B

Bt
u,DBuy.

Since DB is self-adjoint, B
Bt
xu,DBuy “ x

B

Bt
u,DBuy`xu,

B

Bt
pDBuqy “ 2x B

Bt
u,DBuy. Note

that u is compactly support, so
ż

RˆY
2x
B

Bt
u,DBuy “

B

Bt
xu,DBuy

ˇ

ˇ

ˇ

ˇ

`8

´8

“ 0.

On the other hand, by the invertibility of DB,

}DBu}L2pY q ě c}u}2L2
1pY q

for some c ą 0. Hence,

}p
B

Bt
`DBqu}

2
L2pRˆY q ě

ż

RˆY
|
B

Bt
u|2 ` }u}2L2

1pY q
.

This estimate shows B

Bt
`DB : L2

1 Ñ L2 is injective with closed range. It remains to
show surjectivity. There are at least two ways to proceed:
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(1) The formal adjoint of B

Bt
`DB is ´ B

Bt
`DB. We prove it is injective using the

same estimate.
(2) Prove the range of B

Bt
` DB is dense in L2 by hand. DB has a spectrum

decomposition, i.e. there is an L2-complete set of eigenvectors of DB. Let
them be

tφλuλPSpecpDBq

The spectrum of DB is discrete. The only accumulation point is at the
infinity. In particular,

}u}2L2
1pY q

“
ÿ

λPSpecDB

λ2c2
λ

if u “
ř

cλφλ and 0 R SpecDB. With respect to the spectrum decomposition,
B

Bt
`DB is a diagonal matrix whose diagonal entries are given by

B

Bt
` λ, λ P SpecDB.

We can show each B

Bt
` λ has a dense range in

L2
pR,Rq.

The proof extends to higher k. �

26.3. 4-manifolds with cylindrical ends

Suppose we have a compact 4-manifold X with a non-empty boundary BX “ Y .
We obtain a non-compact manifold by attaching cylindrical ends:

X˚
“ X Y r0,8q ˆ Y.

If we have a principal G-bundle P over X, then it extends to a bundle over X˚.
The extension over the cylindrical end is the pull-back bundle:

π˚Q where Q “ P |t0uˆY .

Suppose A is a connection on X˚ which converges exponentially to a connection B
in Q Ñ Y as t Ñ 8. Provided that the extended Hessian DB is invertible, we wish
to check the linearized ASD equation together with the gauge fixing condition form
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a Fredholm operator on X. This is done by the parametric patching argument. We
apply the excision picture and obtain two manifolds with cylindrical ends.

It is important to know the error term in this patching argument is a compactly
supported zeroth order operator, so the Sobolev embedding becomes compact.

If M is a finite dimensional manifold and f : M Ñ R is a Morse function, then
Hess f “ ∇¨p∇fq is a symmetric operator well-defined at any point in M . Similarly,
the operator

DB “

ˆ

˚dB ´dB
´d˚B 0

˙

makes sense whether or not B is flat and it is the generalization of Hessians to self-
adjoint operators. However, no notion of Morse indices could be defined, since the
spectrum is unbounded in both the positive and negative directions.

Suppose we have a family of operators DBptq parametrized by t P r0, 1s and DBptq

is invertible when t “ 0, 1 (0 R SpecpDBptqq). We define the spectrum flow as the
signed count of intersections of

SpecDBptq

with the zero-section.
The spectrum flow will replace the role of Morse indices and it equals the dimension

of moduli spaces.
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As t varies, SpecpDBptqq might become non-simple, i.e some eigenvalues have mul-
tiplicities higher than 1 (the left picture). However, this is not a generic case. Having
non-simple eigenvalues is a co-dimension 2 condition (for real operators), and it can
be avoided for a generic path.
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Lecture 27. The Spectrum Flow and the Index

27.1. The Sobolev Embedding Theorem

We discuss the Sobolev embedding theorem on non-compact manifolds with bounded
geometry. The typical example is a 4-manifold with a cylindrical end:

X˚
“ X Y r0,8q ˆ Y.

In general, we require the curvature tensor and any covariant derivatives of the cur-
vature are uniformly bounded. Moreover, the injective radius rppq at any p P X˚ has
a uniform lower bound.

On the unit ball Bn Ă Rn, we have:

Lpk ãÑ Lql pB
n
q if k ´

n

p
ě l ´

n

q
and k ě l.

In the case when k ´ n
p
“ l ´ n

q
, we require further that q ă `8 and p ą 1. We also

have embedding theorems into Hölder spaces:

Lpk ãÑ Cl,αpBn
q if k ´

n

p
ą l ` α and α ą 0.

Theorem 27.1.1. These embedding theorems continue to hold if pX, gq has uniformly
bounded geometry.

Proof. We will only sketch a proof. Take a countable cover tUiu of X by geodesic balls
such that any point p P X lies in at most N balls for a constant N ą 0. Therefore,
we have restriction maps:

LpkpX, gq
ˆÀ
iPΛL

p
kpUiq

ˆÀLpkpUi Y Ujq

Lql pX, gq
ˆÀ
iPΛL

q
l pUiq

ˆÀLql pUi Y Ujq

i1

?

take differences

emb

take differences

Here, ˆÀ denotes the Lp or Lq completion of the direct sum. The horizontal sequences
in the first and second rows are exact.
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The vertical map emb is a direct sum of Sobolev embeddings whose constants
are uniformly bounded, due to the boundedness of the geometry. Since LpkpX, gq is

realized as a closed subspace of ˆÀ
iPΛL

p
kpUiq, the Sobolev embedding takes LpkpX, gq

into Lql pX, gq. Hence, the embedding theorem holds in the same range for the non-
compact manifold pX, gq. �

Remark. Even in the case of strict inequalities, i.e. k´ n
p
ą l´ n

q
and k ą l, we no

longer have compact embeddings, unless X itself is.
We also have the Sobolev multiplication theorem, e.g.

LpkpXq b L
q
l pXq ãÑ LrmpXq

pf, gq ÞÑ fg.

is continuous if pk ´ n
p
q ` pl ´ n

q
q ě r ´ n

m
and k, l ą m.

Theorem 27.1.2. If pk ´ n
p
q ` pl ´ n

q
q ą r ´ n

m
and k, l ą m, i.e. these inequalities

are strict, then for a fixed f P Lpk, the multiplication operator

Mf : Lql pXq Ñ LrmpXq

g ÞÑ fg.

is compact.

Proof. Approximate f by a sequence of compactly supported functions fi in Lpk. Then

Mfi ÑMf

in the operator norm. Since each Mfi factorizes through Sobolev spaces on compact
manifolds, Mfi is a compact operator. Hence, Mf is compact. �

For more details on this subject, we recommend [4, Section 13.2].

27.2. The Spectrum Flow and the Index

Recall from the last lecture that if

A “ B ` a “ B ` pb` cq

with pb, cq P LpkpRˆ Y, pΛ1
Y ‘ Λ0

Y q b adQqq, then the linearized operator

DA “
B

Bt
`DB ` ra^ ¨s

is Fredholm of index 0. Indeed if a ” 0, DA is invertible. The difference term ra^ ¨s
is a compact operator, so FA is Fredholm of index 0.

Here is another way to think about the Fredholmness. Since a Ñ 0 as t Ñ ˘8,
the operator

DB ` raptq ^ ¨s

is close to DB in the operator norm as tÑ ˘8. Hence, DB ` raptq ^ ¨s is invertible.
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We would like to understand the relation between the spectrum flow and the index
of DA in general, when a R LpkpZq. We assume that a P Lpk,locpZq and there exist
translation invariant forms a`, a´ in C8pRˆ Y q such that

a´ a`|r0,8qˆY P L
p
kpr0,8q ˆ Y q

a´ a´|p´8,0sˆY P L
p
kpp´8, 0s ˆ Y q.

Lemma 27.2.1. If B

Bt
` DB ` α` and B

Bt
` DB ` α´ are both invertible, then the

operator

DA “
B

Bt
`DB ` a : LpkpRˆ Y q Ñ Lpk`1pRˆ Y q

is Fredholm.

Proof. This is proved by the standard parametric patching argument. �

We are interested in the index of DA.

Example 27.2.2. Consider the operator

D` “
B

Bt
` tanhptq

on the real line R. As tÑ ˘8, the operator approximates

B

Bt
` 1 and

B

Bt
´ 1

respectively, which are invertible. We wish to compute its index as a Fredholm
operator between spaces:

L2
1pRq Ñ L2

pRq.
Note that kerD` is spanned by sechptq P L2pRq while CokerD` is spanned by

coshptq R L2pRq. Hence,

IndD` “ 1
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Similarly, we define

D´ “
B

Bt
´ tanhptq

and IndD´ “ ´1.

In general, the index is the net number of eigenvalues going from negative to pos-
itive. To prove “SF=Ind” in general, we use the fact that the index is a homotopy
invariant. When fixing a˘, we are allowed to homotopy the path aptq. The limits a˘
are allowed to change as long as they stay invertible during a homotopy. We apply
perturbations of a˘ such that

DB ` a˘

have the same eigenvectors. Then we reduce the problem to model examples above.

Example 27.2.3. The spectral flow along a closed loop of operators might not be
zero. Consider the operator

Dα “ i
B

Bt
` α : L2

1pS
1,Cq Ñ L2

pS1,Cq.

for α P r0, 1s. Then SpecDα “ Z` α. When α “ 0, 1, D1 is conjugate to D0,

i
B

Bt
` 1 “ eitpi

B

Bt
qe´it.

So far, tDαuαPr0,1s does not form a closed loop. Both g1 “ Id and

g0pfptqq “ fptqeit, t P S1.

are unitary operators on L2pS1,Cq. Here, we need Kuiper’s theorem:

Theorem 27.2.4 (Kuiper). For any separable infinite dimensional Hilbert space H,
the unitary group UpHq is contractible.

Proof. The original proof of Kuiper is hard to follow. Tom recommended [?]:

‚ Mitjagin, B. S.
The homotopy structure of a linear group of a Banach space.
Uspehi Mat. Nauk 25 (1970), no. 5 (155), 63106.

in which the Kuiper’s theorem was generalized to other suitable Banach spaces. This
theorem is however, not valid for arbitrary Banach spaces. �

By Kuiper’s theorem, g0 and g1 is connected by a path of unitary operators gβ.
Then the family of operators

D1β “ gβp
B

Bt
qg´1
β

will take D1 back to D0 without changing the spectrum. By composing Dα with this
family, we obtain a closed loop with non-trivial spectrum flow.
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27.3. The Spectrum Flow in the Instanton Floer Homology

Over the trivial principal bundle Q “ SUp2qˆY Ñ Y , the Chern-Simons functional
defines a circle valued functional:

CS : A {G Ñ R{cZ pc ą 0q.

In this case, G “ MappY, SUp2qq and π0pG q is classified by the degree of the map:

u : Y Ñ SUp2q.

Therefore, π1pA {G q “ Z. It is important to understand what is the spectral flow
around a generator of π1.

Let γ : r0, 1s Ñ A {G to be a closed loop. Let A0 “ γp0q and A1 “ γp1q. Then
u ¨A0 “ A1 for a gauge transformation u : Y Ñ SUp2q. Consider the mapping torus:

P “ r0, 1s ˆQ{pu ¨ p, 0q „ pp, 1q

X “ S1 ˆ Y.

π

The index of the operator on the cylinder Rˆ Y :

B

Bt
`DAptq

equals the expected dimension of the moduli space on P . Since σpXq “ χpXq “ 0,

SF “ Ind “ 8c2pP q “ 8 degpuq.

The constant 8 will remain unchanged if we replace SUp2q by any other compact Lie
group G.

Another important fact is that CS detects π1, i.e.

CS˚ : π1pA {G q Ñ π1pS
1
q,

is an isomorphism.
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Remark. It becomes more complicated when it is a PUpnq-bundle. However, the
picture is more or less the same if we stick to the determinant-1 gauge group. �

When counting differentials in the Floer theory, we focus on moduli spaces of formal
dimension 1. Hence,

Pinning down the dimension,

ñPinning down the homotopy classes of paths,

ñPinning down the change of CS.

Remark. The total change ∆γCS of the Chern-Simons functional is proportional to
the spectrum flow.

As a consequence, we do not need Novikov rings for the Floer homology.
This phenomenon is comparable with the monotonicity condition in the symplectic

Floer theory, where

CS replaced by
ÝÝÝÝÝÝÝÑ the symplectic action

SF
replaced by
ÝÝÝÝÝÝÝÑ c1pM,Jq.

The monotonic condition then states that rωs “ λc1pM,Jq P H2pM,Zq for some
λ P R.
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Lecture 28. 4-Manifolds with Cylindrical Ends

28.1. 4-Manifolds with Cylindrical Ends

Let pX, BX “ Y q be a compact 4-manifold with boundary. We obtain a manifold
with cylindrical end by attaching r0,8q ˆ Y :

X˚
“ X Y r0,8q ˆ Y.

We study instantons on X˚.
Fix a reference connection A0 in P Ñ X˚ such that

A0

ˇ

ˇ

ˇ

r0,8qˆY
“ π˚B

where B is a fixed flat connection in QÑ Y , i.e. FB “ 0. Let

A “ A0 ` L
2
k,A0
pX,T ˚X b adP q

G “ tu P EndpV q : 1´ u P L2
k`1,A0

pX,EndV q, u˚u “ 1, detpuq “ 1u,

where V is the vector bundle induced from the fundamental representation of G “

SUp2q. To define the L2
k-norm, we need a covariant derivative of adP Ñ X. We used

the reference connection A0:

}a}2L2
kpXq

“

ż

X

|∇k
A0
a|2 ` ¨ ¨ ¨ ` |a|2

The gauge group G acts on A smoothly, if k ą 1. Assume B is a non-generate
critical point of CS, i.e.

(1) H0pY, adBq “ t0u, which means B is irreducible as a connection.
(2) H1pY, adBq “ t0u, which means B is isolated as a critical point.

Recall that u ¨ A “ A` udAu
´1 for u P G and A P A .

Exercise 28.1.1. If dA0u P L
2
k, then we can find u0 P G pY q such that dBu0 “ 0 and

u´ π˚u0 P L
2
k`1,A0

|r0,8qˆY .
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Since B is irreducible, in fact, u0 ” ˘1 P ZpGq.
The map

A ÞÑ F`A

L2
k Ñ L2

k´1

is a smooth map. Provided that B is non-degenerate,

pd`A, d
˚
Aq : L2

k Ñ L2
k´1 ‘ L

2
k´1

is a Fredholm map. To pursue analogue of Morse homology, we have to work with a
new phenomenon: bubbling. The energy can slide off along the cylindrical end for a
sequence of ASD connections Ai:

Need to understand small energy solutions along a long cylinder Z “ r´T, T s ˆ Y ,
over which we have

ż

Z

|FAi |
2
Ñ 0,

so the sequence rAis converges to a flat connection π˚B1. Given this, the bubbling
phenomenon can not occur on Z. A small-energy solution on a long cylinder means
a new critical point (in our case, rB1s) is nearby.
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Recall the estimate from the finite dimensional Morse theory. If γptq is a down-
ward gradient flowline of a Morse function f : M Ñ R and γptq is close to a critical
point c when t P r´T, T s, then

distpγptq, cq ď C ¨
coshpλtq

coshpλT q

for some C, λ ą 0. It follows from the differential inequality

B

Bt
pf ˝ γqptq “ ´|∇f ˝ γ|2 ď ´λf.

for some λ ą 0 when γptq is close to c.

The same thing holds for the Chern-Simons functional. Over the cylinder r´T, T sˆ
Y , write

Aptq “ Ǎptq `
B

Bt
` cdt.

where Ǎptq “ Aptq|ttuˆY is the restriction of A at the slice ttu ˆ Y . Then

´ 2CSpǍpT qq ` 2CSpǍp´T qq(46)

“

ż

Z

trpFA ^ FAq “ ´

ż

Z

trpFA ^ ˚FAq “

ż

Z

}FA}
2

“2

ż

r´T,T s

ż

ttuˆY

|FǍptq|
2.

At the last step, we used the fact that

2}FǍptq}
2
“ }FA}

2,

because FA is ASD, so FA “ FǍptq ` ˚4FǍptq. The differential version of (46) states
that

B

Bt
CSpǍptqq “ ´

ż

Y

|FǍptq|
2.
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Assume the critical connection B1 is non-generate. Write

Ǎptq “ B1 ` bptq

for bptq P ΓpY, adQq. Then by choosing a proper gauge, we have

(47)

ż

Y

}FB}
2
ě λ2

}b}2L2
1pY q

If }b}L2
1pY q

is small enough, then

|CSpB1 ` bq ´ CSpB1q| “ |
ż

Y

trpb^ db`
2

3
b^ b^ bq| ď c}b}2L2

1pY q
.

In conclusion, we have

(48)
B

Bt
pCSpǍptqq ´ CSpB1qq ď ´λ

2

c
|CSpǍptqq ´ CSpB1q|.

If it is an infinite half cylinder Z` “ r´T,8qˆ Y , then CSpǍptqq ´ CSpB1q ě 0 for
any t P r0,8q. The differential inequality (48) implies

0 ď CSpǍptqq ´ CSpB1q ď pCSpǍp´T qq ´ CSpB1qqe´pt`T qλ2{c.

for any t P r´T,8q. For a cylinder Z of finite length, the value CSpǍptqq ´ CSpB1q is
in the sandwich between two exponential decay functions.

The exponential decay of CSpǍptqq allows us to conclude

AÑ B1
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in L2
k,loc-topology for any k ą 0. Usually, we can not do bootstrapping directly from

(L2
1-connection, L2

2-gauge transformations) in dimension 4. However, this is allowed
when the energy is sufficiently small.

Remark. The estimate (48) is gauge invariant. However, its proof invokes a good
choice of gauge such that (47) holds.

28.2. Uhlenbeck’s Compactness Theorem on X˚

Fix the total energy on X˚:
ż

X˚
|FA|

2
ă N.

Let Ir “ rr ´ 1, r ` 1s for each r P Z. For any sequence of ASD connections rAis
on X˚, we can find a finite collection of points txiu1ďiďm Ă X, a finite collections of
integers triuiPJ and a subsequence of trAisu such that

(1) Both m and |J | are bounded by a constant multiple of N .
(2) Away from txiu, X is covered by a countable collection of geodesic balls tBku

such that
ż

Bk

|FAi |
2
ď ε

for any Ai in that subsequence.
(3) For any r ‰ ri and r ě 0, we have an estimate:

ż

IrˆY

|FAi |
2
ď ε.

for any Ai in that subsequence.

The constant ε comes from Uhlenbeck’s fundamental lemma. The union

tx1, ¨ ¨ ¨ , xmu
ď

jPJ

Irj ˆ Y Ă X
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is the bad region, where the bubbling could happen. However, away from the bad
region, we have convergences in L2

k,loc-topology or convergence to a broken flowline of
CS.

To make it more concrete, let Z “ Rˆ Y . For any rB´s, rB`s P CritpCSq, define

MprB´s, rB`sq “ trAs on Rˆ Y :

ż

|FA|
2
ă 8, FA ` ˚4FA “ 0,

lim
tÑ˘8

Ǎptq “ rB˘su.

In fact, MprB´s, rB`sq is a disjoint union

MprB´s, rB`sq “
ď

kě0

MkprB´s, rB`sq

“
ď

kě0

trAs PMprB´s, rB`sq :

ż

Z

trpFA ^ FAq “ ku.

Let |MkprB´s, rB`sq “ MkprB´s, rB`sq{R. Define the moduli space of ideal in-
stantons:

IMkprB´s, rB`sq “MkprB´s, rB`sq
ď

Mk´1prB´s, rB`sq ˆ Z
ď

Mk´2prB´s, rB`sq ˆ Sym2 Z
ď

¨ ¨ ¨ .

Let }IMkprB´s, rB`sq “ IMkprB´s, rB`sq{R.
(Tom did not have enough sleep last night, so he did not finish this part. He will

write down a compactification of MpX, rBsq in the next lecture).
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Lecture 29. Instanton Floer Homology

29.1. Compactification of the Moduli space

Let Q “ G ˆ Y Ñ Y be the trivial principal G-bundle over Y and Z “ R ˆ Y be
the cylinder. Suppose the Chern-Simons functional CS descends to a non-generate
Morse function on the quotient space:

BQ “ AQ{GQ.

Let α, β P CritpCSq and a, b P AQ be their lifts, i.e.

ras “ α, rbs “ β.

Fix a reference connection A0 on Z such that

A0

ˇ

ˇ

ˇ

p´8,´T sˆY
“ π˚a, A0

ˇ

ˇ

ˇ

rT,8qˆY
“ π˚b.

Consider the configuration space AP,A0pa, bq and its quotient space

AP,A0pa, bq{G “ Bγpα, βq.

Any element in AP,A0pa, bq determines the same homotopy class of paths in BQ that
connects α and β. Use γ to denote the homotopy class of path determined by A0:

γ P π1pα,BQ, βq.

Remark. Note that π1pα,BQ, βq is a Z-torsor, i.e. it admits an action by integers.
It is defined by “adding instantons” at some point x in Z. For the principal bundle
Pk Ñ S4 with c2pPkq “ k, pick any connection Ak. By taking the connected sum of
connections A0#xAk, we obtain a new homotopy class of paths: γ ` k. Here, k is
allowed to be any integer and Ak is not necessarily an ASD connection. When k ą 0
and Ak is ASD, this helps us construct new instantons out of a given ASD connection
when Z is closed. �

In particular, we look at finite energy solutions to the ASD equation inside Bγpα, βq:

Mγpα, βq Ă Bγpα, βq.
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Define the moduli space of ideal instantons of homotopy class γ:

IMγpα, βq “Mγpα, βq
ď

Mγ´1pα, βq ˆ Z
ď

Mγ´2pα, βq ˆ Sym2 Z
ď

¨ ¨ ¨ ,

and its unparameterized version }IMγpα, βq “ IMγpα, βq{R. This space is not com-
pact so far. We need to add broken trajectories. Define

IMγpα, βq “
ď

rě0

ď

α1,¨¨¨ ,αr
PCritpCSq

ď

γ0,¨¨¨γr
γiPπ1pαi,BQ,αi`1q

ř

γi“γ

}IMγpα, α1q ˆ }IMγpα1, α2q ˆ ¨ ¨ ¨ ˆ }IMγpαr, βq.

When r is fixed, we assumed α0 “ α and αr`1 “ β. The union is over all homotopy
classes of chains:

α “ α0
γ0
ÝÑ α1

γ1
ÝÑ α2 ¨ ¨ ¨

γr
ÝÑ αr`1 “ β.

The first union is over the length of chains. The second union is over possible
critical points αi that appear in this chain. The last is over all possible homotopy
classes of path between two adjacent critical points. Finally, we require

ř

γi “ γ.

When r “ 0, this union contains a single piece: }IMγpα, βq “ IMγpα, βq{R, which
corresponds to unbroken trajectories. It is also the top stratum of the stratified space
IMγpα, βq. The length r records the number of breaks in a broken trajectory. The
expected dimension will drop by 1 for each break. The top dimension of spaces in

ď

α1,¨¨¨ ,αr
PCritpCSq
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is dim }IMγpα, βq ´ r. It contains lower dimensional strata from the bubbling phe-
nomenon:

Mγi´kpαi, αi`1q ˆ Symk
pZq{R.

Each bubble will drop the dimension by 4.
This huge union IMγpα, βq is compact.

29.2. A criterion to avoid reducible flat connections

So far we have made no perturbation of the Chern-Simons functional and have
assumed that all critical points are non-generate.

In general, a perturbation is alway needed. When there is none, critical points come
from representations of the fundamental group, so they form a compact set. However,
the compactness of critical points becomes an issue if a perturbation is made.

If our critical points are non-degenerate, then finite energy flowlines always have
finite length and M̌γpα, βq is dense in IMγpα, βq.

When a Morse function f is degenerate, yet real analytic on a finite dimensional
compact manifold M , a flowline alway has a finite length, by Lojasiewicz’s inequality.
A flowline might not have exponential decay to the critical locus; only a power law
decay is guaranteed.

Lojasiewicz’s inequality states that if f real analytic and γptq is close to a critical
point c, then

|∇fpγptqq|θ ě |fpγptqq ´ fpcritq|
for some fixed 1 ă θ ď 2. When f is Morse, then θ “ 2.

It becomes worse if f is not real analytic or Morse. An example is illustrated as
follows. Starting with a surface of revolution, we drill a groove all the way down to
the critical circle, spiral around the hill. The height function f is certainly not real
analytic on this surface. A downward gradient flow of f travels along the groove and
does not converge to any point on the circle.

When G “ SUp2q, CritpCSq always contains reducible connections (the trivial
connection). The non-degeneracy condition is never satisfied for CS.
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If G “ PUp2q “ SOp3q, then it becomes possible. Consider a genus-g (g ě 1)
surface Σg and an SOp3q bundle Q Ñ Σg with w2pQq ‰ 0. We work with the
determinant-1 gauge group.

A flat connection is a group homomorphism ρ : π1pΣq Ñ SOp3q. We need to
determine when the induced bundle

sop3q ad ρ

Σg.

has w2pad ρq ‰ 0. Note that

π1pΣgq “ xa1, b1, ¨ ¨ ¨ , ag, bg
ˇ

ˇ

g
ź

i“1

rai, bis “ 1y.

Let Ai “ ρpaiq P SOp3q and Bi “ ρpbiq P SOp3q. Then
śg

i“1rAi, Bis “ 1 P SOp3q.
Let

Ãi P π
´1
pAiq, B̃i P π

´1
pBiq

be their lift in SUp2q. Then

wpρq :“
g
ź

i“1

rÃi, B̃is “ ˘1 P ZpSUp2qq.

Apparently, wpρq does not depends on the choice of Ãi and B̃i. In fact,

wpρq “ w2pad ρq P Z{2Z.
Let us define

Rodd
pΣgq “ ttÃi, B̃iu1ďiďg : Ãi, B̃i P SUp2q,

g
ź

i“1

rÃi, B̃is “ ´1u{SUp2q.

Note that RoddpΣgq is a cover over

tρ : π1pΣq Ñ SOp3q : w2pad ρq ‰ 0u.
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Theorem 29.2.1. RoddpΣgq contains no reducible representations.

Proof. If h P SUp2qzZpSUp2qq, then the commutant of h is the great circle Sh passing
through h and ˘1. If h commutes with Ãi, B̃i for each 1 ď i ď g, then Ãi, B̃i lie in
Sh.

Hence, tÃi, B̃iu1ďiďg has non-trivial stabilizers (larger than ZpSUp2qq) if and only

if Ãi, B̃i are simultaneously diagonalizable. In particular,

rÃi, B̃is “ 1

for each 1 ď i ď g. This contradicts the assumption that
śg

i“1rÃi, B̃is “ ´1. �

This theorem gives a convenient criterion to exclude reducible connections:

‚ An SOp3q bundle Q Ñ Y with w2pQq ‰ 0 is called good if we can find a
oriented embedded surface Σg Ă Y with g ě 1 such that w2pQqrΣs ‰ 0. Then
Q does not admit reducible flat connections.

Remark. The construction of wpρq generalizes to any PUpnq bundles, where the
invariant is defined in

βpρq P H2
pΣ,Z{nZq.

Using the short exact sequence

1 Ñ ZpSUpnqq “ Z{nZÑ SUpnq Ñ PUpnq Ñ 0,

we choose the lift of Ai in SUpnq.

Example 29.2.2. Let g “ 1 and Σg “ T2. Take G “ SUp2q “ Sqp1q. If Ã1 “ I and

B̃1 “ J , then

rÃ1, B̃1s “ IJI´1J´1
“ ´1.
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29.3. A pre-definition of Floer Homology

Define the chain group as

CpY,Qq “
à

αPCritpCSq
Z2α

and the differential by

B : CpY,Qq Ñ CpY,Qq

α ÞÑ
ÿ

βPCritpCSq

ÿ

γPπ1pα,BQ,βq
sfγpα,βq“1

#M̌γpα, βq ¨ β.

We have to verify B2 “ 0. This is proved by examining the compactification of the
moduli space when sfγpα, α

1q “ 2. In this case,

}IMγpα, α
1
q “ |Mγpα, α

1
q

ď

γ1Pπ1pα,BQ,βq
γ2Pπ1pβ,BQ,α

1q

sfγ1“sfγ2“1

|Mγ1pα, βq ˆ |Mγ2pβ, α
1
q.

A gluing theorem states that this is a compact 1-manifold with boundaries, the
number of boundary components has to be even. Hence, B2 “ 0.
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Lecture 30. Functoriality

30.1. Instanton Floer Homology

Let Q “ Gˆ Y Ñ Y be the trivial principal G-bundle over Y . Assume there is no
reducible flat connections and all flat critical points are non-generate. Take

α, β P CritpCSq.
In the last lecture, we defined the union

IMγpα, βq “
ď

rě0

ď

α1,¨¨¨ ,αr
PCritpCSq

ď

γ0,¨¨¨γr
γiPπ1pαi,BQ,αi`1q

ř

γi“γ

}IMγpα, α1q ˆ }IMγpα1, α2q ˆ ¨ ¨ ¨ ˆ }IMγpαr, βq.

For any γ P π1pα,BQ, βq, IMγpα, βq is a topological space stratified by manifolds.

Definition 30.1.1. A topology space X is stratified by manifolds if we can find a
closed subset Xi Ă X for each i ě 0 such that Xi Ă Xi`1, X “

Ť

iě0Xi and

Si :“ XizXi´1 pmight be emptyq

is a manifold of pure dimension i.

A stratum of IM is a union of products of

Symki Z ˆ M̌γi´kipαi, αi`1q

for each 0 ď i ď r and some ki ě 0. The dimension of such a product is

dim “ SFγpα, βq ´ pr ` 1q ´ 4pk0 ` k1 ` ¨ ¨ ¨ ` krq

assuming transversality. Strictly speaking, we also need to stratify each symmetric
product Symk Z, which is omitted here.

Recall that the Floer Chain complex is define by

CpY,Qq “
à

αPCritpCSq
Z2α

B : CpY,Qq Ñ CpY,Qq

α ÞÑ
ÿ

βPCritpCSq

ÿ

γPπ1pα,BQ,βq
sfγpα,βq“1

#M̌γpα, βq ¨ β.

We prove B2 “ 0 by considering the moduli space when sfγpα, α
2q “ 2. In this

case, the compactification IMγpα, α
2q contains two pieces: r “ 0, 1. The bubbles

can not occur for dimension reasons. Hence,

}IMγpα, α
1
q “ |Mγpα, α

1
q

ď

γ1Pπ1pα,BQ,βq
γ2Pπ1pβ,BQ,α

1q

sfγ1“sfγ2“1

|Mγ1pα, βq ˆ |Mγ2pβ, α
1
q.
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A gluing theorem states that }IMγpα, α
1q is a compact manifold with boundaries,

so the number of boundary components has to be even. If no bubbles occur, then a
neighborhood of the lower stratum looks like

r0,8qn´i ˆ Si

where n is the dimension of the top stratum.

30.2. Functoriality

Suppose that we have a cobordism between 3-manifolds Y´ and Y`:

X : Y´ Ñ Y`.

The principle G-bundle P Ñ X restricts to Q` Ñ Y` and Q´ Ñ Y´ at the
boundary. We obtain a manifold with cylindrical ends by taking the union:

X˚
“ p´8, 0s ˆ Y´

ď

X
ď

r0,8q ˆ Y`.
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Choose

α P CritpCS|Q´q and β P CritpCS|Q`q

and a homotopy class of connections on P :

γ P π1pα,BP , βq.

Assume all moduli spaces contain only irreducible connections and are cut out trans-
versely. Let

Mγpα,X, βq

be the moduli space of finite energy instantons on X˚ in the homotopy class γ. Tom
left it as exercise to write down a compactification IMγpα,X, βq of Mγpα,X, βq by
using one’s imagination to describe a picture as follows:

Suppose no bubbles occur in the compactification for some dimension reasons,
then IMγpα,X, βq will be a compact space stratified by manifolds. Moreover, by the
unique continuation property of ASD connections, we have a restriction map

r : IMγpα,X, βq Ñ B˚
pXq.

Over each stratum, this map is

r : |MγX´kpα,X, βq ˆ SymkX˚
Ñ B˚

pXq

prAs;x1, ¨ ¨ ¨ , xkq ÞÑ rAs|X .

The underlying bundle of B˚pXq might change for different pieces.
This restriction map r is continuous away from the part with bubbles (k ě 1). If we

take a cohomology class of B˚pXq defined by a “good” collection of neighborhoods
of cycles in X (let c1, ¨ ¨ ¨ , ct P C˚pXq be cycles), we hope the cup product

r˚pµpc1q ! ¨ ¨ ¨ ! µpctqq

is compactly supported on Mγpα,X, βq. In this case, we do not have the R-translation
on the X˚, so we do not need to quotient out the R-action. Note that

dim r˚pµpc1q ! ¨ ¨ ¨ ! µpctqq “
t
ÿ

i“1

p4´ dim ciq.
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It makes sense to evaluate this class on the top stratum of IMγpα,X, βq, or even
some boundary strata if

sfγpα, βq ě
t
ÿ

i“1

p4´ dim ciq ě sfγpα, βq ´ 7.

These boundary strata can not come from bubbling, so the constraint

ě sfγpα, βq ´ 7.

is imposed.
Another scenario is when we have a parametrized moduli space. The definition

of Mpα,X, βq depends choices of a metric of X and a perturbation of the Chern-
Simons functional CS. Let C be a finite dimensional manifold with boundaries that
parameterizing these auxiliary data. Define

MCpα,X, βq “
ď

cPC

Mcpα,X, βq.

Each Mcpα,X, βq may or may not be a smooth manifold. However, we assume
MCpα,X, βq is cut out transversely as a manifold. Hence,

dimMCpα,X, βq “ dim c` dimMpα,X, βq.

We can evaluate the cohomology class

r˚pµpc1q ! ¨ ¨ ¨ ! µpctqq

on the top stratum of IMCpα,X, βq or its boundary strata if the difference of di-
mensions is within 7.

30.3. The Invariance of Floer Homology

Let c0 and c1 be two generic choices of metrics and perturbations and let C “ tct :
t P r0, 1su be a generic path between c0 and c1. Take X “ r0, 1s ˆ Y and

X˚
“ Z “ Rˆ Y.

We interpolate the metric on X such that over t0uˆY the metric agrees with c0 while
the metric over t1u ˆ Y agrees with c1. Similarly, we interpolate the perturbation φ0

and φ1.
By counting 0-dimensional moduli spaces, define:

Φ : CpY,Qqc0 Ñ CpY,Qqc1

α ÞÑ
ÿ

βPCritpCS`φ1q

sfγpα,βq“0

#Mpα,Z, βq ¨ β

To prove this is a chain map, we need to verify

B1 ˝ Φ` Φ ˝ B0 “ 0.
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This is done by analyzing 1-dimensional moduli space between α and β. If sfγpα, α
2q “

1, then

IMγpα, α
2
q “Mγpα, α

2
q

ď

α1PCritpCS`φ0q

ď

γ0Pπ1pα,BQ,α
1q

γ1Pπ1pα1,BX ,α
2q

sfγ0 pα,α
1q“1

γ0`γ1“γ

|Mγpα, α
1
q ˆMγ1pα

1, Z, α2q

ď

α1PCritpCS`φ1q

ď

γ1Pπ1pα,BX ,α
1q

γ1Pπ1pα1,BQ,α
2q

sfγ1 pα
1,α2q“1

γ1`γ1“γ

Mγ1pα,Z, α
1
q ˆ |Mγpα

1, α2q.

We will use the parametrized moduli space to show the induced map by Φ on Floer
homology is independent of the generic path C, so the cobordism

r0, 1s ˆ Y : pY, c0q Ñ pY, c1q

induces a well-defined map between Floer homology groups:

Φ˚ : IpY, c0q Ñ IpY, c1q.

If we can further prove this assignment defines a functor, then we can prove Φ˚ is
a canonical isomorphism of Z2-modules.
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Lecture 31. Functoriality II

31.1. Evaluating Cohomology Classes

Recall from the last lecture that IMγpα,X, βq is a topological space stratified by
manifolds. A topology space X is stratified by manifolds if

‚ X “ Xd Ě Xd´1 Ě ¨ ¨ ¨ Ě X0.
‚ Si “ Xi ´Xi´1 is a manifold of dimension i (it could be empty).
‚ Xi is compact.

Choose a cover tUαuαPΛ of X.

Definition 31.1.1. A cover of X is transverse to the stratification if for any i ` 2
tuple α1, ¨ ¨ ¨ , αi`2 P Λ,

Uα1 X Uα2 X ¨ ¨ ¨ X Uαi`2
XXi “ H.

Usually, we will find ourselves in the situation when a neighborhood of Si “ XizXi´1

in X is homeomorphic to a cone-bundle over Si “ XizXi´1, and we take Ui – SiˆcpLq
to be such a neighborhood. Then,

Ui, i “ 0, 1, ¨ ¨ ¨ , d

form a cover transverse to the stratification.

Suppose d “ dimMγpα,X, βq and

c “ µpΣ1q ! ¨ ¨ ¨ ! µpΣtq ! µpx1q ! ¨ ¨ ¨µpxsq P H
d
pB˚

pXqq.

To evaluate c on Mγpα,X, βq, we realize c as a Cech cohomology class. Take a
cover of IMγpα,X, βq transverse to the stratification. For any distinct indices

α0, ¨ ¨ ¨ , αd P Λ

the intersection Uα1XUα2X¨ ¨ ¨XUαd will only meet the top stratum of IMγpα,X, βq.
We assume the cover is fine enough such that IMγpα,X, βq is homeomorphic to the
nerve of tUαuαPΛ. Each pd ` 1q-tuple pUα0 , ¨ ¨ ¨ , Uαdq determines a d-simplex in the
nerve.
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Suppose d “ 10 and c is given by

c “ µpΣ1q ! ¨ ¨ ¨ ! µpΣ5q.

In this case, we have only one stratum coming from bubbles in dimension 6:

X ˆMγ´1pα,X, βq.

Then the evaluation pairing becomes:

µpΣ1q ! ¨ ¨ ¨ ! µpΣ5qpUα0 , Uα1 , ¨ ¨ ¨ , Uα10q “ µpΣ1qpUα0 , Uα1 , Uα2q

ˆ µpΣ2qpUα2 , Uα3 , Uα4q

ˆ ¨ ¨ ¨

Each µpΣjqpUα2j´2
, Uα2j´1

, Uα2j
q is an evaluation on a 2-simplex. We have the fol-

lowing alternatives:

(1) Either some (at most two) of Uα2j´2
XUα2j´1

XUα2j
meet at lower strata, while

others are zeros. Hence, the evaluation of c is zero.
(2) All of them lie in the top strata Mγpα,X, βq, so we get a finite evaluation on

the relative fundamental class.

Tom failed to recall a proof. He promised to say it better next time, but he did
not.

31.2. Functoriality

Given a homogeneous element z of ApXq, we define a map:

Φpzq : CpY´q Ñ CpY`q

a ÞÑ
ÿ

b,γ
sfγ“deg z

xµpzq, rMγpa,X, bqsyb.

To show this is a chain map, consider α P CritpY´q, α
2 P CritpY`q and γ P

π1pα,BX , α
2q such that

sfγ “ deg z ` 1.

The first and the second stratum of IMγpα,X, α
1q looks like
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IMγpα,X, α
2
q “Mγpα,X, α

2
q

ď

α1PCritpCS`φ0q

ď

γ0Pπ1pα,BY´ ,α
1q

γ1Pπ1pα1,BX ,α
2q

sfγ0 pα,α
1q“1

γ0`γ1“γ

|Mγpα, Y
´α1q ˆMγ1pα

1, X, α2q

ď

α1PCritpCS`φ1q

ď

γ1Pπ1pα,BX ,α
1q

γ1Pπ1pα1,BY` ,α
2q

sfγ1 pα
1,α2q“1

γ1`γ1“γ

Mγ1pα,X, α
1
q ˆ |Mγ1pα

1, Y `, α2q.

¨ ¨ ¨ .

Since δµpzq is zero in the pd` 1q-th cohomology group, we have

0 “ xδµpzq, rMγpα,X, α
2
qsy

pby integration by partsq “ xµpzq, BrMγpα,X, α
2
qsy.

“
ÿ

γ0,γ1

xB´,γ0a, a
1
yxµpzq, rMγ1pα

1, X, α2qsy

`
ÿ

γ1,γ1

xµpzq, rMγ1pα,X, α
1
qsyxB`,γ1a

1, a2y.

This proves that B` ˝ Φpzq ` Φpzq ˝ B´ “ 0.

31.3. The composition law

The next step is to compose cobordisms. Suppose we have

X1 : Y0 Ñ Y1, X2 : Y1 Ñ Y2.

and elements z1 P ApX1q and z2 P ApX2q. Do we have

ΦX2pz2q ˝ ΦX1pz1q “ ΦX1#Y1
X2pz2 ¨ z1q?

This can be proved by introducing parametrized moduli spaces by changing the
length T of cylinders.

A more subtle question is to set up the category. Gluing on the level of manifolds
is well-defined up to diffeomorphisms of 3-manifolds Yi. We pin down the diffeomor-
phism

BXi – ´Yi´1

ž

Yi.

as part of the definition of cobordisms. The problem is to keep track of bundles.
When G is simply connected (e.g. G “ SUpnq), the dimension of z “ z2 ¨ z1

will determine the Chern number of the bundle on X1#Y1X2. The bundle Q2 Ñ Y2

is necessarily trivial, and π1pGQ2q – Z. Hence, the connected component of GQ2 is
pinned down by z.
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When G is not simply connected (e.g. G “ PUpnq), it is more delicate. There
could be more than one principal G-bundle over Y2.

There are two ways to formulate the functoriality for non-simply connected gauge
groups. We start with the first one:

‚ Pick a Upnq-bundle P .
‚ Fix the determinant line bundle of P by fixing an isomorphism: ψ : detpP q –
L.

‚ Choose a connection ∆ in detpP q.
‚ Use the determinant-1 gauge group.

To setup a category, let an object to be a quadruple

pY, L,∆, ψq.

The bundle P is recovered by taking C ‘ L with a reference connection pd,∆q. A
morphism is another quadruple

pX, L̃,∆, ψq

such that when restricted to BX “ ´Y´ Y Y`, it recovers pY´, L´,∆´, ψ´q and
pY`, L`,∆`, ψ`q .

The second way is to think of L as an divisor. Choose a oriented 1-manifold ω Ă Y
and consider SUp2q connections on Y zω so that the link holonomy along ω is p´1q
(in fact, it is the asymptotic linking holonomy).

To compare (1) with (2), we pick a singular connection in L that is flat on Y zω
and the holonomy is p´1q around ω.
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An object is a pair pY, ωq. A cobordism is a pair pX,Sq such that S Ă X is an
properly embedded 2-surface such that

X : Y´ Ñ Y`,

S : ω´ Ñ ω`.

The composition is defined by requiring ω to match.
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Lecture 32. Flat Connections on Σg

32.1. The cobordism map

Consider a compact 4-manifold X4 with boundary

BX4
“ ´Y ´ Y Y `.

Let ω´ Ă Y ´, ω` Ă Y ` be embedded closed oriented 1-submanifolds. Moreover,
suppose there is a oriented surface ω Ă X such that

Bω “ ´ω´ Y ω`.

We can view pX,ωq as a cobordism between pairs:

pX,ωq : pY ´, ω´q Ñ pY `, ω`q.

Choose some auxiliary data c˘ on Y ˘ (metrics, perturbations, etc.), we defined a
chain complex

pCpY ˘, ω˘, c˘q, B˘q.

Choosing suitable cycles σ1, ¨ ¨ ¨ , σt on X, then a cobordism pX,ωq induces a chain
map

ΦpX,ωqpσ1, ¨ ¨ ¨ , σtq : CpY ´, ω´, c´q Ñ CpY `, ω`, c`q.

Different choices on X give rise to chain homotopic maps. These chain maps satisfy
the composition law, up to chain homotopy.

Example 32.1.1. Suppose X “ r0, 1s ˆ Y `, ω “ r0, 1s ˆω` and there are no cycles.
Then

Φprod “ Φr0,1sˆY `,r0,1sˆω` : CpY `, ω`, c`q Ñ CpY `, ω`, c`q

is the identity map.

Example 32.1.2. Suppose X “ r0, 1s ˆ Y ` and there are no cycles. w´ and w` are
allowed to be different. Then we have an induced map:

ΦpX,ωq : CpY `, ω´, c´q Ñ CpY `, ω`, c`q.

By reversing the direction of pX,ωq, we obtain a map in the opposite direction:

Φ1pX,ωq : CpY `, ω`, c`q Ñ CpY `, ω´, c´q.
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The composition

Φ1pX,ωq ˝ ΦpX,ωq

is chain homotopy equivalent to Φprod, and so is ΦpX,ωq ˝ Φ1
pX,ωq. Hence, ΦpX,ωq and

Φ1
pX,ωq are chain homotopy inverses to each other.

Therefore, up to chain homotopy equivalence, pCpY, ω, cq, Bq is an invariant of pY, ωq
and the assignment

pY, ωq ÞÑ IpY, ωq :“ H˚pCpY, ω, cq, Bq

is a functor. Moreover, ApY q acts on IpY, ωq. We allow cycles σ1, ¨ ¨ ¨ , σt to be non-
empty and define the action by the chain map:

Φprodpσ1, ¨ ¨ ¨ , σtq.

Not any 3-manifold has a nice smooth space of flat connections. A perturbation is
needed to make the construction work in genera.

(Tom did not talk about perturbations seriously. He made the digression to flat
connections on a surface.)

32.2. Flat Connections on Σg

For a closed oriented surface Σg of genus g, H1pΣ2,Rq admits a symplectic pairing:

pα, βq ÞÑ

ż

Σ

α ^ β.

If BY 3 “ Σ2, then the image

i˚ : H1
pY,Rq Ñ H1

pΣ,Rq

is a Lagrangian subspace, i.e. a maximal subspace on which ωΣ vanishes. Indeed, if
α “ i˚pα1q and β “ i˚pβ1q, then by Stokes’ theorem,

ż

Σ

α ^ β “

ż

Y

dpα1 ^ β1q “ 0.
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This proves ωΣ vanishes on Im i˚. The maximality follows from the Poincaré duality.
Consider the long exact sequence and its dual:

H1pY,Σq H1pY q H1pΣq H2pY,Σq.

H1pY q H2pY,Σq H1pΣq H1pY q.

i˚ δ

PD PD

B i˚

If pα, i˚βq “ 0 for any β P H1pY q, or equivalently i˚ ˝ PDpαq “ 0 in H1pY q, then

PD ˝ δpαq ñ δpαq “ 0 ñ α P Im i˚.

Given a compact Lie group G, consider a principal bundle

GÑ P Ñ Σg

over a surface Σ. Then we have a symplectic form on the configuration space AP .
Indeed,

TAAP “ Ω1
pΣ, adP q.

For tangent vectors α, β P Ω1pΣ, adP q, let

ωΣpα, βq “

ż

Σ

trpa^ bq.

Then AP becomes a “formal” symplectic manifold (one needs to define and verify
dω “ 0 in this infinite dimensional setting). Moreover, the gauge group G acts on
AP by symplectomorphisms, i.e. the symplectic form ωσ is invariant under G .

Is there a moment map? Recall that for a finite dimensional symplectic manifold
pM,ωq with a symplectic group action G, we have a Lie algebra homomorphism:

gÑ VectpMq, ξ ÞÑ ξ̂.

The vector field ξ̂ corresponds to the infinitesimal group action along ξ and

Lξ̂ω “ 0.

By Cartan’s formua, Lξ̂ω “ d ˝ ιξ̂ω` ιξ̂ ˝ dω “ d ˝ ιξ̂ω since dω “ 0. This shows that
ιξ̂ω is closed. We require it to be exact and

ιξ̂ω “ dxµ, ξy

for a smooth function µ : M Ñ g˚. This means ξ̂ is generated by a Hamiltonian
function xµ, ξy. The function µ is called a moment map if it is G-equivariant.

A moment map may not exist in general; an obstruction exists.
In our situation, G “ G . g “ Ω0pΣ, adP q and g “ Ω2pΣ, adP q. The non-

degenerate pairing is given by

pα, βq “

ż

Σ

trpα ^ βq.

for α P g and β P g˚.
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Exercise 32.2.1. Show that µpAq “ FA is a moment map for the gauge action.

32.3. Symplectic Reduction

When 0 is a regular value of µ, then µ´1p0q{G is a symplectic manifold (orbifold).
This is the contend of symplectic reduction, first realized by Guillemin-Sternberg and
Maslov-Weinstein in the context of Noether’s theorem.

The observation is that the infinitesimal action on µ´1p0q is free, so the stabilizer (at
any point of µ´1p0q) must be a discrete subgroup of G . If the action of G happens
to be free, then the quotient is a genuine manifold. It has a symplectic structure
because we can restrict ω to a transverse of G-orbits, and it is still non-degenerate.

If T is a transverse at x P µ´1p0q, then

TxM “ TxpG ¨ xq ‘ JTxpG ¨ xq ‘ TxT.

In general, if G is a compact Lie group, we can only have a symplectic orbifold.

Back to our case, the representation variety

RGpΣq “ tA : FA “ 0u{G



206SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

is a symplectic manifold away from reducible representations. Moreover, the restric-
tion map

RGpY q Ñ RGpΣq

is a Lagrangian immersion.
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Lecture 33. Symplectic Reductions

33.1. Symplectic Reduction

Let pX,ωq be a symplectic manifold with a symplectic group actionG and a moment
map:

µ : X Ñ g˚.

The group action generates a Lie algebra homomorphism:

gÑ VectpMq, ξ ÞÑ ξ̂.

The moment map is characterized by the property:

dxµ, ξy “ ιξ̂ω.

For any element t in the center of g˚, the quotient

µ´1
ptq{G

is called the symplectic reduction at t. If t is regular value of µ, then µ´1ptq{G is a
symplectic manifold (orbifold).

In the infinite dimensional setting, for a principle G bundle P Ñ Σ, let M “ AP

with symplectic form

ωpa, bq “

ż

Σ

trpa^ bq.

The moment map µ is defined as

µpAq “ FA.

Ideally, we would have µ´1p0q{G is a (finite dimensional) symplectic manifold.
Suppose pX, J, ω, gq is a Kähler manifold. The metric g is compatible with ω, i.e.

ωpX, Y q “ gpJX, Y q.

This implies that ξ̂ “ ´J∇xµ, ξy. Indeed, we have.

gp∇xµ, ξy, Y q “ ιξ̂ωpY q “ gpJξ̂, Y q.

We assume G preserves both J and g, i.e. G acts on M isometrically and holomor-
phically.

In this case, we can often allow the complexified group GC to act on M .

Example 33.1.1. Consider Upnq acting on EndpCnq by conjugation. The complexi-
fied group is GLpn,Cq. The action extends to GLpn,Cq in an obvious way.

Note that the Lie algebra of GC is gb C. We get an action of gb C using J :

gb CÑ VectpXq, ξ ` iη ÞÑ ξ̂ ` Jη̂.

Whether this infinitesimal action is induced from an actual group action of GC is
asking whether these vector fields are integrable.
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The complexified group GC is not a compact group. It is a delicate question to
examine its action on X. For instance, X{GC need not be Hausdorff, even if X is a
finite dimensional manifold.

Example 33.1.2. Let G “ Up1q and GC “ C˚. Consider their actions on C:

px, zq ÞÑ x ¨ z, x P C˚, z P C.
Then C{C˚ “ tr0s, r1su is a set of two elements. The orbit r0s of the origin is closed,
but r1s is not. In fact,

r1s “ tr0s, r1su.

To avoid this pathology, the idea is to identify the semi-stable part Xss of X such
that the quotient

Xss
{GC

is Hausdorff.

Example 33.1.3. In the example above, Xss “ t0u.

Another important question is when the orbit of a point x P X closed. The moti-
vates the definition of the stable region of X:

Xs
“ tx P X : GC ¨ x is closed in Xu.

Example 33.1.4. In the example above, 0 P C has a closed orbit, but the orbit of
1 P C is not closed.

Example 33.1.5. Let GLpn,Cq act on EndpCnq “ glpn,Cq by conjugation. A matrix
A has a closed orbit if and only if A is diagonalizable. It is easy to see if A is not
diagonalizable, then the orbit is not closed. For instance,

ˆ

t 0
0 1

˙ˆ

λ 1
0 λ

˙ˆ

t´1 0
0 1

˙

“

ˆ

λ t
0 λ

˙

and t is allowed to be any number in C˚. Moreover, if A has distinct eigenvalues,
then A can only be approximated by stable elements. If A has repeated eigenvalues,
then A can be approximated by unstable elements.

Symplectic reductions are comparable with GIT quotients in algebraic geometry.
For a given algebraic variety with a group action, consider the action on the algebra
and we can identify the invariant sub-algebra.

Kempf-Ness figured out when it is possible to identify

µ´1
p0q{Gô the GIT quotient.

Consider the G-invariant function m̄ “ log |µ|2 : X Ñ R. Consider its restriction
at a GC orbit:

m : GC{GÑ R
x ÞÑ m̄pxq.
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The quotient GC{G has a complete metric of non-negative curvatures. We can
figure out whether rxs is stable or non-stable by looking at m̄. A theorem states that
m is convex along any geodesics in GC{G.

‚ If m achieves a minimum along any geodesics on GC{G, then the GC-orbit of
x is closed, or equivalently rxs is stable.

‚ If m has a lower bound along any geodesics, and for some geodesics the min-
imum is not achieved, then the GC-orbit of rxs is not closed. rxs is called
semi-stable in this case.

‚ If m does not have a lower bound along some geodesics, then rxs is called
unstable, and the orbit is not closed.

The stable region Xs might not be closed. To compactify Xs, we need to include
semi-stable orbits.

33.2. The Yang-Mills Functional

Apply the general theory to a compact Riemann surface. Let

YMpAq “ |µpAq|2 “

ż

Σ

|FA|
2.

If A is a critical point of |µpAq|2, then for any path At, t P r0, 1s with A0 “ A,
B

Bt
At|t“0 “ a, we have

B

Bt
|µpAtq|

2
“ 0.

This implies

0 “
B

Bt

ż

Σ

xFAt , FAty “ 2

ż

Σ

xdAa, FAy “ 2

ż

Σ

xa, d˚AFAy.

for any a P Ω1pΣ, adP q. In particular,

0 “ d˚AFA “ ´ ˚ dA ˚ FA ô dA ˚ FA “ 0 ô ˚FA is A-parallel.

In conclusion, A is a critical point of |µpAq|2 if and only if the holonomy of A com-
mutes with ˚FA. In higher dimension, we do not such a nice criterion for Yang-Mills
connections.
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If G “ Upnq, let E “ P ˆρCn. Then ˚FA is viewed as an endomorphism of E with
constant eigenvalues. Indeed,

trp˚FAq
n

is a constant function on Σ, since dAp˚FAq ” 0 and dAp˚FAq
n ” 0. Eigenvalues are

imaginary since ˚FA is skew-symmetric. Decompose E according to eigenvalues of
˚FA:

E “ Eiλ1 ‘ Eiλ2 ‘ Eiλ3 ‘ ¨ ¨ ¨ ‘ Eiλk .

Here, k ď n because repeated eigenvalues might occur. The connection A preserves
the decomposition:

A “ pA1, ¨ ¨ ¨ , Akq.

We normalize the volume of Σ so that
ż

Σ

1 “ 2π.

Then

c1pEiλjqrΣs “
i

2π

ż

Σ

trp˚FAjq “
i

2π

ż

Σ

piλjq rankEiλj “ ´λj rankpEiλjq

Remark. If we instead work with PUpnq-bundles, we will assume it comes from a
Upnq bundle. The morphism

Upnq
πˆdet
ÝÝÝÑ PUpnq ˆ Up1q

induces
P Ñ PPUpnq ˆ detP.

Then we fix a constant curvature connection A˚ on detP (this space is 2g-dimensional
torus for fixed c1pP q). We look at the subspace of AP whose induced connection is
A˚ on detP , with determinant-1 gauge groups. �

The upshot is

xc1pEq, rΣsy “
k
ÿ

j“1

xc1pEiλjq, rΣsy

which is a topological constraint, and

YMpAq “
k
ÿ

j“1

λ2
i rankpEiλjq.

When YMpAq “ 0, A is a flat connection.

Example 33.2.1. When G “ SUp2q, c1rEs “ 0. The flat connections gives the
global minimum. Any higher critical point corresponds to a splitting

L‘ L´1

which contributes to a critical pillowcase T2{Z2 in AP {GP .
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Lecture 34. The Yang-Mills equation over Riemann Surfaces

34.1. Yang-Mills Connections

Let P Ñ Σ be a principle G-bundle, then AP is a symplectic manifold:

ωpa, bq “

ż

Σ

ra^ bs.

This symplectic form is independent of metrics and depends only on the orientation
of the surface Σ. The definition of the bracket

r¨ ^ ¨s : Ωi
pX, adP q b Ωj

pX, adP q Ñ Ωi`j
pX,Rq.

relies on an ad-invariant bilinear form g b g Ñ R. By choosing a metric g on Σ, we
obtain a metric on AP :

xa, by “

ż

Σ

ra^ ˚bs.

The moment map is defined as

µ : Ap Ñ Ω2
pΣ, adP q “ Ω0

pΣ, adP q˚

A ÞÑ FA.

Then the symplectic reduction

RGpΣq “ µ´1
p0q{G “ tρ : π1pΣq Ñ Gu{conjugations

is a symplectic manifold (orbifold). Since AP is also a Kähler manifold, this makes
RGpΣq into a Kähler manifold.

Critical points of YMpAq “ |µpAq|2 are Yang-Mills connections. Only in dimen-
sional 2, we obtain a simple criterion of Yang-Mills connections:

d˚AFA “ 0 ô ˚FA is A-parallel.

Consider the bundle map:

Λ : adP Ñ adP

s ÞÑ ir˚FA, ss.

Then Λ is a self-adjoint endomorphism at each fiber. Suppose Λ “ λ Id and P is a
Upnq-bundle associated to a complex vector bundle E. Then

c1pEq “
i

2π
trpFAq “

λ rankpEq

2π
dvolΣ.

We normalize the volume so that
ş

Σ
dvolΣ “ 2π. Then

degE “ xc1pEq, rΣsy “ λ rankpEq.
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Equivalently, λ “ degpEq{ rankpEq. The ratio λ “ degpEq{ rankpEq is also called the
slope of E. In general, decompose E according to eigenvalues of i ˚ FA:

E “ E1 ‘ ¨ ¨ ¨ ‘ Ek

Ej Ð λj

λj “
degpEjq

rankpEjq

The connection A preserves this decomposition: A “ pA1, ¨ ¨ ¨ , ANq. Then

YMpAq “
k
ÿ

j“1

rankpEkqp
degEi
rankEi

q
2.

The configuration space AP admits an action by GC. We need to define it suitably,
since the usual formula

A ÞÑ u ˝ A ˝ u´1

does not work for a general bundle automorphism u : E Ñ E (the result is not a
unitary connection in general).

Suppose G “ Upnq and P is induced from a complex vector bundle E with a
Hermitian inner product. Given a connection A, we have covariant derivative:

dA : Ω0
pΣ, Eq Ñ Ω1

pΣ, Eq.

Since the Hodge star operator ˚ acts on Ω1pΣ, Eq and ˚2 “ ´1,

Ω1
pΣ, Eq b C “ Ω1,0

pΣ, Eq ‘ Ω0,1
pΣ, Eq „ pdz, dz̄q.

Write dA “ BA ` B̄A. The B̄-operator B̄A defines a holomorphic structure of E: a
section s P Ω0pΣ, Eq is holomorphic if and only if

B̄As “ 0,

and we can construct a local holomorphic frame of E. In general, B̄2
A ‰ 0 and

F 0,2
A “ B

2
A P Ω0,2

pX,EndpEqq

is the obstruction for B̄A to define a holomorphic structure. However, when dimX “ 2,

Ω0,2
pΣq “ 0

for dimension reasons. Hence, we get implication in one direction:

Unitary connections ñ Holomorphic Structures

A holomorphic structure on E is specified by B̄-operators:

B̄E : Ω0,0
pEq Ñ Ω0,1

pEq

B̄Epfsq “ f B̄Es` pB̄fqs.

Let A 0,1
E be the space of B̄-operators on E. Two B̄-operators differs by a (0,1)-form:

pB̄E ´ B̄
1
Eqpfsq “ fpB̄E ´ B̄

1
Eqpsq
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so pB̄E ´ B̄
1
Eqpsq “ a0,1 b s for some a0,1 P Ω0,1pΣ,EndpEqq. The vector space

Ω0,1pΣ,EndpEqq characterizes all deformations of holomorphic structures on E.
The complexified gauge group GC “ Ω0pΣ, GLpEqq acts on A 0,1

E by the formula:

gpB̄Eq “ g ˝ B̄E ˝ g
´1.

Hence, if s is a holomorphic section of B̄E, then gpsq is a holomorphic section of gpB̄Eq.
In fact, there is a bijection between

AP ô A 0,1
E ,

and we have seen the implication in one direction. On the other hand, if B̄E is a
holomorphic structure on E, let s1, ¨ ¨ ¨ , sn be a local holomorphic frame. Define

hij “ xsi, sjy.

If there is a unitary connection A with B̄A “ B̄E, then

Bhij “ xBAsi, sjy ` xsi, B̄Asj
loomoon

“0

y “ xBAsi, sjy.

Suppose BAsi “ aij b sj, then

Bhij “ aikhkj.

In short, we have a “ h´1Bh. One verifies that these two maps are indeed inverse to
each other.

We arrive at the following picture:

G “ GUpnq ñ AP ô A 0,1
E ð GC “ GGLpn,Cq.

Groups actions on LHS and RHS are compatible under the bijection. Extend the
action of G by the action of GGLpn,Cq on A 0,1

E .

34.2. The Yang-Mills Flow

The symplectic quotient

µ´1
p0q{G

is the minimal critical set of YMpAq. In some good situation (e.g prankE, degEq “ 1
(co-prime)), it is a smooth symplectic manifold and the Yang-Mills functional YM is
a Morse-Bott function. It is possible to look at the stable manifold of this minimal
critical set. In fact,

W s
“ GC-orbits of the minimal critical set.

For higher critical points, we have both stable and unstable manifolds, W s and
W u. W s still comes from GC-orbit of the critical set. The downward gradient flow of
YM always preserves the GC-orbit.
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Example 34.2.1. Take G “ SUp2q, then higher critical points come from decompo-
sitions

E “ L‘ L´1.

Suppose degL “ 1. Then we have a short exact sequence:

0 Ñ L´1
Ñ E Ñ LÑ 0.

Extensions of holomorphic structures are parametrized by

H1
B̄E
pΣ, Lb2

q.

This space is isomorphic to the negative eigenspace of the Hessian of YM at BE (a
critical point).

For higher critical points, the eigenspace of the Hessian that flows down to inter-
mediate critical points are related to the iterated extension problem.

Let us think about the Hessian more carefully. Recall that

FA`a “ FA ` dAa`
1

2
ra^ as.

Then

YMpFA`taq “ YMpFaq ` 2txFA, dAay ` t
2
pxdAa, dAay ` xFA, ra^ asyq

The Hessian is given by

a ÞÑ xdAa, dAay ` xFA, ra^ asy

Ñ xd˚AdAa` ˚r˚FA, as, ay.

We obtain an self-adjoint elliptic operator by adding the gauge fixing equation

dAd
˚
Aa “ 0.

It turns out that on H1,0
A pΣ, adP q, ˚r˚FA, ¨s is a positive operator and H0,1pΣ, adP q

will give us the negative eigenspace.
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Lecture 35. Orbifolds

Tom answered a few questions before the class. Over a Riemann surface Σ, we have
a symplectic structure on the configuration space AΣ. In general, given a symplectic
manifold pX,ωq, we define the symplectic structure on Ω1pX, adP q by

ωP pa, bq “

ż

X

trpa^ bq ^ ωn´1.

Moreover, ifX is a Kähler manifold, then the moduli space inherits a Kähler structure.
Recall that in the ADHM construction of instantons on R4, we have a trivial Kähler
structure on R4, so there is a Kähler structure on the moduli space of the framed
ASD connections.

35.1. Orbifolds

For an oriented 3-manifold Y , fix a complex line bundle L Ñ Y with w2pLq ‰ 0.
A pair pY, ωq is called admissible if

‚ ω is an embedded 1-submanifold of Y and represents the Poincaré dual of
c1pLq.

‚ We can find a closed oriented surface Σ Ă Y such that c1pLqrΣs “ #pωXΣq ‰
0 mod 2.

We defined the cobordism map:

I˚pX,ωq : I˚pY´, ω´q Ñ I˚pY`, ω`q,

and showed that it satisfies the composition law. The theory depends only on the
pair pY, Lq so far. To extend the construction to a relative version for a pair

pY,Kq

where K is a knot, a link or even a trivalent graph in Y , we need to work with
orbifolds.

Definition 35.1.1. An orbifold structure on a topological space X is given by a
collections of orbifold charts pV,Γ, ψq where
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‚ Γ Ă Opnq is a finite subgroup.
‚ V is an open subset of Rn invariant under Γ.
‚ ψ : V {Γ Ñ X is a homeomorphism onto its image.

For two orbifold charts pVα,Γα, ψαq and pVβ,Γβ, ψβq with an inclusion φαpVα{Γαq Ă
φβpVβ{Γβq, we require an embedding iα : Γα ãÑ Γβ.

Remark. In general, Γ is allowed to be any finite group acting on V via a group
homomorphism ρ : Γ Ñ Opnq. The morphism ρ need not to be injective. In the
definition above, we assume ρ is injective, so the action is effective. �

Let us look at some simple orbifolds. When n “ 3, we focus on the case when

Γ “ 1, Z2 “ t

ˆ

˘I2 0
0 1

˙

u,

V4 “ Z2 ˆ Z2 “ tA “ diagp˘1,˘1,˘1q : detA “ 1u.

Topologically, R3{Z2 – R3{V4 – R3, but they have some orbifold loci:

We will go back and forth between two objects:

(1) pY 3, Kq where K is a trivalent graph embedded in Y 3.
(2) Y 3 is a 3-dimensional orbifold with restrictive isotropy groups: Γ “ teu,Z2, V4.

They are called webs in the physical literature.
In dimension 4, we have so-called “foams”. The isotropy group Γ is allowed to be

‚ teu
‚ Z2 “ diagp˘I2, I2q.
‚ V4 “ tdiagp˘1,˘1,˘1, Iq : det “ 1u.
‚ V8 “ tdiagp˘1,˘1,˘1,˘1q : det “ 1u.

Their local pictures look like:
In the last case, the 3-skeleton of R4{V8 near the origin is a cone over a tetrahedron.

In all cases, R4{Γ – R4. For instance, one may start with the quotient

R4
{tdiagp˘1,˘1,˘1,˘1qu

and think of R4{V8 – R4 as a union of two fundamental domains.
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35.2. Orbifold Principal Bundles

An orbifold principal bundle

G P

pX,F q

is defined by requiring the action of Γ on V to be extendable over V ˆG in a compatible
way:

V ˆG

Γ Vaction

action

We assume that

‚ the action of Γ on V ˆG is free.

In particular, this implies the total space P is a manifold with a non-free (right)
G-action. The base space X is realized as “a global quotient”:

P {G.

Seifert fibered manifolds form an interesting class of examples. Suppose an oriented
3-manifold Y admits an S1-action such that

‚ The stabilizer at a point y P Y is always finite.
‚ For generic points, the stabilizer is trivial.

Then the quotient space Y {S1 becomes a 2-dimensional orbifold. The Up1q-bundle

S1 Y 3

Y {S1



18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 219

is an orbifold Up1q-bundle.

35.3. Bubbling

Let us take a PUp2q-bundle. In the orbifold setting, it is not hard to prove Uh-
lenbeck’s compactness theorem if we can show the limit of a sequence of equivariant
connections is still equivariant.

Recall that a bubble at a smooth point will drop the Chern-Weil integral:

k “
1

8π2

ż

X

trpFA ^ FAq

by 1. For 4-dimensional orbifolds, we can still have bubbling. The change of k (under
a bubbling) will depend on the stabilizer:

‚ If Stabpxq “ teu, then k ÞÑ k ´ 1.
‚ If Stabpxq “ Z2, then k ÞÑ k ´ 1

2
.

‚ If Stabpxq “ V4, then k ÞÑ k ´ 1
4
.

Note that the Chern-Weil integral is happening downstairs, while over an orbifold
chart, we get twice (four times) the integral.

Recall that the moduli space of 1-instanton on S4 is acted on by the conformal group
SOp5, 1q on R4. Away from the standard instanton rAstds which is SOp4q invariant,
the moduli is parametrized by a center of mass x P S4 and a scale r P p0,8q, so

M1pS
4
q – B̊5.

For orbifolds, this picture is generalized as:

R4
{Z2 ÑM1pS

4
{Z2q – B̊3, x P FixpZ2q

R4
{V4 ÑM1pS

4
{V4q – B̊2, x P FixpV4q

R4
{V8 ÑM1pS

4
{V8q – B̊1, x P FixpV8q.

In each case, the center of the mass x lies in the fixed point set of Γ “ Z2, V4, V8.
The moduli space is then parametrized by

tpx, rq : x P FixpΓq, r P p0,8qu
ď

the standard instanton,
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so it is the interior of some balls. Consider the moduli space of framed instantons on
S4. Either we consider the gauge group that fixes the fiber at the north pole N P S4,
or we work with a pair

pA, fq

where f is a framing of adP at N . In the second case, we use the full gauge group.
We have

R4
ÑMo

1pS
4
q – B̊5 ˆ SOp3q dim “ 8

R4
{Z2 ÑMo

1pS
4
{Z2q – B̊3 ˆOp2q dim “ 4

R4
{V4 ÑMo

1pS
4
{V4q – B̊2 ˆ V4 dim “ 2

R4
{V8 ÑMo

1pS
4
{V8q – B̊1 ˆ p??q dim “ 1.

(We need Γ to act on R4 ˆ SOp3q freely.)
The group attached is the commutant of Γ in SOp3q. These numbers fit into the

dimension formula:

dimpM0
1pS

4
{Γqq “ 8kΓ

where kΓ is the drop of the Chern-Weil integral for a bubbling (at a point with isotropy
group Γ). Readers can compare this with the monotonicity condition in symplectic
topology, by which we get rid of the Novikov ring.

The number 8kΓ also reflects the right dimension jump when we glue an instanton
at an orbifold point.

Mk´kΓ
pXq ÞÑMkpXq.

Uhlenbeck’s compactification now involves more strata. A bubble is now more
energetically effective.
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Suppose Γ “ Z2 and the singular locus is an embedded surface Σ Ă X. Then

MkpX4,Σ2q
Uhl
“MkpX

4,Σ2
q dim “ dimk

ď

Mk´1{2pX,Σq ˆ Σ dim “ dimk´2 p´4` 2q
ď

Mk´1pX,Σq ˆ pXzΣq dim “ dimk´4 p´8` 4q
ď

Mk´1pX,Σq ˆ Sym2 Σ dim “ dimk´4 p´8` 4q
ď

Mk´3{2pX,Σq ˆ Sym3 Σ dim “ dimk´6 p´12` 6q.
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Lecture 36. Classification of SOp3q bundles over orbifolds

At some point in the class, Tom started saying:
“ I do not know if any of you suffered from English in your high school.” He stopped

and looked at the audience. I was not a native speaker in English and pointed at
myself with a pen.

Tom:“ Well, I guess it means different things for different people...”
Tom continued with something I did not understand, and he started to recite a

poem:
“This is the way the world ends. Not with a bang but a whimper.”
I was totally confused at that time. Two days later, it was when I started typing

the lecture note that I realized it was a famous poem by T.S. Eliot, and Tom really
meant:

“This is the way the class ends. Not with a bang but a whimper.”

36.1. Classification of SOp3q bundles over orbifolds

Let X4 be an closed oriented 4-manifold and Σ Ă X be a smoothly embedded 2-
surface, not necessarily orientable. We will view XΣ “ pX,Σq as an orbifold. The goal
of this lecture is to find the topological classification of SOp3q-bundles over pX,Σq:

PUp2q Ñ P̂ Ñ pX,ωq.

When Σ “ H, pX,Hq is a smooth manifold. In this case, we have the Dold-Whitney
theorem:

Theorem 36.1.1. A principal SOp3q-bundle P Ñ X over a 4-complex X is classified
by

p1pP q P H
4
pX,Zq, w2pP q P H

2
pX,Z2q.

They are subject to a single relation:

Ppw2pP qq ” p1pP q mod 4.

where P : H2pX.Z2q Ñ H2pX,Z4q is the Pontryagin square.

As for orbifolds, we need to understand connections on bundles more concretely.
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Choose an orbifold connection Â in P̂ , let

A “ Â|XΣzΣ“XzΣ in P “ P̂ |XΣzΣ.

The holonomy of A at a linking circle of Σ is an element in SOp3q of order 2.
Locally, we have a quotient:

R4
ˆ SOp3q{Z2

The isotropy group Z2 acts on non-trivially at the fiber of a singular point. The
limiting holonomy is

„conj

¨

˝

´1
´1

1

˛

‚P SOp3q.

Choose an orbifold chart about x P Σ. Locally, it is

D2
ˆD2

{Z2 “ pD
2
{Z2q ˆD

2.

Removing the zero section, pD2zt0u{Z2q ˆD2 is a chart for X ´ Σ. Using the polar
coordinate, let

η “ dθ

be the angular 1-form on the first factor such that
ż

S1

η “ 2π.

Let E be the associated R3-bundle to P̂ (defined using orbifold charts). By the Z2

action along Σ, we have

E|Σ “ L‘ λ

on which r1s P Z2 acts on by p´I2, 1q. λÑ Σ is a real line bundle. Let

ξ “

¨

˝

0 ´1
2

0
1
2

0 0
0 0 0

˛

‚.
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Then expp2πξq “ ´I2. The sum A` η b ξ is a connection on

P |D2zt0uˆD2 .

Moreover, the linking holonomy is

lim
ε
holγεpA` η b ξq “ Id .

Using A`ηbξ, we get a trivialization of P on pD2zt0uˆD2q{Z2 and this trivialization
extends to pD2 ˆD2q{Z2.

To globalize this picture, we need to make ξ a section of λ. Assuming both λ and
Σ are orientable:

‚ ξ is a non-vanishing section of λ Ñ Σ. Up to homotopy, this is the same as
an orientation of λ.

‚ η is a connection 1-form in the normal circle bundle of SpNq Ñ Σ. By choosing
an orientation of N Ñ Σ, we assume

ż

S1

η “ 2π.

Thus, up to homotopy, η is determined by an orientation of N Ñ Σ.

Therefore, ξbλ is well-defined globally (in a tubular neighborhood of Σ) if both λ
and Σ are orientable.

Since it is only necessary to define the product ξ b λ, we only need:

opΣq b λÑ Σ

is trivial. Here, opΣq Ñ Σ is the orientation line bundle over Σ. Moreover, an
orientation of

opΣq b λ

determines a homotopy class of ξ b λ.
From now on, assume opΣq b λ is orientable and an orientation τ is fixed. Using

the connection A` η b ξ, we obtain an SOp3q-bundle

Pτ Ñ X

that extends P Ñ XzΣ. Moreover,

Pτ ˆSOp3q R3
|Σ “ λ‘Kτ

where Kτ is a rank 2 vector bundle with opKτ q – λ. A` η b ξ is a connection in Pτ
which respects this splitting on Σ. We have

p1pPΣq P H
4
pX,Zq,

epKτ q P H
2
pΣ, opKτ qq “ H2

pΣ, λq “ H2
pΣ, opΣqq – Z.
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This allows us to define

kτ “ x´
1

4
p1pPτ q, rXsy

lτ “ x´
1

2
epKτ q, rΣsy.

By changing τ into the opposite orientation τ̄ “ ´τ , these numbers are changed
by

kτ̄ “ kτ ` lτ ´
1

4
Σ ¨ Σ.

lτ̄ “
1

2
Σ ¨ Σ´ lτ .

The triple pkτ , lτ , w2pPτ qq classifies the orbifold bundle P (compare with the Dold-
Whitney Theorem).

Let us explain the self-intersection number Σ ¨ Σ. When Σ is orientable, perturb
the embedding Σ ãÑ X slightly into Σ̃ and count the intersection points in

Σ̃X Σ

with signs.

This counting is dependent of orientations. In fact, only a local orientation is
needed to define the sign, so the intersection number can be defined for non-orientable
surfaces.

Alternatively, the Euler class of the normal bundle lives in

epNΣq P H
2
pΣ, opΣqq – Z.

Define Σ ¨ Σ “ xepNΣq, rΣ, opΣqsy.
When Σ is orientable, rΣs defines a element (up to sign) in H2pX,Zq and

Σ ¨ Σ “ qXprΣs, rΣsq.

When Σ is not orientable, however, the fundamental class rΣs P H2pΣ, opΣqq does
not map into in H2pX,Zq, so the self intersection number can not be defined in this
way.
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Example 36.1.2. RP2
˘ Ă S4. Let S4 be the unit sphere in traceless symmetric 3ˆ 3

matrices (dimR “ 5):
¨

˝

@ ˚ ˚

@ ˚ ˚

@ @ ˚

˛

‚.

Then SOp3q acts on S4 by matrix conjugation. Let

RP2
` “ tmatrices with a positive eigenspace of dimension 2u,

RP2
´ “ tmatrices with a negative eigenspace of dimension 2u

Hence, if A P RP2
`, then A is conjugate to

λ

¨

˝

1
1
´2

˛

‚

where λ is fixed by the length of A. The stabilizer of A is Op2q Ă SOp3q, so the orbit
is

SOp3q{Op2q – RP2.

There is another way to think about RP2
˘. A theorem by Kuiper, Arnold and others

states that
CP2

{complex conjugation – S4.

The action is induced from the conjugation of complex numbers. Hence, the real
projective space RP2

´ Ă CP2 is invariant under the action. RP2
´ Ă CP2 is Lagrangian.

Hence, T ˚RP2
´ – NpRP2

`q and

1 “ χpRP2
q “ xepTRP2

´q, rRP
2
´, opRP

2
´qsy “ ´xepT

˚RP2
´q, rRP

2
´, opRP

2
´qsy.

Since RP2
´ is fixed, after passing to the quotient, the self-intersection number will

be doubled:
RP2

´ ¨ RP
2
´ “ ´2.

On the other hand, a real conic with no real roots gives an S2 Ă CP2 invariant
under conjugation. For a conic, the intersection number is

S2
¨ S2

“ `4.

Passing to the quotient, the self-intersection of RP2
` “ S2{Z2 is divided by 2:

RP2
` ¨ RP

2
` “ 2.
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Lecture 37. (Special Lecture 1) Gluing via Excision

Tom decided to continue his lecture in this summer. The first lecture is about
Gluing via Excision.

37.1. Excision of the Index

Let us recall the easy proof of the excision theorem from Lecture 22. We start with
the following setup:

(1) X1 “ UL
1 Y U

R
1 and X2 “ UL

2 Y U
R
2 .

(2) W1 “ UL
1 X U

R
1 is diffeomorphic to W2 “ UL

2 X U
R
2 .

(3) We have elliptic differential operators:

D1 : ΓpE1q Ñ ΓpF1q on X1

D2 : ΓpE2q Ñ ΓpF2q on X2.

(4) There exist bundle isomorphisms

φE : E1|W1 Ñ E2|W2 , φF : F1|W1 Ñ F2|W2

that cover the diffeomorphism in (2) and intertwine D1 and D2:

D2 “ φF ˝D1 ˝ φ
´1
E on W2.

Under these assumptions, we can

(1) Define X3 “ UL
1 Y U

R
2 and X4 “ UL

2 Y U
R
1 .

(2) Obtain E3 Ñ X3 by gluing E1|UL1
and E2|UR2

using φE.

(3) Obtain E4 Ñ X4 by gluing E2|UR1
and E1|UL2

using φE. Similarly, define
F3 Ñ X3 and F4 Ñ X4 using φF .

(4) Define elliptic differential operators:

D3 : ΓpE3q Ñ ΓpF3q on X3

D4 : ΓpE4q Ñ ΓpF4q on X4.

Then the conclusion is

IndD1 ` IndD2 “ IndD3 ` IndD4.

The easy proof of the excision theorem relies on a partition of unity on pφL, φRq on
Xi pi “ 1, 2q such that

φ2
L ` ψ

2
R “ 1.

As functions on Xi, supp φL Ă UL
i and supp φR Ă UR

i . Moreover,

φL ” 1 on Xi ´ U
R
i

φR ” 1 on Xi ´ U
L
i .

These functions are not constant only on Wi. Since W1 – W2, the same symbol φL
(and φR) is used to denote functions on Xi for 1 ď i ď 4 by abuse of notations.
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Consider bundle maps:

ΓpE1q ‘ ΓpE2q
α
ÝÑ ΓpE3q ‘ ΓpE4q

ΓpF1q ‘ ΓpF2q
β
ÐÝ ΓpF3q ‘ ΓpF4q

where

(49) α “

ˆ

φL ´φR
φR φL

˙

, β “

ˆ

φL φR
´φR φL

˙

.

Formally, α ˝ β “ β ˝ α “ Id. By direct computation,

β ˝

ˆ

D3 0
0 D4

˙

˝ α “

ˆ

D1 0
0 D2

˙

` some error terms.

Error terms involve only multiplication operators by derivatives of φL and φR, which
are compact, so

Ind β ˝

ˆ

D3 0
0 D4

˙

˝ α “ Ind

ˆ

D1 0
0 D2

˙

.

When manifolds change their sizes, we can try to make norms of error terms small.
For instance, let

W1 – W2 “ r´T, T s ˆ Y,
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where Y is a closed 3-manifold. Let X1 and X2 be closed 4-manifolds that contain a
long cylinder. Fixing a partition of unity tφ1

L, φ
1
Ru with pφ1

Lq
2 ` pφ1

Rq
2 “ 1, let

φTLptq “ φ1
Lp
t

T
q, φTRptq “ φ1

Rp
t

T
q

for t P r´T, T s . Then

}∇φTL}8, }∇φTR}8 ă
C

T
Hence, the norm of error terms decays as 1{T as T Ñ 8 and they do not affect
the index. In particular, if D1 and D2 are surjective with uniformly (in T ) bounded
one-sided inverses, then the same is true of D11 and D12.

37.2. Gluing

For the gluing problem of non-linear operators, the minus sign in definitions (49)
of α and β would be annoying. Moreover, it will be necessary to work with an actual
partition of unity

φTL ` φ
T
R “ 1.

When the parameter T is clear from the context, we will write φL and φR for short.
In what follows, we will frequently work with a cylinder of length 2T :

r´T, T s ˆ Y.

Cut-off functions will be applied to a shorter cylinder: r´T {2, T {2s ˆ Y ; so

supp dφL, supp dφR Ă r´T {2, T {2s ˆ Y.

To make it concrete, let us describe the gluing problem first. Consider 4-manifolds
with cylindrical ends:

X˚
1 “ X1

ď

r0,8q ˆ Y

X˚
2 “ p´8, 0s ˆ Y

ď

X2

where X1 and X2 are compact 4-manifolds with boundary:

BX1 “ Y, BX2 “ ´Y.

Suppose Ai is an ASD connection on the principle G-bundle Pi Ñ Xi pi “ 1, 2q.
When restricted to ends, P1 and P2 are canonically trivialized:

P1|r0,8qˆY “ Gˆ r0,8q ˆ Y, P2|p´8,0sˆY “ Gˆ p8, 0s ˆ Y.
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Over the cylinder, we have
Ai “ A0 ` a

8
i

where A0 is a translation invariant ASD connection on Rˆ Y in the temporal gauge.
Therefore,

A0 “
d

dt
`B0

for a flat G-connection B0 on Y . We require B0 to be irreducible as a critical point of
the Chern-Simons functional. Moreover, we assume a81 and a82 decay exponentially
along the end, in any reasonable Sobolev norms:

a81
exp
ÝÝÑ 0, as tÑ 8

a82
exp
ÝÝÑ 0, as tÑ ´8.

The goal is to find some corrected connections:

ATi “ Ai ` b
T
i

with bTi P Ω1pX˚
i , adPiq such that the patched connection

φLA
T
1 ` φRA

T
2

solves the ASD equation on

XT
12 “ X1 Y pr´T, T s ˆ Y q YX2.

For brevity, we will also write ATi “ A0 ` a
T
i on the cylinder. Hence,

aTi “ a8i ` b
T
i on r0,8q ˆ Y or p´8, 0s ˆ Y.

To make it analogous to excision, we wish to write

p´φRqA
T
2 ` φLA

T
1
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as a connection on Rˆ Y . But it does not make any sense. If instead, we try

φRA
T
2 ` φLA

T
1

the matrix α will become
ˆ

φL φR
φR φL

˙

,

which is not invertible in general. To reconcile this problem, Tom suggested intro-
ducing the third cylindrical manifold:

X˚
3 “ Rˆ Y

and choose A3 “ A0 as the background ASD connection. We wish to find a correction

AT3 “ A3 ` a
T
3 “ A0 ` a

T
3

such that patched connections:

φLA
T
1 ` φRA

T
2 on XT

12 “ X1 Y r´T, T s ˆ Y YX2,

φLA
T
2 ` φRA

T
3 on XT

23 “ Rˆ Y,
φLA

T
3 ` φRA

T
1 on XT

31 “ Rˆ Y.

solve ASD equations. The α-matrix we use will be

α “

¨

˝

φL φR 0
0 φL φR
φR 0 φL

˛

‚,

with determinant detpαq “ φ3
L ` φ

3
R ě

1
4
.
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To produce an elliptic system, we require corrections to satisfy the gauge fixing
condition:

d˚A1
bT1 “ 0 on X˚

1

d˚A2
bT2 “ 0 on X˚

2(50)

d˚A3
bT3 “ 0 on X˚

3 .

Finally, we deal with the β-matrix. One choice of β is the inverse of α:

β “ α´1
“

1

φ3
L ` φ

3
R

¨

˝

φ2
L ´φRφL φ2

R

φ2
R φ2

L ´φRφL
´φRφL φ2

R φ2
L

˛

‚.

For simplicity, we will use

β “

¨

˝

βL 0 βR
βR βL 0
0 βR βL

˛

‚

where βR ” 1 on supp φR and βL ” 1 on supp φL. Again, cut-off functions βL and βR
depend on the length parameter T , but we omit the superscript T from our notations.
In particular,

βRφR “ φR, βLφL “ φL.

This β-matrix will allow us to transfer sections back

pX12, X23, X31q Ñ pX˚
1 , X

˚
2 , X

˚
3 q.

The system of equations will be invariant if we permute p1, 2, 3q cyclically:

p1, 2, 3q Ñ p2, 3, 1q,

so we will focus on the first equation. We compute the self-dual part of the curvature
of

φLA
T
1 ` φRA

T
2

on the long cylinder r´T, T s ˆ Y Ă XT
12:

F`A12
“ d`pφLa

T
1 ` φRa

T
2 q `

1

2
rpφLa

T
1 ` φRa

T
2 q ^ pφLa

T
1 ` φRa

T
2 qs

`

“ φLpd
`aT1 `

1

2
raT1 ^ a

T
1 s
`
q ` φRpd

`aT2 `
1

2
raT2 ^ a

T
2 s
`
q

` φLpφL ´ 1q
1

2
raT1 ^ a

T
1 s ` φRpφR ´ 1q

1

2
raT2 ^ a

T
2 s

` pdφL ^ a
T
1 q
`
` pdφR ^ a

T
2 q
`
` φLφRra

T
1 ^ a

T
2 s
`

“ φLpd
`aT1 `

1

2
raT1 ^ a

T
1 s
`
q ` φRpd

`aT2 `
1

2
raT2 ^ a

T
2 s
`
q

´
1

2
φLφRrpa

T
1 ´ a

T
2 q ^ pa

T
1 ´ a

T
2 qs

`
` pdφL ^ a

T
1 q
`
` pdφR ^ a

T
2 q
`.
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We use β-matrix to go back to X˚
1 . We need to compute

βLF
`
A12
` βRF

`
A31
.

The result is on the half cylinder r0,8q ˆ Y Ă X˚
1 is

pd`aT1 `
1

2
raT1 ^ a

T
1 s
`
q ` βLφRpd

`aT2 `
1

2
raT2 ^ a

T
2 s
`
q ` βRφLpd

`aT3 `
1

2
raT3 ^ a

T
3 s
`
q

` βLpdφL ^ da
T
1 q
`
` βRpdφR ^ da

T
1 q
`
` βLpdφR ^ da

T
2 q
`
` βRpdφL ^ da

T
3 q
`

´
1

2
βLφRφLrpa

T
1 ´ a

T
2 q ^ pa

T
1 ´ a

T
2 qs

`
´

1

2
βRφRφLrpa

T
1 ´ a

T
3 q ^ pa

T
1 ´ a

T
3 qs

`.

The first line can be cast into a simpler form on the whole manifold X˚
1 :

F`
AT1
` βLφRF

`

AT2
` βRφLF

`

AT3

These coefficients are precisely entries in the first row of β ¨ α:

β ¨ α “

¨

˝

1 βLφR βRφL
βRφL 1 βLφR
βLφR βRφL 1

˛

‚.

Since F`A1
” 0, we have

F`
AT1
“ d`A1

bT1 `
1

2
rbT1 ^ b

T
1 s
`.

Write b “ pbT1 , b
T
2 , b

T
3 q

t P Ω1pX1, adP1q ‘ Ω1pX2, adP2q ‘ Ω1pX3, adP3q. It is
important to know from this setup that the system of equations to be solved can be
cast into a standard form:

β ¨ α

¨

˝

d`A1
bT1

d`A2
bT2

d`A3
bT3

˛

‚“ LT pbq ` µT pb, bq ` ET
pA1, A2, A3q.

where LT is a bounded linear operator, µT is a bounded bilinear form and ET is
an error term that involves only the reference connections A1, A2 and A3. Use H to
denote any Hilbert space of interest. The point is that as T Ñ 8, we can make

(51) }LT }HÑH Ñ 0 and }ET
}H Ñ 0.

For simplicity, we first assume DAi “ d`Ai‘d
˚
Ai

is an invertible operator for 1 ď i ď
3. Hence, the dimension of moduli spaces to be glued is zero:

dimMi “ 0 for 1 ď i ď 3.

Together with the gauge fixing condition p50q, we obtain a system of equations:

Dpbq “ pβ ¨ αq´1
pLT pbq ` µT pb, bq ` ET

pA1, A2, A3qq.(52)

where

D “

¨

˝

DA1 0 0
0 DA2 0
0 0 DA3

˛

‚.
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Given p51q, this equation has a unique solution with }b}H ! 1 when T " 1. This will
resolve the gluing problem.

In general, if DAi ’s are surjective with non-trivial kernels, we write

kerDAi “ H1
Ai
.

Let Πi : Ω1pXi, adPiq Ñ H1
Ai

be the L2-orthogonal projection onto the kernel.
Then we would require

Πipb
T
i q “ vi

for 1 ď i ď 3 and for some fixed small vector vi P H
1
Ai

. Together with p52q, we obtain
"

Dpbq “ pβ ¨ αq´1pLT pbq ` µT pb, bq ` ET pA1, A2, A3qq

Πpbq “ v.

This system still has a unique solution when p51q holds and }v}H ! 1.

37.3. How to make error terms small?

Finally, let us explain how to realize p51q. The linear part LT comes from two
parts:

βLpdφL ^ ¨q
`

βLφRφLra
8
1 ^ ¨s

`.

The first part is made small by making the derivative of φL small. For the second
part, we exploit the fact that a81 has exponential decay as tÑ 8.

As for ET , we need to deal with

βLφRφLra
8
1 ^ a

8
1 s
`.

Either we use the exponential decay of a81 , or we make use of the estimate:

|φTRptq| ď
C

T
¨ t.

on r0,8q ˆ Y Ă X1. Here, t is the coordinate function on the cylinder r0,8q ˆ Y .
Hence,

}βLφRφLra
8
1 ^ a

8
1 s
`
}H ď |

C

T
¨ te´λt| ď

C1

T
.

37.4. What if β “ α´1?

In this section, we list the computational result if we take β “ α´1, just for com-
pleteness. We will assume (instead of φL ` φR “ 1) that

φ3
L ` φ

3
R “ 1.

This is allowed, because cut-off functions are applied on a cylinder r´T, T s ˆ Y and
there is a preferred reference connection A0. The patched connection is

φLpA
T
1 ´ A0q ` φRpA

T
2 ´ A0q ` A0.
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Therefore, the β-matrix takes a simpler form:

β “

¨

˝

φ2
L ´φRφL φ2

R

φ2
R φ2

L ´φRφL
´φRφL φ2

R φ2
L

˛

‚.

We will focus on the first entry of
¨

˝

φ2
L ´φRφL φ2

R

φ2
R φ2

L ´φRφL
´φRφL φ2

R φ2
L

˛

‚

¨

˝

F`A12

F`A23

F`A31

˛

‚

and its expression is

F`
AT1
`
`

pφLdφR ´ φRdφLq ^ pφLa
T
2 ´ φRa

T
3 q
˘`

`
1

2
pφ4

L ` φ
4
R ´ 1qraT1 ^ a

T
1 s
`
`

1

2
φ2
LφRpφR ´ φLqra

T
2 ^ a

T
2 s
`

`
1

2
φLφ

2
RpφL ´ φRqra

T
3 ^ a

T
3 s
`

` φLφRpφ
2
Lra

T
1 ^ a

T
2 s
`
´ φRφLra

T
2 ^ a

T
3 s
`
` φ2

Rra
T
3 ^ a

T
1 s
`
q

By replacing all superscripts T by 8, we obtain an expression for the error term
ET pA1, A2, A3q:

`

pφLdφR ´ φRdφLq ^ pφLa
8
2 ´ φRa

8
3 q
˘`

`
1

2
pφ4

L ` φ
4
R ´ 1qra81 ^ a

8
1 s
`
`

1

2
φ2
LφRpφR ´ φLqra

8
2 ^ a

8
2 s
`

`
1

2
φLφ

2
RpφL ´ φRqra

8
3 ^ a

8
3 s
`

` φLφRpφ
2
Lra

8
1 ^ a

8
2 s
`
´ φRφLra

8
2 ^ a

8
3 s
`
` φ2

Rra
8
3 ^ a

8
1 s
`
q.

The first line will give us the leading term of the error. The expression of the
quadratic non-linear term µT is obtained in a similar manner. Lastly, the linear
correction LT pbq has an expression of

`

pφLdφR ´ φRdφLq ^ pφLb
T
2 ´ φRb

T
3 q
˘`
` other terms.
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Lecture 38. (Special Lecture 2) Floer’s Exact Triangle

38.1. The setup

Let pYi, Pi, wiq, 0 ď i ď 2 be closed oriented 3-manifolds with admissible SOp3q-
principal bundles. Here, wi “ w2pPiq is the second Stiefel-Whitney class of P1 Ñ Yi
and “admissible” means there exists a closed embedded surface Σi Ă Yi with gpΣq ě 1
such that the evaluation

xw2pPiq, rΣisy ‰ 0 P Z2.

In this case, the instanton Floer homology

IpYi, ωiq

is well-defined. We work with determinant-1 gauge group: the subgroup of SOp3q-
gauge transformations that lifts to SUp2q.

We require pYi, wiq’s to be produced in a special way. Let pY, BY “ T2q be a
3-manifold whose boundary is connected and homeomorphic to a 2-torus. Let

γ0, γ1, γ2

be oriented simple closed curves on BY such that

γi ¨ γi`1 “ ´1 for 0 ď i ď 2.

Alternatively, we require

γ0 ¨ γ1 “ ´1, γ0 ` γ1 ` γ2 “ 0 P π1pT2
q.

From the second description, it is clear that such a triple pγ0, γ1, γ2q exists. Let

Yi “ Y
ž

rγis“rBD2s

pD2
ˆ S1

q.
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To glue Y and D2 ˆ S1 along the common boundary, we need to specify a home-
omorphism φ : BY – BD2 ˆ S1; we require the image of rBD2s in BY to be rγis
(up to homotopy). The homeomorphism type of the resulting closed manifold Yi is
determined by this image φ˚rBD

2s (not by φ).
The Poincaré dual of wi is taken to be

PDrwis “ rptˆ S
1
s Ă D2

ˆ S1
Ă Yi.

A different way to think about the triple pY0, Y1, Y2q is by surgery diagrams. Sup-
pose the surgery diagram of Y0 is given by pK,nq where K Ă S3 stands for a knot
and n P Z denotes the framing. We obtain Y1 by doing p´1q-surgery along a meridian
of K:

Iterating the process to the meridian, we obtain Y2 and Y3. It is important to know
that Y3 – Y0. To see this, we need a relation from Kirby Calculus:

Figure 2. An Important Relation

Applying the relation in the following order, we come back to Y0 from Ys:

(1) Blow down along K3.
(2) Blow down along K 1

1.
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(3) Blow down along K2
2 .

In particular, there is a cobordism

W 4
i : Y 3

i Ñ Y 3
i`1.

by adding a 2-handle. Let the core and co-core of W 4
i be

Ci and Si

respectively, and ζi “ Ci Y Si be their union. Then

ζi X Yi “ γi, ζi X Yi`1 “ γi`1.

The Poincaré dual of ζi determines a class inH2pWi,Z2q whose restriction at bound-
aries are wi and wi`1. Formally, we have a cobordism map

pWi, ζiq : pY 3
i , γiq Ñ pY 3

i`1, γi`1q.

which induces a morphism between Instanton Floer Homology groups:

I˚pWi, ζiq : I˚pYi, γiq Ñ I˚pYi`1, γi`1q.
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38.2. Why Blow Down?

Tom digressed a bit to explain the sign convention in (??). In S3, doing p´1q-
surgery along a unknot U gives us cobordism:

W 4
“ CP2

zB4
1

ž

B4
2 : S3

1 Ñ S3
2 .

The unknot U bounds a disk D1 Ă S3
1 . Together with the core disk C1, we obtain

a closed 2-sphere of self-intersection p´1q inside W .

Generalize this picture a little bit. Let us do pn1, n2q-surgery along a Hopf-link,
then we obtain a cobordism map:

W 4 : S3
Ñ Y 3.

and two spheres of self intersections n1 and n2 inside W :

C1, C2.

Moreover, C1 X C2 “ 1, since we start off with a Hopf link. We arrange that they
intersect at a single point:

p “ C1 X C2 P W
4.

By blowing up at p P W 4, we obtain a different cobordism

W#CP2
: S3

Ñ Y 3.

It is tempting to figure out the surgery diagram associated to this cobordism. Pretend
that C1 and C2 are complex curves within a complex surface intersecting at p. Blowing
up at p will produce an exceptional divisor E and the proper transformation C̃i of
Ci. Moreover,

E ¨ E “ ´1, E ¨ C̃i “ 1, i “ 1, 2.

It is important to figure out the self-intersection C̃i ¨ C̃i. Algebraic Geometry tells us

Ci ¨ Ci “ pC̃i ` Eq
2
“ C̃i ¨ C̃i ` 2C̃i ¨ E ` E ¨ E

“ C̃i ¨ C̃i ` 1.

So the self intersection number of C̃i is ni ´ 1 and the surgery diagram is
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38.3. Floer’s Exact Triangle

Theorem 38.3.1 (Floer 1989). The digram

I˚pY1, w1q

I˚pY0, w0q I˚pY2, w2q

I˚pW1;ζ1qI˚pW0;ζ0q

I˚pW2;ζ2q

is an exact triangle.

The first step is to show consecutive compositions are zeros. If we compose cobor-
disms:

Wi : Yi Ñ Yi`1 and Wi`1 : Yi`1 Ñ Yi`2,

then we obtain a cobordism

Zi “ Wi`1 ˝Wi : Yi Ñ Yi`2.

The co-core of Wi and the core of Wi`1 form a sphere Ei of self-intersection p´1q:

Ei “ Si Y Ci`1, Ei ¨ Ei “ ´1.

This means the boundary of a tubular neighborhood NpEiq of Ei is homeomorphic
to S3:

BNpEiq – S3.

Moreover, xw2, Eiy ‰ 0 P Z2. Take critical points α P CritpCS, Yiq and β P

CritpCS, Yi`2q. The composition

I˚pWi`1; ζi`1q ˝ I˚pWi; ζiq “ I˚pZi; ζi`1 Y ζiq.
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is defined by counting the zero dimensional moduli space

MkpZi, α, βq

for some instanton number k “ xc2pP
1
i Ñ Ziq, rZi, BZisy. This number k P Z is fixed

by requiring

dimMkpZi, α, βq “ 0.

The idea is to choose a special metric on Zi such that the moduli space is empty.
So on the chain level the cobordism map I˚pZiq is forced to be zero.

The special metric is constructed by stretching the neck along BNpEiq “ S3. Let

ZT
i “ ZizNpEiq

ž

r´T, T s ˆ S3
ž

NpEiq

with fixed metrics on ZizNpEiq and NpEiq. When T " 0, an ASD connection on Zi
is close to the flat connection over the cylinder r´T, T s ˆ S3.

Lemma 38.3.2. Since BNpEiq “ S3, one can fill in a 4-ball to obtain a new cobordism
between Yi and Yi`2. This cobordism is simply

Wi`2 : Yi`2 Ñ Yi.

and Zi “ Wi`2#CP2
.

In particular,

b`pZiq “ b`pWi`2q and b´pZiq “ b´pWi`2q.

and 0 “ dimMkpZ
T
i , α, βq “ dimMkpWi`2, α, βq. As T Ñ 8, a gluing theorem

states that an ASD connection A in MkpZ
T
i , α, βq breaks up into

A ù pA1, A0q

with A1 PMkpWi`2, α, βq and an ASD connection A0 on CP2
. Moreover,

EpAq “ EpA1q ` EpA0q.
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Since EpAq and EpA1q are determined by the instanton number k, we must have

EpA0q “ 0. To draw a contradiction, it suffices to show an ASD connection on CP2

with xw2, Eiy ‰ 0 must have non-zero energy.

On CP2
, lift the SOp3q-bundle P to a Up2q-bundle P 1 “ P 1Up2q. w2 ‰ 0 implies

c1pP
1q is odd. The energy formula says

EpAq “ c2 ´
1

2
c2

1 ‰ 0.

38.4. The Second Step

The second step is to show the triangle is exact. The first step provides a concrete
chain homotopy between C˚pWi`1q ˝ C˚pWiq and 0:

Ki : C˚pYi, wiq Ñ C˚pYi`2, wi`2q

α ÞÑ
ÿ

γ

#
ž

TPr0,8q

MkpZ
T
i , α, γqγ.

where the instanton number kpα, γq is chosen (for each pα, γq) such that

dimMkpZ
T
i , α, γq “ ´1.

Since the moduli space depends on an extra parameter T , the union has formal
dimension 0 and there is a reasonable signed count.
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To show Ki is a chain homotopy, we need to prove:

(53) Bi`2 ˝Ki `Ki ˝ Bi “ C˚pWi`1q ˝ C˚pWiq ´ 0.

The idea is to compactify the moduli space
ž

TPr0,8q

MkpZ
T
i , α, βq

with dimMkpZ
T
i , α, βq “ 0. The formal dimension of this parametrized moduli

space is 1 and its compactification is a disjoint union of 1-manifolds. Each term in
53 appears as a boundary term in the compactification:

(1) The boundary of T P r0,8s will give C˚pWi`1q ˝ C˚pWiq pT “ 0q and 0 pT “
8q.

(2) The energy can slide off along ends p´8, 0s ˆ Yi and Yi`2 ˆ r0,8q, which
contribute to Ki ˝ Bi and Bi`2 ˝Ki.

Therefore, we arrive at a diagram, where arrows are indexed by domains.

C˚pY1, w1q

C˚pY0, w0q C˚pY2, w2q.

C˚pW1q

K1

C˚pW0q

K0

C˚pW2q

K2

Note that K1W0 `W2K0 : C˚pY0q Ñ C˚pY0q is a chain map (at least) over Z2:

B0pK1W0 `W2K0q “ K1B0W0 `W2W1W0 `W2B2K0

“ pK1W0 `W2K0qB0 ` 2W2W1W0

“ pK1W0 `W2K0qB0 mod 2.

Theorem 38.4.1 (Distinguished Triangulation Detection Lemma, Ozvasth-Szabo,
Kontsevich; See also Seidel’s book). If K1W0 `W2K0 is an isomorphism on ho-
mology, or it is chain-homotopy equivalent to a chain isomorphism , then

pC˚pY0q, B0q – ConepC˚pY1q
W1
ÝÝÑ C˚pY2qq
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is a quasi-isomorphism.

Recall that the mapping cone of a chain map defined by

pC12, B12q “ pC˚pY1q ‘ C˚pY2q,

ˆ

B1 0
W1 B2

˙

q

The morphism in the detection theorem is constructed by

f : pCpY0q, B0q Ñ pC12, B12q, α ÞÑ pW0pαq, K0pαqq.

whose inverse is given by

g : pC12, B12q Ñ pCpY0q, B0q, pβ, γq ÞÑ K1pβq `W2pγq.

so g˝f “ K1W0`W2K0. The condition on g˝f is certainly necessary for the theorem
to hold.

Let us now explain why K1W0`W2K0 is chain-homotopy equivalent to the identity
map from the geometry. Consider the composition

U “ W2 ˝W1 ˝W0 : Y0 Ñ Y0,

in which we have five separating submanifolds:

(1) Y1.
(2) Y2.
(3) S3

0 “ BNpE0q, where E0 Ă Z0 is the first exceptional curve.
(4) S3

1 “ BNpE1q, where E1 Ă Z1 is the second exceptional curve.
(5) S˚ “ S1 ˆ S2 “ BNpE1 Y E2q.

Starting with a fixed metric g0 on U , we can stretch the metric g0 in five different
ways. If two submanifolds are disjoint, then they can be stretched at the same time.
There are five such pairs:

pH1, H2q “ pY1, S
3
1q, pS

3
1 , S˚q, pS˚, S

3
0q, pS

3
0 , Y2q, pY2, Y1q.

For each pair pH1, H2q, we form a family of metrics parametrized by a square:

pT1, T2q P r0,8s ˆ r0,8s.
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where Ti denotes the length of the cylinder along Hi:

r0, Tis ˆHi.

When pT1, T2q “ p0, 0q, the metric is not stretched and it is just g0. When pT1, T2q “

p0,8q, the metric is completely stretched along H2, but not stretched along H1 at
all. When pT1, T2q “ p8,8q, it means the metric is completely stretched along both
H1 and H2.

Since we have five pairs, the five squares are combined and form a closed pentagon,
denoted by P :

To construct a chain homotopy between K1W0`W2K0 and the identity map, define

J : CpY0q Ñ CpY0q

α ÞÑ
ÿ

γ

#

ˆ

ž

pPP

MkpU, gp, α, βq

˙

β
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The instanton number kpα, γq is chosen so that the formal dimension of each indi-
vidual moduli space is ´2.

dimMkpUp, α, βq “ ´2.

Hence, the parametrized moduli space
ž

pPP

MkpU, gp, α, βq

has formal dimension 0. To prove

B0J ` JB0 “ K1W0 `W2K0 ` Id,

consider the compactification of the 1-dimensional moduli space:
ž

pPP

Mk1pU, gp, α, γq

(where k1pα, γq is chosen so that each individual moduli space has dimension p´1q).
The boundary terms have two origins:

(1) The boundary BP of the parameter space P .
(2) The energy can slide off along ends p´8, 0s ˆ Y0 and Y0 ˆ r0,8q, which con-

tribute to J ˝ B0 and B0 ˝ J .

In conclusion, we have

B0J ` JB0 “ contributions from BP .

There are five components of BP . We already know some boundary contributions:

(1) The face of Y1: pY2, Y1q ´ pY1, S
3
1q. The metric is completely stretched along

Y1, so we get an 1-parameter family of metrics on

Z1 : Y1 Ñ Y0.

In one direction, the metric is completely stretched along Y2 Ă Z1; in the
other direction, it is stretched along S3

1 Ă Z1. The counting (by definitions)
is

K1W0.

(2) The face of Y2: pS3
0 , Y2q ´ pY2, Y1q. The metric is completely stretched along

Y2, so we get an 1-parameter family of metrics on

Z0 : Y0 Ñ Y2.

In one direction, the metric is completely stretched along Y1 Ă Z0; in the
other direction, it is stretched along S3

0 Ă Z0. The counting (by definitions)
is

W2K0.
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(3) The face of S3
0 : pS˚, S

3
0q ´ pS

3
0 , Y2q. The metric is completely stretched along

S3
0 . By the argument from the first step, we do not have any contribution from

this part because ASD connections on CP2
with w2 ‰ 0 must have non-zero

energy.
(4) The face of S3

1 : pY1, S
3
1q ´ pS

3
1 , S˚q. It is similar to the face of S3

1 . No contri-
butions.

(5) The face of S˚: pS
3
1 , S˚q ´ pS˚, S

3
0q. The metric is stretched completely along

S˚.

The remaining task is to show the face of S˚ “ S1 ˆ S2 will contribute to the
identity morphism on C˚pY0q.

Lemma 38.4.2. Recall that S˚ is the boundary of U1 :“ NpE0 Y E1q. Write U “

U1

š

S˚
pU ´ U1q. Then

U1 “ pS
2
ˆD2

q#CP2
.

r0, 1s ˆ Y “ pU ´ U1q
ž

S˚

S1
ˆD3.

We focus on U1 first. E1 and E2 are two p´1q-spheres intersecting positively at
a single point. In terms of the surgery diagram, there are two ways to blow down
p´1q-spheres to obtain S2 ˆD2:

Doing 0-surgery along the unknot produce a 0-sphere in the resulting 4-manifold,
which, as a consequence, has to be a trivial disk bundle D2ˆS2 over S2. So pD4, S3q

is changed into pD2 ˆ S2, S1 ˆ S2q by this surgery.
In particular, the intersection form of U1 is

ˆ

´1 1
1 ´1

˙

(represented by E0 and E1).

„

ˆ

´1 0
0 0

˙

(represented by E0 and E0 ` E1).
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The Poincaré dual of w2pP q on U1 is the union:

E0 Y E1 YD0 YD2

where D0 “ U1 X C0 (the core disk) and D2 “ U1 X S2 (the co-core disk). It has
even evaluations on both E1 and E2, so w2pP q “ 0 P H2pU1,Z2q. In particular,
w2pP q “ 0 P H2pS˚,Z2q.

Another way to think about this is to take the intersection:

pE0 Y E1 YD0 YD2q X S˚ “ pD0 X S˚q Y pD2 X S˚q.

One may think of pD0 X S˚q as in pD2 ˆ S2, S1 ˆ S2q (blow down the other p´1q-
sphere). Then D0 is a fiber disk and D0 X S˚ generates π1pS˚q – Z. Since we have
two copies of generators, w2pP q “ 0 P H2pS1 ˆ S2,Z2q.

Hence, we may think of P as the trivial SUp2q-bundle (instead of SOp3q) over
S1 ˆ S2. The moduli space of flat connections is

tZÑ SUp2qu{conj – r0, πs.
ˆ

eiθ 0
0 e´iθ

˙

Ø θ.

The representation ρ : Z Ñ SUp2q is determined by ρp1q “ cos θ ` v sin θ with
v P ImH and |v| “ 1. Conjugations by SUp2q will rotate v in ImH, so the quotient
space is parametrized by θ P r0, πs.
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38.5. The Final Step.

(Tom didn’t explain enough details on this part).
Consider the 4-manifold with cylindrical ends:

U1

ž

S˚

S˚ ˆ r0,8q.

Fix a flat connection θ0 P p0,8q ĂMpS1 ˆ S2q. We choose the instant number k of
P such that the moduli space Mk,θ0pU1, S˚q of ASD connections on U with θ0 as the
limit at 8 has dimension p´1q.

Lemma 38.5.1. Given a family of metrics on U1 parametrized by

R “ p´8, 0s Y r0,8q.
When T P r0,8q, the metric is stretched along S3

1 . When T P p´8, 0s, the metric is
stretched along S3

0 . Then the sign count of
ž

TPR

Mk,θ0pU1, S˚, gT q

equals 1.

The reason is that as T Ñ 8, MkpU1, S˚, gT q contains a unique point with θpT q Ñ
π. As T Ñ ´8, MkpU1, S˚, gT q contains a unique point with θpT q Ñ 0. Hence, the
map

θ :
ž

TPR

MkpU1, S˚, gT q Ñ r0, πs

has degree 1.

Finally, we need to compare the gluing picture

U1

ž

S˚

S˚ ˆ r0,8q ` p´8, 0s ˆ S˚
ž

S˚

pU ´ U1q.
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with
S1
ˆD3

ž

S˚

S˚ ˆ r0,8q ` p´8, 0s ˆ S˚
ž

S˚

pU ´ U1q.

The latter one will give us the identity cobordism:

r0, 1s ˆ Y0 : Y0 Ñ Y1,

which induces the identity map on Floer Homology.
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Lecture 39. (Special Lecture 3) Khovanov Homology detects the Unknot

39.1. Instanton Knot Floer Homology

Let Y 3 be a closed homology 3-sphere and K : S1 Ñ Y 3 be a smoothly embedded
knot in Y 3. By adding a disjoint Hopf link H Ă Y , we define the knot Floer homology
by counting singular instanton:

I#
˚ pY,Kq “ I˚pY,K

ž

Hq.

Consider the singular SOp3q-representation variety of pY “ S3, Hq with w2 ‰ 0.
The complement S3zH deformation retracts to T2, so

π1pS
3
zHq – Z‘ Z.

For a singular π1-representation, the meridian of each link component is sent to an
element of order 2 in SOp3q. Working instead with the 2-fold cover SUp2q, they have
order 4. These elements form a 2-sphere (the equator) S2

˚ Ă SUp2q.

so

RI
pS3, Hq “ tpα, βq P SUp2q ˆ SUp2q : rα, βs “ Id, α „ β „

ˆ

i 0
0 ´i

˙

u{ „

“ tpI, Iq, pI,´Iqu “ S2
ž

S2
{conjugations

“ 2 points.

Each singular representation is reducible. The conjugation action of SUp2q on these
2-spheres are not free. Stabilizers are not trivial.
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Let λ be an arc connecting different components of the Hopf link H and let w2 “

PDrλs ‰ 0 P H2pS3, Hq. In this case, the singular representation variety is

RI
wpS

3, Hq “ tpα, βq P SUp2q ˆ SUp2q : rα, βs “ ´1, α „ β „

ˆ

i 0
0 ´i

˙

u „

“ tpI, Jqu “ 1 point.

Indeed, α takes values in the equator S2 of SUp2q, while β takes value in the
intersection:

αK X S2.

So the singular representation variety is the unit sphere bundle SpTS2q of the tangent
space of S2, and SUp2q{ZpSUp2qq acts freely and transitively on this space.

In general, define pY,Kq# “ pY,Kq#pS3, Hq where we take the connected sum of
3-manifolds and disjoint union of links. Define

R#
pY,Kq “ RI

wppY, kq
#
q.

Equivalently, this is the based representation variety R0pY,Kq.

Example 39.1.1. Let U Ă S3 be the unknot. Then

R#
pS3, Uq “ S2.

In general, let Uk “
š

k U be the n-component unlink. Then

R#
pS3, Uq “ S2

ˆ ¨ ¨ ¨ ˆ S2
looooooomooooooon

k copies

.

Example 39.1.2. Let K Ă S3 be the trefoil. By the Wirtinger presentation, each arc
of a knot diagram gives a generator of π1 of the knot complement and each crossing
gives a relation. In particular, we get

π1pS
3
zKq “ xe1, e2, e3

ˇ

ˇ ei “ ei`1ei`2e
´1
i`1y.

Let Ei “ ρpeiq Ă S2 Ă SUp2q be the image of ei under a singular representation,
then E2

i “ Id. These relations imply that rotating Ei`2 along Ei`1 by 180˝ yields
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Ei. Hence, Ei’s must distribute evenly along a great circle in S2
˚ Ă SUp2q. When

E1 “ E2 “ E3 P S
2
˚, representations are reducible and contribute to a copy of S2 in

R#pS,Kq, which happens for any other knots. When E 1is are distinct, we obtain a
copy of SOp3q:

R#
pS3, Kq “ SOp3q

ž

S2.

In general, for the p2, 2k ` 1q-torus knot T p2, 2k ` 1q, there are 2k ` 1 points
distributed evenly on a great circle of S2, and there are k possible orders of them.
For instance, when k “ 2:

Hence, R#pS, T p2, 2k ` 1qq “
š

k SOp3q
š

S2.

Compute the singular homology of these representation varieties:

H˚pR#
pS, Uqq “ Z‘ Z

H˚pR#
pS, Ukq “ pZ‘ Zqbk

H˚pR#
pS,Kqq “ pZ‘ Zq

looomooon

S2

‘pZ‘ Z2 ‘ Zq
loooooomoooooon

RP3

.

All these groups agree with Khovanov homology of links, suggesting a relations
between Khovanov homology and Instanton Floer homology.
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Let us briefly describe the original instanton knot Floer homology first defined by
Floer. The complement of a knot K Ă S3 is a homology S1 ˆ D2. Removing a
tubular neighborhood of K, a Seifert surface SK of K defines a canonical curve in
BNpKq—the longitude:

L “ BSK Ă NpKq.

On the other hand, pT2zD2q ˆ S1 is a 3-manifold with a torus boundary. By
identifying

L ÞÑ rBD2
s ˆ tptu,m ÞÑ tptu ˆ S1,

we glue S3zNpKq and pT2zD2q ˆ S1 along their common boundary and obtain a
homology T3:

T3
K :“ S3

zNpKq
ž

pT2
zD2

q ˆ S1.

Let PDpw2q “ tptu ˆ S1 Ă pT2zD2q ˆ S1 and let ΣK “ SK Y pT2 ˆ D2q ˆ tptu.
Then xw2, rΣsy ‰ 0. The SOp3q-bundle is admissible. The original instanton knot
Floer homology is defined as

I6pS3, Kq :“ I˚pT3
K , w2 “ PDrmsq.

In general, the boundary BSK of Seifert surfaces of a link can take different homol-
ogy classes in

T2
ˆ T2

ˆ ¨ ¨ ¨ ˆ T2
loooooooooomoooooooooon

n copies

where n “ # of link components. One may verify that

RpT3
k, w2 “ PDrmsq “ R#

pS,Kq,

so they define the same Floer homology groups.
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39.2. Khovanov Homology

Caution: Kronheimer-Mrowka and Khovanov use different conventions for 1 and 0
resolutions of knots.

For each knot diagram DpKq, there are two ways to resolve a crossing:

If the knot diagram DpKq has n crossings, there are 2n different ways to resolve all
crossings, each of which corresponds to a vertex of the cube:

t0, 1un Ă r0, 1sn.

Each resolved digram is a disjoint union of circles in R2.

Example 39.2.1. Starting with the knot diagram of the trefoil as shown above, we
arrive at a cube of resolutions:
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For each edge of r0, 1sn, we associated an arrow from 1 to 0 in the resolution.

We apply an p1` 1q-dimensional TQFT to the cube of resolutions. Let

A “ Zrxs{px2
q “ H˚

pS2,Zq.
The ring structure of H˚pS2,Zq defines a multiplication ∆ : A b A Ñ A. The

co-multiplication ∇ : AÑ Ab A is defined by

1 ÞÑ 1b x` xb 1

x ÞÑ xb x.

Consider the diagonal embedding ι : S2 ãÑ S2 ˆ S2. ∇ is also realized as the
composition:

A “ H˚
pS2,Zq PD

ÝÝÑ H2´˚pS
2,Zq ι˚

ÝÑ H2´˚pS
2
ˆ S2,Zq

PD
ÝÝÑ H2`˚

pS2
ˆ S2,Zq “ Ab A.

Define the unit and co-unit as:

ε : ZÑ A, 1 ÞÑ 1

η : AÑ Z, 1 ÞÑ 0, x ÞÑ 1.

Then p∆,∇, ε, ηq makes A a Frobenius algebra. In general, we can take A “ H˚pX,Zq
for any oriented smooth manifold X. The ring structure, Poincaré duality and the
diagonal embedding defines a Frobenius algebra structure on A. However, Khovanov
homology to be defined will depend on the particular knot diagram unless X “ S2.

We need a functor:
Z : Cob2 Ñ Z -Mod

For the definition, let ZpS1q “ A and Zp
š

k S
1q “ Abk. For each elementary

cobordism, define:

.
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Apply the functor Z to the cube of resolutions. Each vertex v P t0, 1un, the
resolved diagram vpDpKqq is a union of circles, and ZpvpDpKqq is a tensor product of
A. Each edge is either splitting a circle or merging two circles. Faces of r0, 1sn imply
the resulting cube of morphisms are commutative.

each vertex ÞÑ Abn, n “ the number of circles

each edge ÞÑ either ∆ or ∇.

We form a graded chain complex by taking the direct sum

CKhpDpKqq “
à

vPt0,1un

ZpvpDpKqqq.

where the grading is given by |v| :“
ř

1Pv 1. The differential BKh is the direct sum
of all edge morphisms, which decreases the grading by 1. We need to assign some
minus signs on edge morphisms to assure B2

Kh “ 0. The chain homotopy type of
pCKhpDpKqq, BKhq is independent of the digram DpKq, and so an invariant of K Ă S3.

Take a crossing of DpKq. Then 0- and 1-resolution result in two links K0 and K1

respectively. There is a short sequence of chain complexes:

0 Ñ CKhpDpK0qq Ñ CKhpDpKqq Ñ CKhpDpK1qq Ñ 0
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which induces an exact triangle:

KhpKq

KhpK0q KhpK1q.δ

39.3. Exact Triangles

The same exact triangle holds for instanton knot Floer homology, which comes
with natural cobordisms of links. Imagine that the resolution of a crossing happens
within a tetrahedron T :

The cobordism from K to K1 happens within T ˆ r0, 1s by attaching a handle.
Consider the surface S Ă T :

The cobordism can be visualized as:
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Recall that for each cobordism pX,Σq : pY´, K´q Ñ pY`, K`q, there is a natural
morphism

I#
pX,Σq : I#

pY´, K´q Ñ I#
pY`, K´q

defined by counting singular ASD connections on pX,Σq.
The surface Σ might be non-orientable, but the construction still works. In this

case, the normal bundle of Σ is not orientable, and the linking holonomy is only well-
define up to ˘ Id. Since g is conjugate to ´g for g P S2

˚ Ă SUp2q (i.e. g is an element
of order 4), a singular connection still makes sense.

In what follows, we will work with the digram (See Special Lecture 2):

C˚pS
3, K1q

C˚pS
3, K0q C˚pS

3, K2q.

C˚pW1q

K1

C˚pW0q

K0

C˚pW2q

K2

where knots are indexed in a different way. It remains to verify it is an exact triangle
on the level of homology. The proof invokes the detection lemma (See Special Lecture
2). The subtlety is that each cobordism Wi “ pS

3 ˆ I,Σiq comes with an orientable
surface Σi, but their compositions

Σi`1 ˝ Σi
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become non-orientable. To see this, consider the co-core of the 1-handle in Σi and
the core of the 1-handle in Σi`1. They form a Möbius band in Σi`1 ˝ Σi:

.

One way to visualize the composition Σi`1 ˝ Σi is to think of each Σ as

.

The composition then becomes
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.

39.4. Some Non-Orientable Surfaces in 4-Manifolds

When X is an oriented 4-manifold, the self-intersection number Σ ¨ Σ makes sense
no matter if Σ is orientable (see Lecture 36).

Example 39.4.1. RP2
˘ Ă S4. Let S4 be the unit sphere of traceless symmetric 3ˆ 3

matrices (dimR “ 5):
¨

˝

x y z
´y u v
´z ´v ´x´ u

˛

‚.

The group SOp3q acts on S4 by matrix conjugation. Let

RP2
` “ tmatrices with a positive eigenspace of dimension 2 Ă S4

u,

RP2
´ “ tmatrices with a negative eigenspace of dimension 2 Ă S4

u.

That is to say, any matrix A P RP2
` is conjugate to

λ

¨

˝

1
1
´2

˛

‚

where λ is a positive constant fixed by the length of A. The stabilizer of A is Op2q Ă
SOp3q, so the orbit is

SOp3q{Op2q – RP2.
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It is easier to compute the self intersection of RP2
˘ from a different description. A

theorem by Kuiper, Arnold and others states that

CP2
{complex conjugation – S4.

A real conic with no real roots is an S2 Ă CP2 invariant under conjugation. For
instance, we take

CP1
“ tx2

` y2
` z2

“ 0u Ă CP2.

For a conic, the intersection number is S2 ¨ S2 “ `4. Passing to the quotient, the
self-intersection of RP2

` “ S2{Z2 is divided by 2, so

RP2
` ¨ RP

2
` “ 2.

On the other hand, the fixed point set of the action is a real projective space
RP2

´ Ă CP2. RP2
´ Ă CP2 is a Lagrangian submanifold. Hence, T ˚RP2

´ – NpRP2
`q

and

1 “ χpRP2
q “ xepTRP2

´q, rRP
2
´, opRP

2
´qsy “ ´xepT

˚RP2
´q, rRP

2
´, opRP

2
´qsy

“ ´xepNpRP2
´qq, rRP

2
´, opRP

2
´qsy.

Since RP2
´ is fixed, after passing to the quotient, the self-intersection number will

be doubled:
RP2

´ ¨ RP
2
´ “ ´2.

Signs of self-intersection numbers depend only on the orientation of S4.
Reversing the construction, we take the double branched cover of S4 along RP2

˘:

pS4,RP2
`q ÞÑ CP2

pS4,RP2
´q ÞÑ CP2.

In Special Lecture 2, the composition of W0 and W1 is

W1 ˝W0 “ W2#CP2
.

In our case, it becomes

W1 ˝W0 “ pS
3
ˆ I,Σ1q ˝ pS

3
ˆ I,Σ0q “ pS3 ˆ I,Σ2q#pS

4,RP2
`q.

where we take connected sums of both 4-manifolds and embedded 2-surfaces. By
using the same technique as Special Lecture 2, one can prove

I#pS3, Kq

I#pS3, K0q I#pS3, K1q.δ

is indeed an exact triangle. Equivalently, we have

(54) C#
pS3, Kq

chain homotopy equiva.
ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

–
ConepC#

pS3, K1q
fi
ÝÑ C#

pS3, K0qq.
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39.5. A Spectral Sequence

By resolving another crossing of the knot digram DpKq, we can iterate the chain
homotopy equivalence (54):

C#
pS3, Kq

–
ÝÑ ConepC#

pS3, K1q
f1
ÝÑ C#

pS3, K0qq

–
ÝÑ Cone

ˆ

C#pK11q C#pK01q

C#pK10q C#pK00q

f11Ñ01

f11Ñ00
f11Ñ10 f01Ñ00

f10Ñ00

˙

.

We replaced C#pS3, Kiq for i “ 0, 1 by

Cone

ˆ

C#pKi1q

C#pKi0q

fi1Ñi0

˙

“ C#
pKi1q ‘ C

#
pKi0q œ

ˆ

Bi1 0
fi1Ñi0 Bi0

˙

.

The horizontal map f1 in p54q is replaced by the sum of three maps:

f11Ñ01, f11Ñ00, f10Ñ00.

The diagonal map f11Ñ00 is not a chain map. It is a “canonical” chain homotopy
between two compositions of chain maps:

f01Ñ00 ˝ f11Ñ01 and f10Ñ00 ˝ f11Ñ10.

Indeed, compare the right-bottom entry of the multiplication:

ˆ

B11 0
f11Ñ10 B10

˙ˆ

f11Ñ01 0
f11Ñ00 f10Ñ00

˙

“

ˆ

f11Ñ01 0
f11Ñ00 f10Ñ00

˙ˆ

B01 0
f01Ñ00 B00

˙

Keep resolving more crossings and keep iteration. We end up with a cube of maps:
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At each vertex v of r0, 1sn, it is a chain complex computing the singular instanton
knot homology of a unlink. For each edge, it is associated with a chain map. A
filtration on this large chain complex is given by the norm of v:

|v| :“
ÿ

1Pv

1.

Hence, we obtain a spectral sequence abutting to I#pS3, Kq. Moreover,

(1) E1-page. At each vertex v P t0, 1un, the resolved digram is a unlink. pE1, d1q

computes the homology at each vertex. Hence, it is Abn where n is the number
of link components.

(2) E2-page. pE2, d2q consists of chain maps along edges of r0, 1sn. They agree
with Khovanov differentials. Hence, the E2-page computes the Khovanov
homology of pS3, Kq.

In particular, we obtain dim KhpKq ě dim I#pS3, Kq. To finish the proof of unknot
detection, we also need:

(1) Compare I#pS3, Kq with I6pS3, Kq, the original version of knot Floer homol-
ogy defined by Floer.

(2) Using Sutured manifolds technique, show that I6pS3, Kq detects the unknot.

Note that
dim KhpUq “ min

K
dim KhpKq.

If dim KhpKq is minimal, both dim I#pS3, Kq and dim I6pS3, Kq are minimal as well,
so K is the unknot.
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