18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER

HOMOLOGY

SPRING 2019
INSTRUCTOR: TOMASZ MROWKA
TRANSCRIBED BY DONGHAO WANG

CONTENTS

[Lecture 1. An Introduction to Morse Homology|

[Lecture 2. The Stable Manifold Theory|

[Lecture 3. Morse Homology and its variants|

[Lecture 4. Floer Homology: An Overview|

[Lecture 5. Connections and Curvatures |

I 6 The Cl = 3 onall

[Lecture 7. Representations|

[Lecture 8. The Energy Identity and Instantons on S%|
ILecture 9. Instantons on S* continued|
ILecture 10. The ADHM construction|

[Lecture 11. Gauge Transformations|

[Lecture 12. The configuration space is Hausdorf|

I 3 The C : FSTices

[Lecture 14. The Big-Slice theorem|

[Lecture 15. Uhlenbeck’s Fundamental Lemmal

1

12

17

23

30

36

45

50

56

63

69

75

81

88



2 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

[Lecture 16. Uhlenbeck’s Compactness Theorem I 98
[Lecture 17. Uhlenbeck’s Compactness Theorem 1l 103
[Lecture 18. The structure of the moduli space] 111
[Lecture 19. Donaldson’s Diagonalization Theorem| 119
[Lecture 20. The Topology of Configuration Space I 125
[Lecture 21. The Topology of Configuration Space Il| 135
[Lecture 22. Orienting the Moduli Space| 141
ILecture 23. The convention of orientations| 150
ILecture 24. Fvaluation on the Fundamental Class| 156
[Lecture 25. Donaldson’s Polynomial Invariants| 163
[Lecture 26. The ASD equation on cylinders| 168
[Lecture 27. The Spectrum Flow and the Indexl| 174
[Lecture 28. 4-Manifolds with Cylindrical Ends| 180
[Lecture 29. Instanton Floer Homology| 186
[Lecture 30. Functoriality | 192
[Lecture 31. Functoriality Il] 197
[Lecture 32. Flat Connections on .| 202
[Lecture 33. Symplectic Reductions] 207
[Lecture 34. The Yang-Mills equation over Riemann Surfaces| 212
ILecture 35. Orbifolds| 216
I[Lecture 36. Classification of SO(3) bundles over orbifolds| 222
I[Lecture 37. (Special Lecture 1) Gluing via Excision| 227

I[Lecture 38. (Special Lecture 2) Floer’s Exact Triangle] 236




18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 3

Lecture 39. (Special Lecture 3) Khovanov Homology detects the |
Unknotl 251




4 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

Lecture 1. An Introduction to Morse Homology

The first a few lectures will be a brief introduction to the Morse theory on finite
dimensional (compact) manifolds. This lecture will be an overview. Later, we will
generalize this theory to an infinite dimensional setting.

{'= He heidld:
furebion

1.0.1. Flowlines. Let (X, g) be a smooth Riemannian manifold and f : X — R be
a smooth Morse function. Let Crit(f) = {p € X : V,f = 0} be the set of critical
points of f. Then the Hessian of f, defined by Hess,(f) : T,X — T,X,v — V,(Vf),
is non-degenerate for any p € Crit(f). We investigate negative gradient flows of f:
v R — nyy(t) = _V'y(t)f'
Given p € Crit(f), let
W = o€ X : 3,7(0) = 2,4(1) =

= 'I7;7 _V’y(t)fv tEl;noo,Y(t) = p}
W, ={re X :3y,7(0) = z,(t) =

=V im y(t) = p}

be the stable and unstable sub-manifolds associated to p. The Morse index := pu(p)
is the number of negative eigenvalues of Hess,(f).

For any p,q € Crit(f), let M(p,q) := W' n W, Then each point of M(p,q) is
contained in a flowline connecting p to ¢:

{xre X :3y,9(0) =z, lim ~(t) = p, lim y(t) = ¢}.
t——00 t—o0

If Wp“ and ‘qu intersect transversely, thep dim M (p,q) = u(p) — p(q). For any
negative flowline v, we have an energy equation. Indeed, for any t; < to,

Fot) - fot) = = [ o =~ [ .04

1", :

=5 | BOR 19,57 1+ 9,57
t1

1

to
-5 | Bor e
t1
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For any flowline v in M (p, q), the total drop of the Morse function f equals
i f(y (@) = lim f(y(8)) = f(p) = f(a)

and it is independent of the particular flowline. For each n, let I,, = [n — 1,n + 1].
Then for any € > 0, there are finitely many intervals I,, such that

1) j SO + [V > e

In

The number m of such intervals is bounded above by (f(p) — f(q))/e. We choose €
small so that when (1)) is violated for I,,, then the flow |, is contained in some small
neighborhood of Crit(f).

Now we investigate the compactification of M (p,q) and suppose a sequence of
flowlines v, € M (p, q) is given. For each =, suppose the property is satisfied for

k k .
JP=1 1 <0< mg,ny < ngyr

Since my, is bounded uniformly, by taking a subsequence, we may assume my, is the
same for each k. There are two potential scenarios:

/\/\ ’ﬂt) IL

I L HE

(1) The distance between JF and JF , remains bounded when k& — oo (for a
subsequence). Then we combine JF, JF ; and intervals in between.
(2) The distance between JF and JF ; diverge to infinity when k& — co. Then we
would have a broken trajectory.
An R action is defined by M (p, q) by translations of the parameter. Let M(p, q) =
M(p,q)/R be the quotient space. Then a compactification of M(p,q) is given by
incorporating broken flowlines:

M(p,q) = M(p,q) dim = p(p) — p(q) — 1
U M(p,q1) x M(q1,q) dim = p(p) — p(q) — 2
U M(p,q1) x M(q1,¢2) x M(g2,q) dim = pu(p) — p(q) — 3

.-+ lower dimensional strata
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Theorem 1.0.1. For generic (g, f), ﬂ(p, q) is compact and is a compactification of

M(p,q).

Remark. In the literature, we usually call M (p,q) a
manifold with corners. But we do not have a canoni-
cal way to produce such an structure. The space M (p, q)
could be realized as a topological manifold with corners
(depicted in the picture on the right with numbers of
breaks indicated). To endow a smooth structure, we

could embed M (p, q) into some Euclidean space by choos-
ing some regular values a; of f and thinking about how

M (p, q) intersects with each level set f~'(a;). However,
under this embedding, this corner structure has unpleas-

ant looking. In practice, it is enough to think of ﬁ(p, q)

as a stratified space and the corner structure is not really useful.

1.0.2. The Morse Homology. When pu(p) — u(q) =1, ﬁ(p, q) is a compact 0-dim
manifold, i.e. a collection of finite points. Let

C=C(X,9.f)= D Zxp)

peCrit(f)

0:C—C,p—> > #Mpq) -q

qlp(p)—p(g)=1

When u(p) — p(q) = 2, dimﬁ(p, q) = 1 and its boundary is described as

OM(p,q) = Vg M(p,ar) x M(a1,q)-
which has 0 (mod 2) points. Therefore,

Pp= Y, #Mp,q#M(gr) r=0.
(p)—p(a)=1
m(g)—p(r)=1

Finally, the Morse homology is defined by H(X, f,g) = Ker(d)/Im(0). If X is
compact, then by the standard argument H (X, f,g) =~ H.(X;Z,) since f induces a
CW structure on X and the chain complex (C,0) coincides with the CW complex
that computes H,(X;Zo).

Remark. When X is non-compact, the way how the function f sees the non-
compactness of X is important. To make the whole construction work, we need
certain properness: if V., f — 0 and |f(z;)| is uniformly bounded, then {z;} has a
converging subsequence. In the picture below, the surface on the right contains infi-
nite holes and a cusp. The hypothesis is violated for the height function because of
the cusp.
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1.0.3. Orientations. If W} n WS = M(p, q), the flow will stretch the normal bundle
of M(p,q) inside W. Allowing ¢t — o0, the normal bundle is identified with 7,W .
Thus, for any € M(p, q), we have a short exact sequence

0—T,M(p,q) » T.W,) - T,W;S—0

When pu(p) — p(q) = 1, M(p, q) consists of finitely many copies of R and the flow
orients M(p,q) in a natural way. For any v € M(p,q), the short exact sequence
induces an identification:

ey A(p) — A(q)

)) Mep-9) L
(1 C"fﬂ?q% 9

=
= e | 7

N\ J_\Q

\wﬁ" Y

where A(p) is the 2-element set of orientations of T,W. Now we can refine our
differential by setting ZA(p) = Z X727 A(p) and

CX.9.f)= @ ZAD),

peCrit(f)

0= Z Z €.

alu(p)—1(9)=1 ~e M (p,q)

If we ignore the orientation, it reduces to the previous case.
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Lecture 2. The Stable Manifold Theory

We first recall some notations from the last lecture. We investigate the negative
gradient flow for a Morse function f:

(2) Y= —V,f.
For any critical point p € Crit(f), define the stable manifold as

Wy ={ze X :37,7(0) = 2,5(t) = =V, f, lim 7(t) = p}.

Theorem 2.0.1. The stable sub-manifold W is a smooth manifold of dim n — u(p)
which is the number of positive eigenvalues of Hess, f.

We focus on a local version of this theorem, i.e.

Theorem 2.0.2. There exists a neighborhood U of p € X such that W n U 1is a
smooth manifold of dim n — u(p).

To pass from the local version to the global one, it suffices to note that the time-1
map ¢; : X — X,7(0) — (1) is a diffeomorphism on X and

Wy = erwy ).

A

Therefore, Theorem implies Theorem [2.0.1]

Now we pick a coordinate chart (V,4) near p € X such that (V) < R" and
¥(p) = 0. For a path 7 : [0,00) — R"™ with bounded L? norm, consider the mapping:

F L%([O, +o0),R") — LZ([O, w0),R")
v 5+ V,f.

Since
to to to
Iy (t) = A(t)] = | f 5(t)de] < | f 1172 f ARV < Oty — ]2,
t1 t1 t1

we see that L#([0, +o0), R") — 03/2([0, 0),R™), so the path ~ is Hélder continuous
and lim;_,, y(t) = 0. Because

V.f = Hesso(f)(z) + %xi:vjvij(a:)

where v;;(x) is a vector-valued symmetric 2-tensor on R™, one concludes eventually
that v € F~1(0) is indeed infinitely differentiable if f is.
To analyze the equation F' = 0 in a more concrete way, we consider the property
of F' as a map between Hilbert spaces. Linearize F' at v = 0:
DoF(n) : L1([0,%0),R") — L*([0,%0),R")
n — 1 + Hesso f (1),
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then it is a bounded linear operator. If vy is an eigenvector of Hessg f with A > 0,
then

Hesso f(vy) = Avy, n(t) = vae ™

is a special solution of DygF = 0. To study the mapping property of DyF', we carry
out the computation:

[ R0 = [ 1+ Hesso s

0 0
- f 7% + | Hesso f (n)|” + 2¢n, Hesso f(n)).

Since Hess f is a self-adjoint invertible operator, for some C' > 0

| Hesso f(n)|* = Clnl®

201, Hosso (1)) = (o, Hosso £ )

Finally, we obtain

0
P> | (i + Claf) = (r(0) Hesso F(3(0))
Let I14 : R™ — R"™ be the positive (negative) spectral projection for Hessy f. Then,
[Em)[3 + <IL+(1(0)), Hess f(I1+(n(0))))

- [ P + Clnl?) - L_(n(0)), Hesso £(IL_(1(0)))

o0
> | (0 + o).
Therefore, the extended operator
(DoF,TL, o) : L3([0,50), R") — L3([0,0), R") I I,

is injective with closed range. Here, r : L?([0,0),R") — R™ n — n(0) is the re-
striction map at ¢ = 0. One can further study the adjoint operator to conclude the
cokernel is trivial. A different strategy is to show the equation is solvable for a dense
subset of L*([0,0), R") @ ImIL,.

Therefore, this operator is an isomorphism and we have checked the hypothesis for
inverse function theorem. As a consequence, the nonlinear operator:

(F,TI. or) : L3([0,00),R™) — L*([0,0),R™) @ Im II,

is a diffeomorphism from a neighborhood of 0 € L?([0, ), R") to another neighbor-
hood of zero in the domain.

This means L3-solution to F' = 0 with small L3-norm are parametrized by a neigh-
borhood of 0 € IT. R™. Once we show any solution to (2)) with lim~(¢) = 0 has enough
decay to be in L?, the proof of Theorem is completed.



10 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

It is enlightening to review different proofs of
Theorem 2.0.2 in literatures. It was Hadamard A adom 2 H
who first realized this problem and did a proof. W
Later Perron gave a different proof by making the gep
stable sub-manifold a graph over H, = ImII,. ) 7
The gradient flow of f will then deform a random
graph. He managed to show this gives a contrac- \ / HT
tion mapping, so a fixed point exists. The next 2
successor was Smale who approached the prob-
lem from dynamic systems. For a discrete dy-
namic system (a diffeomorphism) ¢ : R* — R"
with ¢(0) = 0, one constructs a mapping

P(R") — I*(R")
(.1‘1, L2, T3+ ) — (¢_1(332), ¢_1(£L‘3), e )

and a fixed point corresponds to a converging orbit. When a unit circle condition
is fulfilled, one can prove a version of Theorem in this case. This condition
requires that the tangent map do¢ : ToR™ — TyR" has no eigenvalues on S* < C.
As one can imagine, for rotations on the complex plane C, we do not have any non-
trivial converging orbit and the proof might break down for similar examples. For
the continuous version,

d
o = V(@)

for a vector field V' : R" — R™ with V(0) = 0, we require that doV has no purely
imaginary eigenvalues.

It was also Smale who first realized Theorem implies the global version Theo-
rem [2.0.1] He envisioned stable and unstable sub-manifolds sitting inside X and they
should intersect transversely. This was the first time that the Morse-Smale condition
had been proposed.

Finally, we address the problem of exponential decay. For a Morse function f :
R™ — R with f(0) = Vof = 0, Hessg f is invertible. Then z — V,f is a local
diffeomorphism. For some ¢, C' > 0,

Vo fI* < |2 < CIVLfI?
(@) < Cla* < C*|VL [T
These imply that

d

Z100) = =[VA [P < =Gl F (v ()]

If f(y(t)) > 0, then f(v(t)) < f(v(to))e 1) for t, < ¢ (so we have exponential
decay). If f(v(t)) <0, then 0 > f(y(t)) = f(7(to))e t~*). We conclude that (some
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computation is omitted here)

[f ()] < Cacosh(Cr(t —to))| f (o)l

This also shows spikes can’t appear in the profile of |¥|%.
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Lecture 3. Morse Homology and its variants
3.1. MorsSE HomoLOGY CONTINUED

For each p € Crit(f), choose a neighborhood U, = X of p such that they are disjoint
and

Vafl <€

whenever z € U, for some critical point p. This means whenever
the flow ~ enters these neighborhoods, the velocity will be small.
In fact, we can say it more concretely:

Theorem 3.1.1. The length of the flowline y(t) when it is con-
tained in | JU, is independent of the length of the time.

Proof. Suppose 7(t) € U, for any t € [to,t2] and when ¢t = ¢; €
[to, ta], f(7(t)) = f(p). The intermediate time ¢; might not exist
and one of ¢y and ¢, could be +oo, but let us assume that they are
all finite. It suffices to show

the length of v([to, t1])

has a uniform bound that is independent of |t; —to|. The same estimate would apply
to the interval [t1,%5]. Recall from the last lecture that when sq € [to, 1], the value
of f has exponential decay:

0.< f(3(s0)) = £(0) < |f(1(t0) = F(p)e 00

where p > 0 is a positive number.
Note that for s, s1 € [to, t1],

S1 S

12(s1)2(0) = | Vol

S0

()it < |

S0

S1 S1

|V7(t)f|2dt);(f 1-dt)3

S0

(Holder’s inequality) < (J

S0

(Energy Tdentity) < (£(v(s1)) — f((50)))* (s1 — s0)?.

At the last step, we used the energy identity derived in the first lecture. Since
|to — t1| could be any positive number, above estimate is not useful if we take sq = ¢
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and s; = t;. Instead, let sg =ty + ¢ and s; = t; + i+ 1 for each ¢ € Z~(, so we obtain

13(t0) o + 1)) = 313t + 7). 74(t0 + 4 1)

n—1

< DL Olto +8) = f((to +i + 1))
< D [1Gto+ 1) = FO)]= + [ (3t + i+ 1) = F(p)]?
<207 ((t0)) = SR)]2 Y e

i £
ST

1 1

In the middle, we used the elementary inequality (a + b)2 < a2 + bz for a,b
positive. ]

Let’s summarize what properties we have used to define the Morse Homology.
There are three important principles:

e The length of flowlines where |V, f| is large (bounded away from 0) is bounded
by the energy.

e On uniformly bounded intervals, flowlines with small energy are short (con-
tained in U, for some p € Crit(f)).

e The length of flowlines where |V, f| is small is independent of the time spent
in the region (| JU,).

3.2. HomoLoGYy WITH LocAL COEFFICIENTS

Let I' — X be a flat bundle over X with fiber a module M over a commutative
ring R. It is a bundle equipped a preferred flat connection. This means that for any
path v : [a,b] — X, we can define by parallel transportation the holonomy map

hy t Ty@) = Ty

and it depends only on the homotopy class (rel boundaries) of v. Now given a Morse
function f and a Riemannian metric g, define the chain group by

C(fvgvr) = @ FCA(C)

ceCrit(f)
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and differentials by
C(f.9.1) = C(f.9.7)

0:
0= 2 Z h®€w

a,beCrit(f)
(a)=p(b)=1

We can prove 02 = 0 as usual.
Example 3.2.1. Suppose X is not orientable.

Consider the real line bundle A"(7*X) where n = dim X. It admits an R™ action.
The quotient bundle A\ — X is called the orientation bundle and its fiber A\, = {+1}.
It is not a trivial bundle because X is not orientable.

Where does Poincaré duality come from in terms of Morse functions? We can
simply reverse the direction of the flow by taking the negative of f:

(X7f7g) — (X7 _fvg)
but this duality is not canonical because of A\. Recall that

@ ZA(c) Orientations of unstable submanifolds of f
ceCrit(f)

C(—f,9)= & ZAN(c) Orientations of unstable submanifolds of — f
ceCrit(f)

= Orientations of stable submanifolds of f

To identify A(c) with A(c’), we need a section of A, but it doesn’t exist if A is not
trivial. This could be resolved if we use local coeflicients:

(—f.9.0) = &P ZN(c

ceCrit(f)
and we use the fact
Alc) @ N(c) = A,
In this case, the Poincaré duality is formulated as
H*(X; Z) ~ H.(X; Z,).

where Z, denotes the local coefficient system determined by A.

Note that a flat bundle (connection) is in bijection with isomorphism classes of
representations of m(X) — R. In the example above, R =~ Z/2Z and M =~ Z. The
action of R on M is given by sending 1 to the reflection of Z.
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3.3. NOVIKOV-MORSE HOMOLOGY

Let 0 be a closed 1-form and 8 = #'dz; in a local coordinate chart. The dual vector

field is 6% = ¢6,0;. We investigate the flowlines driven by 67#:
v = —Of(t).

Since 6 is closed, we can locally write 8 = df for some real-valued function f, so
v is a negative gradient flow within a local coordinate chart. But this is not true
globally, if 6 is not exact.

The beginning of the story goes through mutatis mutandis. The main difference
comes from the energy identity. For v : [a,b] — X a flowline,

b
b b b b
L 5 = f 0%, 2 = f @, = f 20

If [0] # 0 e H(X,R), then SZ ~v*6 depends on the homotopy class of 7. We refine
the moduli space M(a,b) according to m1 (X, a, b):

M(av b) = U M[’Y] (CL, b)

[v]em1(X,a,b)

and subdivide the unparameterized space M (a, b):

M@b) = |J Myb) = |J Mylab)/R.

[ ]Gﬂ'l X a b) ['Y]Eﬂ'l (X7a7b)
Define

Mpy(a,b) = iy M,y (a,¢) x My (c,b).

ceCrit(f lemi(a,c)

) [
[ 2]€7r1(c b)
]+

[v1]+[v2]=[]

Then each M 1(a, b) is compact as before.
Example 3.3.1. Let X = S and 6 = do°.

In this case, the Novikov-Morse homology is zero because there is no critical point
at all.
To define the Novikov-Morse homology with local coefficients in general, we note

that the differential
0= Z Z hy ®€,.

a,beCrit(f) ~veM(a,b)

p(a)—p(b)=1
may involve an infinite sum. To make it work, we need the fiber of I" to have topology
so that we are able to speak of convergence of the sum. The computation above shows
that

b
E(’Y)—’oojf ~v*0 — —oo.



16 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

Now we introduce the Novikov ring R:
R :={f:R — R :suppf|pm,+o) is finite}.
An element f is identified with a formal power series:
frF@) = ), fOr
Aesupp f
It is like a Laurent series with finitely powers in positive degrees (like R[[t™!,¢]), but
exponents are allowed to be any real numbers. Choose a base point zy, then the
71 (X, xo)-representation
v th? e Aut(R, R)
determines the local coefficient system. To specify the flat bundle, let
X xR
be the underlying bundle and for each «y € m(a, b), define parallel transportation by
r, =th?
The connection 1-form is given by
w=d—-0®In(t) e (X, T*"X  End(R,R)).
The operator In(t) is only a formal element in End(R,R). Now define the differential
of the Novikov-Morse chain complex by

0= 2 Z tsv(’@e,y.

a,beCrit(f) ~vyeM(a,b)
u(a)—p(b)=1

and it is well defined in End(R,R).
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Lecture 4. Floer Homology: An Overview
4.1. FUNCTIONALS

It was Floer who first realized that Morse Homology would work for some infinite
dimensional settings. In this lecture, we briefly discuss two setups. The symplectic
case is included only for illustrations. Later, we will focus on the Chern-Simons
functional and explain the necessary analytic tools to define the theory.

4.1.1. The Symplectic Action Functional. Suppose (M,w) is a closed symplectic
manifold and (Lg, L;) is a pair of Lagrangian sub-manifolds. Let

X = P(M; Ly, L) := C*(([0,1],0,1), (M, Lo, L1)).

An element in X is a path o : [0,1] — M with end points contained in Ly and L,
respectively:
o:[0,1] = M,0(0) € Ly,0(1) € L.

M

To define the action functional, suppose og,0; € X are homotopic, or in general,
homologous in (M, Lo, L;). This means there is a surface:

f:X—->M
with 0¥ = [O, 1]0 U [O, 1]1 U Y% YU and
f|[0,1]0 = 0y, f|[o,1]1 =0y, f(%) = Lo,f(%) < L.
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Fix og and allow o7 to vary. Define

a(oy) = — L Fw.

Implicitly, this functional a depends on the choice of oy and the homotopy class of
the surface X.

4.1.2. The Chern-Simons Functional. Let GG be a compact Lie group and
c:g—R
be a symmetric G-invariant homogeneous polynomial of degree 2. Suppose P is a

principle G-bundle over Y3:
G —— P

|
y3
Let A, A; be two connections of P and write a = A; — Ag € I'(Y, gp). Here, gp is
the vector bundle induced by the adjoint representation of G on its Lie algebra g:
gp = P X 9.
The pair (Ag, A;) fits into a family of connections
A= (1—1t)Ay + tA;.
The Chern-Simons functional is then defined by the formula

CS(A) = J c(Fa, + 1dAOa + 1[a A al,a)

v 2 6
where c acts on the Lie algebra parts of /)4, and a and takes the wedge product for the
form part. It is a real valued 3-form to be integrated. This formula has an unpleasant
looking and its value depends on the choice of the background connection Ay. In fact,
this functional originates from the Chern-Weil form in dimension 4 associated to the
connection

d
1A
a

on [0,1] x Y and it is more natural to think of CS in that way. More details will be
included in later lectures.
4.2. FORMAL GRADIENTS
Now we have the area functional on the path space:
a:P(M;Ly, L) -+ R
and the Chern-Simons functional on the space of connections

CS: & —- R
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To pursue the analogue of Morse Theory, we need to define the formal gradients of
a and CS and a “Riemannian” metric on P(M; Lo, L) and & is required.

In the symplectic case, we choose a metric g on (M,w) compatible with the
symplectic form. This means we can find an almost complex structure

J:TM —TM,J* = —1d
such that
w(X,Y)=9(JX,Y),g(JX,JY) =g(X,Y)
for any vectors fields X, Y € I'(M,TM). For any o € P, its tangent space is given by
T,P={vel(c"TM):v(0) € T,0)Lo,v(1) € Ty1yL1}.

and define the metric by the formula:
{vy,v9) = f g(vy,vq)dt.
[0.1]
Exercise 4.2.1. Show that the L* gradient of the area functional is given by

0
Vga = JO'*(&)

Here, the vector field % is the canonical one on the interval [0, 1].

Proof. Let v(t) € T'(6*T'M) such that supp(v) is contained in (0, 1). Then
f10,1] % [0,1] = M
(s,t) = exp,(sv(t))
is a family of variations of o. The restriction f : [0, s] x [0, 1] — M gives a homotopy
between ¢ and
os = flisyx[0.1]
Therefore,

0 0
a(os) — a(o) = —f w(ful52), fo(52))ds A dt.
[0,51x[0.1] s’ ot
Taking derivative with respect to s gives

e N CUNAC R PREONATS)
0

= | o505

For this example, we may need

0

0
%)‘t:

0 1 TO’(O)LO7 O_*(a)‘tzl 1 To’(l)le

o
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at the boundary of I = [0, 1] to ensure V,a € T,P. In general, V,a might not satisfy
the boundary condition. The tangent space T,P is L?-dense in

L*([0,1],C"),
and one is not allowed to speak of the boundary value of a L?-section. U

For the Chern-Simons Functional, we have V,CS = =y F, for a connection
Ae o

4.3. HESSIANS

Suppose M = C" with the standard metric ¢ and symplectic form w. By the
computation in the previous section,
0
)
for any path o : [0,1] —> M. A tangent vector v € T, P is acted on by the Hessian:
Hess, : C*([0,1],C") — C*(]0, 1],C")
0 0
It is a self-adjoint operator on L?([0, 1]; C") with domain

L%([O, 1], (an Lo, Ll) = {'U € L%([O, 1]) : ’U(O) € TO-(())L(), 'U(l) € Tg(l)L1}>
and it has infinitely many positive and negative eigenvalues. We do not have the

Morse index in this case. Instead, spectral flows will allow us to speak of relative
indices which are all we need to develop a theory.

Voa = io.(

Example 4.3.1. Consider i< acting on L3(S*, C).
We treat S as R/27Z. Note that for any a € [0, 1],

Spec(i% +a)=a+Z.

Eigenvectors are e™" and

(z% +a)e ™ = (a+n)e ™,

When « = 1, the operator is unitarily equivalent to i%:

A

0 _ i O it
(zat+1)—e(zat)e :

This is a new phenomenon for infinite dimensional spaces.
Note that the space of bounded self-adjoint Fredholm operators on an infinitely
dimensional separable Hilbert space H has 3-connected components:

SApeq = SA, U SA, U SA_.
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where SA, (_y denotes the space of operators with essentially positive (negative) spec-
trum. If an operator A is Fredholm, then it only has discrete spectrum near the origin
and it makes sense to talk about the negative (positive) subspace H_(H,) of A by
functional calculus of self-adjoint operators. Then A is called essentially positive
(negative) if
dim H_ (dim H, ) < .

Components SA, and SA_ are contractible. The middle part SA, is the comple-

ment of SA, and SA_ and it has non-trivial topology. In fact,

QSAy) ~7Z x BU if H is over C

~ 7Z x BO it H is over R.
and the Z-component represents the spectrum flow. Here, BU is the classifying space
of the complex vector bundles and BO is the classifying space of the real ones. The

example above actually represents a non-trivial loop in SAy (though they are not
bounded operators):

St — (L3(S',C) — L*(S',C)).

Morse index doesn’t make sense anymore. Nevertheless, it is the difference p(a) —
w(b) of Morse indices that matters and it is replaced by the spectrum flow.
Suppose 0y, 01 € P fits into a path o, € P for t € [0, 1] and assume

0 ¢ Spec(Hess,, a) U Spec(Hess,, a).

Then the spectrum flow of o; simply counts the signed number of eigenvalues that
come across 0 as t varies and we define

1(06) — p(o1) = SF (Hess,, (a)).

even though the value of u(og) is not well-defined.
In the finite dimensional setting, Hess, f : T, X — T,X is a self-adjoint operator
and the spectrum flow could be defined along a path ~ : [0,1] — X.

4.4. Novikov RINGS

Both a and CS can be viewed as refinement of the period map and the Chern-Weil
integral:

GCHMIJMIHQ(M,Z)—)R

CS <0, = f c(Fa, Fa) : {Isom. cls. of princ. G-bundle} — R.
X

Maps on the right gives obstructions of functionals to be real valued:

a:P(M;Ly, L) — R/Im@,,.
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/

Hess (Go)  fess LQ:) Hess(&,)

CS:aop — R

I |

Ap/4d —— R/Im86,

For the Chern-Simons functional, it is real valued on .o7p, but we need to quotient
out gauge transformations to do Morse theory and it becomes circle valued on the
quotient space. So we need to work with Novikov-Morse theory.

Note that both functionals and spectrum flows defines maps on 7 of the target
space:

SF : QP(M; Ly, Ly) —» m(P) > Z
SF: Q' /9G) - Z
Aa:m(P) — Imé,

ACS : (o /9) — Im ..

If they are proportional, which means for some A € R, ASF, = Aa, then the
ordinary Morse homology still works. If we pin down the spectral flow, then we have
uniform control for the drop of the functional and hence the energy of the flowline.
However, if the theory is not monotone, then a modification of the Novikov-Morse
homology will be needed here.
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Lecture 5. Connections and Curvatures
5.1. PRINCIPAL BUNDLES

For this lecture, we will quickly go over some basics on principal bundles. It was
back in 1983 when Tom first learned this stuff from Raoul Bott who had an interesting
character. Tom felt it necessary to tell the story in the same way Raoul told him.

For a compact Lie group G, a principle G-bundle is a smooth manifold P with a
free G-action acting on the right:

PxG—P

(p,9) — pyg.

Let X = P/G be the quotient space and P becomes a G-bundle over X. Two
principle G-bundles P, P" over X are isomorphic, if there is a bundle map 7

P L > P/
X
that covers the identity map on X and commutes with the right G-action.
Besides this highbrow point of view, a lowbrow point of view characterizes a prin-
cipal bundle in terms of transition functions.

A principle G-bundle is equivalent to an open over {U,} of X with transition
functions defined on each intersection:

gaﬁanﬁUﬁﬁG.
such that the co-cycle condition is satisfied:
9aBY9py9rva = €€ G on Uy, nUg N U,.

for any o, and 7. Two bundles {g.s} and {g;} are equivalent if one can find
intertwining maps:
No : Uy — G
such that
9apNs = NaGap o0 Ua N Up.
One also need to define equivalence with respect to refinements of open covers {U,},
but we omit it here.

5.2. CONNECTIONS

We give five definitions of connections on a principal bundle P:
(1) A connection A is a G-invariant sub-bundle of T'P called H4 < TP such that
under the projection map 7: P — X,

drlm,, : Hap = TrpX.
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5

X X

®

(2) The projection map 7 induces a short exact sequence of bundles:

KA dm
0 —— ker(dn) > TP y» m*TX —— 0

Hy

A connection A : TP — ker(dnm) is a left inverse to ker(dm) such that the
sequence splits G-equivariantly. The horizontal space H 4 is ker(A). For fixed
p € P, the inclusion map

tp:G— P
g—p-g

identifies g = T.G with ker(dmr,) < T, P by taking the tangent map.
(3) Covariant derivative:

Va:C(X,ad P) —» C*(X,T*X ® ad P).

Recall that ad P = P x4 g.
(4) Holonomy (Parallel Transportation). Given a C'-path v : [a,b] — X and
p € P with 7(p) = v(a), we can find a unique path lifting ~ upstairs:

FYap:la,b] = P
such that 7o = v and 44,(a) = p. We also require this lift to be equivariant:
if p’ = p- g for some g € G, then
YA (t) = :YA,p(t> g

for any t € [a, b].
(5) This is the lowbrow point of view. A connection is also equivalent to a collec-
tion of 1-forms:

ao € N(T*U, ® g)
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such that the overlapping condition is satisfied

ag = g(;ﬁlaagaﬂ + g(;ﬁldgaﬁ
over the intersection U, n Ug.

These definitions are equivalent to each other.
Recall that ad P is a bundle of Lie algebras and it is the vertical tangent bundle of
P. On the other hand,

AdP =P x5 G
is a bundle of Lie groups. Any automorphism 7 of P,

P i s P

NS

X

determines a section 77 of Ad P and vice versa. Indeed, for any p € P, we can find
n(p) € G such that

n(p) =p-i(p)-
Since 7 preserves the right-action of G, n(p - g) = n(p) - g and hence,
(p-9)-1p-g9) =n-g) =) 9= 1) g
This shows 7j(p - ) = g~ "i(p)g, so
p— (p.7(p)) € P x G

descends to a section X — Ad P.

Just as g = T.G, sections of ad P are identified with infinitesimal transformations
of P.

The bundle A*(T*X) ® ad P inherits a super Lie algebra structure. For any two
sections w, n, the super Lie bracket

[w A ]

takes the wedge of forms and the Lie product on ad P. It is essentially a fiber-wise
definition. A grading is assigned by the degree of the form. A super Lie algebra
satisfies

(1) (Super Commutativity)
[w? A ] = (=P " A WP,
(2) (Super Jacobi Identity)

(=P [w? A [w? A W]+ (—1D)P[w? A [W" A WP]] 4+ (=1)"w" A [wP A wi]] =0.
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In terms of covariant derivatives, it is easy to see two connections A, A" of P differ
by a Lie algebra valued 1-form:

A —A=ael(X, T*X ®ad P).

The second definition of connections also allows us to think of A as an 1-form on
P taking value in g (since ker(dm) = P x g is trivial). Recall that a form w (maybe
Lie algebra valued) on P is called basic if for any vertical vector field v:

(1) (Contraction) ¢,(w) = 0.
(2) (Lie derivative) L,w = 0.

and a basic form w is necessarily pulled back from 7 : P — X. One can verify that
A — A’ satisfies (1) and

(2) Low = —ad(v)w
for any v vertical, so it is pulled back from Q'(X,ad P).

5.3. CURVATURES

The curvature of A is the obstruction of H4 being integrable in the sense of Frobe-
nious (tangent spaces of foliations) and it has several equivalent definitions.

(1) For X,Y € T, P, let X.Y be local extensions of vector fields and hy : TP —
H 4 be the horizontal projection, so A + h4 = Id. Define

Fu(X,Y) = —A([haX, haY]).

It is checked that F4 is basic 2-form, so F)y € I'( X, /\2 T*X ®ad P). We could
think of F4 as a (basic) 2-form either upstairs or downstairs.
(2) Since A is a 1-form on P, we can take exterior differential, so

F4 :dA+%[A/\A]
(3) On the adjoint bundle ad P, A determines an exterior differential
da:C*(X,Q* ®ad P) - C*(X,0*"' @ ad P).
In general, d4 # 0, but it is tensorial and
d4s = [Fa A s).

In particular, if s € I'(X, ad P), this relation determines Fj.
(4) Limit of holonomy around a square.
(5) (The lowbrow point of view) Using local trivialization of P,

1
(Fa)o = dag + 5[% A g
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The connection A is called flat if Fi4 = 0, in which case d4 = 0 (by the third
definition) and

Q°(ad P) — Q'(ad P) — Q*(ad P) — - -
is a complex. There are others equivalent definitions:

(1) gap can be chosen be locally constant.
(2) The end point of path lifting depends on the homotopy class of the path in
the base manifold X only.

The last property allows us to define the holonomy map. For a base point x € X,
choose p € 771(z). Define

holy, : m(X,2) = G
Y= gy
if the end point of 74, is p - g,. Changing p to p - g will change the image of v into
holy py (v) = 9_1 hOlA,p(’V)Q‘

So a flat connection determines a representation of m1(X) up to conjugacy.

On the other hand, the universal cover X of X can be viewed as a principle m; (X)-
bundle. The right action of 7;(X) is obtained from Deck transformations (which is a
left action) by the usual trick. Thus, a representation

p:m(X,z) - G,

induces a principle G-bundle
G—— X x, G

X,
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and we declare (7,e) ¢ X X, G to be the horizontal lift of v = 7(¥). This makes it
a flat bundle. These two constructions are inverse to each other, but we need to be
careful about the statement. The correct one is:

{Flat connections up to isomorphism} <

{m-representations up to conjugacy}

5.4. DEFORMATIONS OF CONNECTIONS
Now we study the variation of curvatures under deformations of connections. If
y
A= A+ a for a e Q'(ad P), then
1
Fa = Fy+dga+ 5[@ A a].

Indeed, for a section s € Q°(ad P),
daras =das+ [a A s].
Apply it twice:
d%iqs = (da +a)o (da +a)s
=d%s+ [a Adas]+dala A s]+[an[ans]]

1
=dis—|—[d,4a/\s]+§[[a/\a] A S|

= [(Fa +daa + 5o nal) A s].
In the middle, we used the super Jacobi identity to write:
[a A fans]] = 5[[& A al A sl
Let ¢ : g — R be an Ad-invariant polynomial function. Then
c(Fy) € Q*(X)
is a closed real-valued form on X and its cohomology class
[e(Fa)] € H*(X,R)
is independent of the connection A. This assignment
c— [c(Fa)] € H*(X,R)
is the so-called Chern-Weil homomorphism. If A" = A + a, then
c(Fa) — c(Fy) = dG(a)

for some form G(a). The Chern-Simons functional is to find a canonical expression
of G(a) in terms of the difference a = A’ — A. Suppose ¢ is homogeneous of degree k.
This means
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for a symmetric Ad-invariant multi-linear function ¢ : ), g — R. Write
At =A + ta,
then the derivative Zc(Fy,) equals
0 0

gé(FAu s Fy,) = k:é(aFAt, Fa,, -+, Fa,) (because ¢ is symmetric)

= ké(dAtCL, FAt’ s ,FAt)
= k‘d(é(a,FAt, s ,FAt)>.

At the last step, we used the Bianchi identity da, Fa, = 0. Finally, we set
1

G(a) = kJ;) (6(a,FAt, ce ,FAt))dt.

Exercise 5.4.1. Fill in details in the computation of G(a).
Proof. Recall that the defining property of d4 on QP(ad P) is
(3) da(V?P ®b) = dvP @ b+ (—1)PvP A dab,
and it is compatible with the super Lie bracket structure:
da[w? A wl] = [daw? A W] + (=1)P[wP A daw?].
For the derivative of Fjy,, we have

0 0
ZF, = —
ot 6t<

= dya+tla A a]

1
Fy + tdaa + EtQ[a A al)

= dAtCL.

The remaining step is to prove the Leibniz rule:

k
(4) d(é(wpla e >wpk)) = 2(_1)p1+"'p2‘715(wp17 e 7dAwpi> o 7wpk>
=1

29

in QPIF1(X,R). The base case when p; = --- = p = 0 is because ¢ is a parallel

section in

P x,Hom((X) g, R).
k

To deal with the general case, use the defining property of ¢ in local coordinate

charts: if wPi = VP ® b;, then
CwPty - JwWPF) =Pt A A VPR E(Dy, -, by).

Now apply and the base case of to conclude.
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Lecture 6. The Chern-Simons Functional
6.1. THE CHERN-SIMONS FUNCTIONAL

Let ¢ : g — R be a homogeneous polynomial of degree k. For any pair of connections
(Ao, A1), there is a canonical way to assign a form c¢s.(Ap, A1) so that

C(FAU"' aFA1) _C(Fon"' >FA0) = dCEC(Ao,Al)

and it is explicitly computed by
1

cs(Ag, Ay) — k:J Fa, Fareee , F ).
0

We specialize to dimension 3 and 4 and let degc = 2. For semi-simple Lie groups,
all homogeneous polynomials of degree 2 are multiplies of the Killing form

B(¢§,n) = —tr(ad Sadn).

Usually, we take the structure group G to be SU(n), SO(n), Sp(n) and PU(n) =
SU(n)/Z,. For the first two examples, we have fundamental representations and
define

Bl(ﬁ?”) = _tr(€n>

for £&,m € g. This polynomial function is related to the Killing form by the dual
Coxeter number h":

B=h"B
From now on, fix ¢ = —% tr in the fundamental representation. Then
1
(5) ¢s.(Ag, A1) = —J tr(a A Fy,)dt
0

Using the relation Fa, = Fa, + tda,a + %[a A al, we get

1 t2
csu(Ag, Ay) — _J tr(a A (Fay + tdaga + 5 [a A a]))d
0

1 1
= —tr(a A (Fa, + §dA0a + E[CL A al)).

On Y3, define the Chern-Simons functional by

CS(Ao,Al) = f CEC(Ao,Al)
%
1 1
= —J tr(a A (Fa, + =da,a + =[a A a]))
v 2 6

How does CS change under gauge transformations? An automorphism of P — Y3 is
also a section g : Y — Ad P. Its action on .o7p is defined by pulling back connections:

A gAgt.
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We wish to compute
CS<A07 ng)
We form a new bundle over S x Y by taking the quotient
Pg = [07 1] x P/(Oap) ~ (1>g(p))

Then the connection

-0
A= é + (1= ) A + tg(Ay)
thought of as a connection on [0,1] x Y descends to a connection on P,. Therefore,

1
CS(ng(An)) =~ | uFyn Fy
2 Joruy
= (A characteristice class of P,, [S' x Y])
eaZ c R.

for some a € R.
This shows CS is not fully gauge invariant under the action of 4 = I'(X, Ad P).

Theorem 6.1.1. Let

op = connections on P — Y?3.
Yp = gauge transformations of P.
Then the Chern Simons functional is well-defined on the quotient space as an S*-

valued function:

CS: %p/gp - R/QZ

So we are in the Novikov-Morse setting. If G = SU(2), then a = 472 and
1
[@ tr(Fa A Fu)]l e HY(X;7Z)
is the second Chern class co(F). Here, E is the complex 2-plane bundle induced by
the fundamental representation:

E=Px,C*— X.

6.2. CLASSIFICATIONS OF SU(n)-BUNDLES ON Y3
Since the first cell of BSU(n) is in dimension 4:
BSU(n) = e* U higher dimensional cells,

each map Y3 — BSU(n) is null-homotopic by cellular approximation. This implies
all SU(n) bundles are trivial over Y.
Here is a lowbrow proof. Suppose E — Y3 is the induced n-plane bundle. Since
the zero section
So:Y - F
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has co-dimension 2n > 3, we can find a perturbed section s so that s n s = . We
assume s has unit length. This section reduces the structure group to SU(n—1)®{e}.
When n = 2, the structure group is SU(2), so there is a canonical section in {s}* and
FE is a trivial bundle.

Similarly, we can classify U(n)-bundle and PU(n)-bundles:

(1)

U(n)-bundles. The lowbrow argument above allows us to write:
E=C"'@A"E.
Since line bundles are classified by their first Chern classes ¢;, P is classified
by ¢1(A"E) = ¢;(E). The highbrow point of view is that
det : U(n) — S*
induces an isomorphism.
A" Y, BU(n)| — [Y, BU(1)].
The embedding ¢ : S* — U(n),e? — diag{e?,1,---} gives a map BU(1) —

BU(n) that induces a right inverse to A™, so A" is surjective. Since each
map [ :Y — BU(n) is homotopic to a map whose image is contained in the
2-skeleton BU(n)? < BU(1), A™ is also injective. )
PU(n)-bundles. A principal bundle is also classified by the first Cech coho-
mology group
H\(Y, PU(n)).

and it fits into a long exact sequence:

— HY(Y,SU(n)) — H\(Y, PU(n)) = H*(Y,Z,)
which is induced by the short exact sequence

0 — Z, — SU(n) — PU(n) — 0.

Since H(Y, SU(n)) = 0, ¢ is injective. To show it is surjective, we need to
solve the lifting problem:

BSU(n) —— BPU(n)

-
-
-
-
-
-
-
-

V3 K(Z.,,2)

Since m;(BSU(n)) = 0 for 0 < i < 3, the first obstruction class lies in
H3(Y3, m,(BSU(n))) which is zero for dimension reasons.

Note that a PU(n)-bundle P doesn’t necessarily come from a U(n)-bundle.
This is determined by whether (([P]) € H*(Y,Z,) has an integral lift in
H*(Y,Z).
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6.3. THE GRADIENT
We study the first variation of CS(A) = CS(Ay, A):

0
(6) CCS(A +1a)],_, = - L tr(a A Fy).
for any a € Q*(ad P). Therefore, the first variation is zero if and only if

Fy=0
which means A is flat. We get the bijection:
{Critical points in o/p/¥p} <
{Representations of m;(Y) — G modulo conjugacy}

In higher dimensions, it will be a wedge product of F4 and we do not have good
geometric interpretations for critical points. This is a small miracle in dimension 3.
By choosing a Riemannian metric on Y, we endow the tangent space

Tolp = ap x Q' (adY).
with a metric. Given a,b e Thap = Q'(ad P), let

(ab) = — L tr(a A =b)

where * is the Hodge *-operator on forms. Therefore, (up to normalization of CS)

VACS = *FA.
The downward gradient flow is

0

— A =—=x[4.

A big miracle occurs here. The initial value problem of this evolutionary equation
is not well-posed, just like the backward heat equation. This is because the Hessian
—#d, (acting on T4 (2/p/9p)) has infinitely many positive and negative eigenvalues.
However, we could translate the problem in dimension 4 and it will give an elliptic
theory, as we explain now.

Let X* be an oriented Riemannian manifold. The Hodge *-operator acting on A2
satisfies 2 = 1, so A2 splits as

AN =A"®OA
where = = +1 on A*. For an orthogonal framing {e1, e, €3, €4},
e1 Negtesneq,e1 Aestes neg,er Aegtes A es,

gives a framing for A*. Given a principal G-bundle P — X and a connection A, we
impose the (anti)-self dual Yang-Mills equations:

(8) Fy—=+ %, Fy
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Let X =R xY and P =R x ) with Q — Y a principal G-bundle. A connection
A of P can be written as
A=B+dt®c(t)
where c(t) € Q%(ad Q) and B(t) is a family of connections on @ such that

-0
B=— + B().
> +BY)

Therefore,

9) Fi=Fs+ds(dt®c(t)) + ~[dt @ c(t) A dt®c(t)]

J

(DO | —

"

=0
—F9 4 dt iB(zﬁ) —dt A dpe(t)
= Ipw) AN ot AN B(t)c .
The orientation convention is dt A dvoly = dvolx. Let w be a 2-form on Y and v
be a 1-form, then
wgw = dt A #3w, #4(dt A V) = =30

Apply #4 to Fjy:

0
waFa = di A #3Fp) + (5, B(1) — dpe(t)).

The equation becomes

0 3 3
S B() = £ x Fiy g et
—

+VBCS

We recognize that the first part is the gradient of the Chern-Simons functional.
Comparing with the downward gradient flow equation , the second part is new
and it is tangential to the gauge group orbit at B(t). Equation is only invariant
under the 3-dimensional gauge group while the (anti)-dual equation (8) admit a larger
symmetric group (invariant under the 4-dimensional gauge group). This will allows
us to produce an elliptic theory and it will be the task for the next lecture.

Exercise 6.3.1. Compute the first variation @ of CS.

Proof. Let (By, By) be a pair of connections on Y and

0
Ay==+1B
0= 7 0
be the product connection on P =1 x () — [ x Y. Suppose A; is any connection of
P such that

Aili—o = By, Ai]t=1 = By.
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A‘lv=B° A\ A!'ﬁBi_

|
I

/
/

L Ixy
Leo |

Let ¢ = —3tr : g®g — g. Since Fu, does not have di-component, ¢(Fa,) = 0.
Therefore,

nyc(FAl): F C(FAl)—J c(Fa,)

= ¢s.(By, By) — J ¢s.(Bo, By)

{0}xY

(&
~
—
—~
X
h<

= Cﬁc(Bo,Bl) ZCS(Bo,Bl)
J{1}xY

In the middle, we used the fact ¢s.(Ag, A1) = ¢s.(By, By) on {1} x Y. This is due

to formula @, because the normal component ¢(t) does not contribute to Fa|gxy-
This shows the functional CS(By, By) is additive:

CS(B(), Bg) = CS(B(), Bl) + CS(Bl, Bg)
Let B; = B + sb. Using formula ({5)), we get

0 .1
%CS(BO, B +1tbh)|,_, = lim ;CS(B, B + tb)

1
= —limf J tr(b A Fp,,)ds
=0 Jy 0

= — fytr(b A Fp).
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Lecture 7. Representations

Let Y3 be a closed 3-manifold and P = SU(2)xY — Y be the trivial SU(2)-bundle.
Critical points of the Chern-Simons functional

CS:ap—R

are flat connections. We choose the background connection Ay to be the trivial one.
A gauge transformation g is a section of the adjoint bundle Ad P — Y. In our case,
it is simply a map

g:Y? - SU(2),
because P is a trivial bundle. The value of the functional changes equivariantly under
gauge transformations:

CS(g-A) —CS(A) = adeg(g),

where o = —47? in our convention, so we get a circle valued functional on the quotient
space
CS: epr/gp - R/CYZ
The space of flat connections and values of CS on them are all invariants of Y3. In
this lecture, we will see computations for some special 3-manifolds.

7.1. LENS SPACES

For (p,q) co-prime, the Lens space L(p, q) is defined as the quotient space

S*/(Z/v)
where we view S® as the unit sphere of C* and the Z/pZ-action is given by

27 2miq

u=1€Z/pl — d(u) : (z1,22) — (z1-€? ,29-€ 7 ).

It is easy to see w1 (L(p,q)) = Z/pZ and any SU(2)-representation is conjugate to
pn = m(L(p, q)) — SU(2)

e27rin/p 0
U= 0 6727rin/p

for some n € Z/pZ. The value of CS /472 on p, is

n2r

— mod 1
b

where r¢ = 1 mod p. These numbers are independent of metrics and will determine
L(p,q) up to homotopy equivalence, but not up to homeomorphism. Still, they give
more information than just m (L(p,q)). Note that p, = p,_, since

() (o)

are conjugate in SU(2).
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Exercise 7.1.1. Compute the value of CS(py).

Proof. Let A,, be the flat connection associated to p,, then the pull-back connection
7*A, on P — S3 is also flat. On S2, all flat connections are gauge-equivalent to
the trivial connection A, so
™A, = g*<A6)'
for some g : S — SU(2). Let a = A,, — Ay € Q' (L(p,q); Ad P), then
1
CS1pg)(An) = f c5.(Ao, An) = —J ¢s.(m* Ag, T Ay)
L(p.q) P Jss
1 4mr?
= —CSg: (A, 7" A,) = - deg(g).
p p

If g factorizes through L(p, q), then deg(g) is divisible by p. We need to determine
deg(g) mod p.

What we need is an explicit Z/pZ-equivariant map S* — SU(2) < H =~ C? inter-
twining the Deck transformations d and the action of p,,. One example is constructed
as

g(Zl,ZQ): (’21722 ) -
(lz[>™ + |22[>*)2
It is easy to see deg(g) = —n?r and our result follows. O

7.2. THE THREE TORUS
Let Y = T3. Then m(Y) =~ Z? is abelian. A representation
p:m(Y)— SU(2)

gives three commuting matrices Ag, A1, Ao and they can be diagonalized simultane-
ously in SU(2). Hence, we may assume

2mia
Ay = <€ ) )eslcSU(z)

0 6727”'04;C

for 0 < k < 2. Note that

Pin(2) = §' J - <(1) 01>
is the largest subgroup of SU(2) such that S'<Pin(2) and it is a semi-direct product
Pin(2) = S' x Z/27.
The Z/27 factor acts on S! by taking inverse:
u—u
In general, we use
Ra(Y) = {p: m(Y) — G}/conjugations
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to denote the representation variety. Then,
Rsu()(T?) = (51)*/(Z/2Z).
The Z/27Z-action comes from the conjugation by

. (0 =1
7=\t 0 )
It is slightly easier to think about the two torus T?:
Rsve)(T?) = (51)?/(Z/2Z) ~ CP' = S*.
In general, if G is a semi-simple compact Lie group with 7 (G) trivial, an element
of R¢(T?) is given by a pair of elements in the same maximal torus, so
Ra(T?) = Te x Tg/the action of Weyl group of G.
and this is a weighted projective space by a theorem of [??]. For instance, for G =
SU(n),
RSU(n) (Tz) = TSU(n) X TSU(n)/Sn ~ CP" L.

In this case, dim Tgy(,) = n — 1 and the Weyl group is the permutation group S,.
A representation that is close to the trivial representation Ag is given by a pair of
elements in R"~! and so an element in C"~!. We embed C"! into C" as the zero locus
of >, x;. The S,-action is given by permuting n—axes, so a point in the quotient
space is parametrized by elementary symmetric polynomials:

o1 = ZQZ’Z = 0,(72 = Zl’iﬂjj,"' ,Op = H.’ﬂz
i#j

This shows Ry (n) (T?) is a manifold of complex dimension n—1 in a neighborhood

of Ao.

7.3. SEIFERT FIBERED SPACES

A good resource for what we will discuss is

e Fintushel, Ronald, Stern, Ronald J. Instanton homology of Seifert fibred ho-
mology three spheres. Proc. London Math. Soc.(3) 61 (1990), no. 1, 109-137.

Given a triple (p, q,r) of positive integers that are pairwise co-prime, consider the
polynomial function:
f(Zl, z29, 23) = Zf + Zg + Zg
on C3. It has a single singular point at the origin. The Brieskorn homology spheres
Y(p, q,r) is defined by taking the intersection of the unit sphere with f~*(0):

S(p,q,r) = S° N {2} + 2§+ 25 =0} < C°.

It admits an S'-action:

ue St (21,29, 23) = (U 21, U 2y, uP23).
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Z6) Ce o3

Ved
pAIERY
SN

The quotient space X(p, q,7)/S! is an orbifold S? with three orbifold points:
Sl - Z(pa q, T) - Z(pv q, T)/Sl = 52(p7 q, T)'

To compute 71 (X(p,q,7)), we can still use the long exact sequence of homotopy
groups as long as we use the orbifold fundamental group of S%(p, ¢, r):

1 —-m(SY) =Z — m(Z(p,q,r)) — 77(S%(p,q, 7)) — 1

and 7;(S1) is in the center of 7 (X(p, ¢,7)). One presentation of the orbifold funda-
mental group of S?(p,q,r) is given by

{t,u,v: P =1,u! =1,0" = 1,tuv = 1}

where ¢, u, v corresponds three small loops for each of orbifold points.

This is the triangle group 7). Therefore, m1(X(p, ¢, 7)) admits a presentation as

{t, 4,0 : h central, # = b= 4% = b2, §" = b~ tad = h™°}
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for some b;,b € Z. These number could be chosen (with more work required) such

that
—b+ ﬁ + @ + % = L’
p q r pgr
from which one can easily deduce that ¥(p, ¢, r) is an integral homology sphere.
A representation of w1 (X(p, ¢, 7)) into SU(2) sends its center into Z(SU(2)) = {£1},
so the image of h is either 1 or —1. Let’s make it simpler by looking at its image in

SO(3) = SU(2)/Z(SU(2)):

p

/_\

m(S(p,q. 7)) —= SU(2) —— SO(3).
Then p(h) = 1 and p(m(X(p,q,7))) is generated by
T = ﬁ(f)v U= ﬁ(a)7v = ﬁ(@>
This is equivalent to the representation of the triangle group T, into SO(3).
Suppose

2rk
T = the rotation by 2a = 218 about an axis ly
p

2wl
U = the rotations by 23 = ik about an axis [,
q

V' = the rotations by 2v = about an axis [,,.

Then TUV = 1€ SO(3) gives a constraint for these angles and axes. Assuming p
is irreducible (does not factorize through an S'), these axes are not coplanar. Each
two of them determine a great circle on S? < R3:

Suva Stva Stu-

and divide S? into eight spherical triangles whose angles are given by (they come in
pairs):

{(O‘7577)7(a77T_ﬂaﬂ-_7)7(ﬂ-_aaﬂ_577)7(ﬂ_auﬁ7ﬂ_7)}'

Exercise 7.3.1. Prove this constraint holds

Proof. Without loss of generality, we assume
0<2a,28,2y <,

and rotations are right-handed. We focus on the spherical triangle spanned by
liylu, 1, € S% Let I, = V7Y(l,). Since TUV = Id and I, is a fixed point of U on
5?2, we have

T(l,)=TU(,) =TUV(l)=1.
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A+

5

1, X

This implies that
d(l, 1) = d(l, 1), d(ly, 1) = d(l,, ).
Hence, All,l, = Al L, and

1 1
LUy = ZU1, = S21L = 5(20) = o
0

Therefore, we see the space of SO(3) representations are discrete and consist of
finitely many points parametrized by suitable triples of integers (k, [, m).
For the quotient map, we could form the mapping cylinder C'w of

T:3(p,q,r) — S*(p,q,7).

Note that if 7 is a genuine S'-fiber bundle, then C7 is the associated disk bundle.
This shows near a smooth point of S?(p,q,r), Cm is a smooth manifold. Globally,
Cm is an orbifold with boundary

dCm = X(p,q,7).
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Three orbifold points lie in S?(p, q,r) with links
L(pa bl)) L(Qa 62)7 L(T7 b3)7

so each of these orbifold points has a neighborhood homeomorphic to a cone over a

Lo by
‘X,P LLP\bl)

Lens space. By removing these neighborhoods, we obtain a cobordism:
W = Cﬂ- - (Np Y Nq Y Nr) : L(pa bl) v L(qvbQ) v L(Ta bS) - E(p7 q, T)'

Take the trivial principal bundle P over W and pick a flat connection A of P. By
the defining proper of CS, we have

0= f (Fy) — J o(Fi)
w 1%%4
= f s5.(Ag, A) — cs.(Ag, A)
(p,q,r) vL

- CSE(p7q,T)(A|E(p,qJ‘)) - Z CSL(AlL).
L

Therefore, the computation is reduced to Lens spaces. This property was used by
Furuta to study the homology cobordism group ©4 of oriented homology 3-spheres.

Finally, for Seifert fibered spaces over S? with n > 4 singular fibers, we will get a
polygon constraint. Triangles are rigid, but spherical squares could have non trivial
moduli. When n = 4, it will be S? v S? and for n = 5, different rational manifolds
could occur as the moduli space.

As an ending remark, for a Riemann surface X of genus g, we have the Narasimhan-
Seshadri theorem

{Unitary representations of m(3,)}
<{(semi)-stable holomorphic vector bundles of deg 0 over ,}.

Furthermore, for a Riemann surface X,(py,--- ,px) with some marked points, we
have

{Unitary representations of m1 (X, — {p1, -+ ,px})
with fixed conjugacy classes of the monodromy around these points}

<{(semi)-stable parabolic holomorphic vector bundles over ¥ (py,-- -, px)}-
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Exercise 7.3.2. Show that the link around each singular point of Cm is a Lens space.

Proof. The S'-action on X(p, ¢, r) is free if coordinates are non-zero. There are three
orbits whose stablizers are non-trivial,

27i

{(0, 29, 23) : 24 + 25 = 0, ]22|* + |23]* = 1} with stablizer = {e™» }

27i

{(21,0,23) : 2V + 25 = 0, |21 |* + |23|> = 1} with stablizer = {e"s }
{(21,72,0) : 22 + 28 = 0, |21|> + |22)> = 1} with stablizer = {¢ }.
We will focus on the first one. Its local model is given by
ue S': S'x D?* - St x D?
u(e”?, z) = (euf, z - u")

Consider the p-fold cover of S* x D?:
h:X =S"xD?— S'x D?
(€, w) — (e, w - i),

and an S'-action on X is defined by setting

w: X =8'x D?> - St x D?

(€ w) — (e"u,w).

which makes h an S'-equivariant covering map. We obtain a commutative diagram
by taking quotient maps:

X s §1x D?
(10) frl/Sl ﬂl/Sl
D2 /(Z/pZ) D2
where the bottom horizontal maps is given by taking the p-th power:
w — wP.

Note that 7 is a trivial S'-bundle and its mapping cone is simply a product. It
admits a Z/pZ-action which extends Deck transformations on X:

aze%:D2xD2—>D2xD2
(C?w) e (g‘a,w.a—qr)

Taking mapping cones for vertical maps in , we obtain a map between C7 and
Cr:

C#=D?xD?>—-Cnr
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which is the quotient map by the Z/pZ-action. The orbifold point z, comes from the
origin and this map gives a orbifold chart. Therefore, the link of z, is

o(D* x D*)/(Z/pZ).
which is the definition of L(p, —qr). O
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Lecture 8. The Energy Identity and Instantons on S*
8.1. CHARACTERISTIC CLASSES
Let Sym(g) be the space of polynomial functions on g and

Symq(g)
be the subset of Ad-invariant functions. Take g = u(n) to be the Lie algebra of U(n)
and t,, be its Cartan sub-algebra. The Weyl group of U(n) is the permutation group
S, and its action on t, = C" is permuting coordinates. Then,
Symyqg(u(n)) = Symg, (t.)
= {Symmetric polynomials of n variables}.

Let ¢; be the i-th elementary symmetric polynomial ¢;. For a connection A on a
principal U(n)-bundle, let
1

ci(A) = Ci<2;]rFA).

We have tr(Fy A Fy) € Q4(X), and we wish to compare it with

@(A)E@(%FA) and c2(A) — (u(%FA))?.

a b+ c
Fa= (—b+z’c id )

for some real-valued 2-forms a, b, ¢,d € Q*(X). Then

tr(Fa A Fa) = —(a® + d* + 2b* + 2¢%)

Suppose

B i ia  b+ic), 1 2, 2
CQ(A) = det(% (-b—f—lC id )) = —4—7]_2(—ad+ b* +c )

2 _ (b o _ L 2
c(A) = (tr(szA)) 1 (a+d)*.
Therefore,
1 1
5 tr(Fa A Fa) = ca(A) - —c1(A)2
8T 2
For an SU(2)-bundle, it reduces to
1
@tr(FA A FA) = CQ(A).

Consider SO(3)-bundles or more generally,
PU(n) = SU(n)/Z,

-bundles. When n = 2, SU(2)/Z, =~ SO(3). Pontryagin classes of a real vector bundle
V — X is defined by

pr = (—=1)Feq(V @R C).
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Suppose P is an SO(3)-bundle induced from an U(2)-bundle @:
P =Q/S" =Q x4 50(3).

and let V = P x,,, R® = Q x445u(2). On the other hand, we have the complex
2-plane bundle E induced from Q.

E=Q x,,, C.
We claim that
V ®C = Endy(F) = {Traceless endomorphism of E}.
Indeed, we are just using the decomposition
u(2) = R@su(2)

as irreducible U (2)-representations. We compute ¢, (Endy(E)) = ¢x(End(F)) in terms
of ¢, (F). Using the fact that the Chern character is multiplicative and

h(E) = n + o (E) + %(cf(E) = 9%y(E)), ch(E*) = n — o1 (E) + %((ﬁ(E) — 9%,(E)),
we obtain,
c1(End(E)) =

This shows
pi(V) = —4e2(Q)
if P is obtained from an SU(2)-bundle Q.

8.2. ENERGY IDENTITY

Consider the (anti)-self duality equation:
(11) F A4 =T = F A-

Define its energy to be
E(A) = — f 6r(Fa A +Fy) = j A2 = j IF;) + f 15
X4 X4 X X

Define the instanton number of P — X* to be

[ (P [X]) G =SUm)
r(P) = { ~Lp(P),[X]) i G = SO(3).
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If G = SU(2), then
8k = f tr(Fa A Fy) = J tr(F'y A FY) —I—J tr(Fy A Fy)
be X b

:j (r(FF A +F) —f tr(Fs A +F7)
X X
o ML GRS M

X X

E(A) = 87%|k(P)|

with the equality achieved if and only if the (anti)-self duality equation holds.
This will be the analogue of the energy identity in the case of the gradient flow
equation on X% =R x Y3,

This shows

8.3. FINDING (ANTI-)SELF DUALITY CONNECTIONS

We will make use of quaternion numbers to construct instantons on S%.
Let H =R + R/ + RJ + RK with

[J=-JI=K, JK=-KJ=1, KI=—-IK=1J
==K =-1

and let SU(2) = Sp(1) = units of H = {x € H : 2z = 1}. Consider the quaternion
Hopf bundle. Let

STcHoH
be the unit sphere. There are 2 distinct right SU(2)-actions on S”:

(z,y) *1 ¢ = (x¢,yq)
(xay) *0 4 = (qxa qy)
which makes S” a principal SU(2)-bundle over S* in two different ways. Let us call
them P, (the right action)and P_ (the left-inverse action) respectively.
We define a connection A, on P, by declaring that the horizontal space H, is the

orthogonal complement of the orbit of SU(2). We wish to show that this connection
satisfies the anti-self duality equation:

+ _
FA+ - O-
(Tom had no idea how to draw a better picture except for making one bigger the

other.)
The trick is that the compact symplectic group Sp(2) acts on H?:

Sp(2) = {g € SO®) : g(v) #1 ¢ = g(v =1 q) Vg€ SU(2)}.
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L
©

This is the subgroup of linear transformations that preserve the metric and the right
action #; of SU(2). More explicitly,

_ [qicost —gzsind
Sp(Q) = {<q2 sin @ 0 cos 6 ) “1,492,43,44 € Sp(l)

Q4 = @143}
This action is transitive on S7 and descends to S*. This shows Fy . as a section of
Q*(S*T;ad Py)

has to be invariant under the action of Sp(2). To make it simpler, consider the
subgroup of Sp(2) that fixes

r = (1,0) e H%.
which is a copy of SU(2):

10
C, = {(0 p) :pe SU(2)}.
It induces an action on
2 * Q4 _ A+ -
I\ Tis' = AL @A,

We have to show the action of C, is non-trivial on A" and is trivial on A~. Note
that the action on the Lie algebra ad P, |[, is already trivial since C, commutes with
#1. The induced action of C, on Tj,;S? is the standard left action by SU(2).

Operators I, J, K give rise to different complex structures on R* =~ H and we get a
triple of symplectic forms wy, w;, wk:

wr(v,w) = v, w), ete.
These forms are self dual:
wy = dz’ A dat + da? A da?
wy = dz® A de? + dx® A dat

wi = da® A dz? + dzt A da?.
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If instead we consider w} (v, w) = (vl,w), then they are anti-self dual. It is clear that
Wy, W, Wi

are invariant under the left action of SU(2), while
Wi, Wy, WK

give the adjoint-representation. This proves F;L = 0.
Similarly, we define A_ on P_. This time we investigate the group that preserves
the action =,:

Sp(2) = {g€SO(8) : g(v) *2q = g(v *2 q) Vg e SU(2)}.

Then the stabilizer C!, is
U1 U1
e SU(2): — _ .
! 2 <U2> <U2 ' q)

We look at the induced action on T, S* and this group preserves
wr, Wy, WK -
Hence, ', = 0.
We could compute the connection Ay and F4, more explicitly. This will be the
task for the next lecture.
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Lecture 9. Instantons on S* continued
9.1. INSTANTONS ON P,

Recall from the last lecture that the unit sphere S” = H? admits two right actions
of SU(2):

(z,y) *1 ¢ = (zq,yq)
(z,y) *2q = (qv, qYy).

We will focus on the first action. It makes S7 into principal bundle over S*, and we
call it P,. Let Sp(2) be the isometry group of H@® H that commutes with the right
action of H. It is realized as the left multiplication of 2 x 2 quaternion matrices:

_ [(qicost —qzsinfy o
Sp(Q) = {<q2 sinf gy cos ) © q1,92,43,44 € Sp(l),q4 = Q2Q1Q3}~

Then the stabilizer of w = (0,1) € S is

Cyp = <Spél> ?) < Sp(2).

Remark. Sp(2) = Spin(5) is the universal cover of SO(5). The diagonal inclusion
Sp(1) = Sp(2):
qg O
! (0 Q)

sends the center Z(Sp(1)) to the center of Sp(2), so we get a diagram
Sp(1) —— 5p(2) — Sp(2)/5p(1)
SO(3) —— SO(5) —— SO(5)/S0(3)
Therefore, Sp(2)/Sp(1) = SO(5)/SO(3). The embedding
SO(3) = SO(5)

is induced by the inclusion R? < R® and its quotient space is a Stiefel manifold Vs .
This space parametrizes ordered pairs of orthogonal unit vectors in R®:

{(v1,v9) : Jv1| = |va] = 1,01 L vy}
which is also the unit sphere bundle of T'S*. Let us call it S(7'S?), so
Sp(2)/Sp(1) = SO(5)/SO(3) =~ S(T'S?).

However, we can identify the first and the last spaces without making use of SO(5).
In fact, the tangent bundle of S7 splits orthogonally:

TS"=VaeH
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by the right action of SU(2). The left action of Sp(2) extends to the sphere bundle
of H:

S(H).
One verifies that this action is free and transitive. This shows Sp(2) = S(H) as
manifolds. This action descends to S(T'S?) since

S(T'S*) = S(H)/SU(2)
just as S* = S7/SU(2). This copy of SU(2) is precisely the diagonal inclusion.
To see Sp(2) = Spin(5), note that the induced action of Sp(2) on S* preserves the
round metric, so we obtain a group homomorphism:
p:Sp(2) — SO(5).

It suffices to compute the kernel and the image. Since the action is transitive, we
look at the stabilizer at [w] € S*:

Sp(1) x Sp(1) —2— SO(4)

| |

Sp(2) ——— SO(5).

The first factor Sp(1) x {1} preserves H,,, while (1,q) sends H,, = H1) to Hg)-
These two spaces are identified by the right multiplication of ¢~!. The tangent map

of : .
R A N U
79 - <UQ> <QU2€71>

at H, is simply ¢~'. We recognize that the top horizontal map p’ is the standard
two-fold cover, so is p.

One can also proceed in the other way: construct the Clifford algebra of R and
identify it with the algebra of 2 x 2 quaternion matrices.

87

w SiR)
the orbit

of w.

Let us return to the computation of curvatures. As above, we define a connection
A = A, on P, via orthogonal projection to the tangent space of the orbit, and we
want to understand this connection more concretely. Let x,y be quaternion-valued



52 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

coordinate functions on H?, so dx, dy,d,dy are well-defined (quaternion-valued) 1-
forms on H?. We claim that as a su(2)-valued 1-form

A=—-Im(dz -z +dy-y) =Im(z-dz + 7y - dy).
where forms are pulled back via S7 < H?2.
e A is the identity on vertical vectors. Given (z,y) € S7, a vertical vector is
given by v, = (z - ¢,y - q) for ¢ € ImH = su(2), so
dz(vy) = = q.dy(vy) =y q.

Hence, A(vg) = (Jz]* + [y/*)q = ¢.
e A is invariant under Sp(2). Take g € Sp(2), then

(1))

for some a,b,c,d € H and g7g = Id. If (x,y)T maps to g(z,y)?, then

e @ () o (§).

Since A is the imaginary part of

(z,9) (Zz) :

one easily sees that it is invariant under the action of g.
e A kills the horizontal space H. It suffices to check at a point, Take w =
(1,0) € S™ where H,, is

| O

[l
QU

(0,y) € T,,S".

Since y(w) = 0 and dz = 0 on H,, ker A = H.
o ¢*A = Ad(q¢ ') (A) for ¢ € Sp(1) acting on the right. Indeed,

T-dx — TG d(xq) = (T - dx)q.
One can compare the similar construction for the complex Hopf bundle

Sl y 53

|

S2.

The same expression will give a standard connection for O(1) or O(—1).
Trivialize P, on a coordinate chart:
(z,1)

7
Hast(x)IWES.
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Then the connection form under this trivialization is
b A Im(z - dz)
1+ |x|?
Let us compute the curvature form:
1
s*Fy=da+ana(= da+§[a/\a])
dz ndx  (dz-x+Z-dx) A (Z-dx) (dZ-x) A (dT - x)
T+ TP (1 + o T+ oY
dz A dx )
(1 + [=?)*”

where we used the fact Im(b A b) = Imb A Im b for a quaternion-valued 1-form b.
Finally, we need to compute dx A dz. Note that

dz = da° — Idx' — Jda? — Kda?, dx = da® + Idat + Jda® + Kda®.
Therefore, by direct computation, we have
dz A dx = 2I(da® A da' — da* A da®)
+2J(dz° A da? — dx® A dat)
+ 2K (da® A da® — da* A do?)
= 21w + 2Ju; + 2K Wy

— Ty( )

— Tm(

which is anti-self dual. If we take the wedge product in the reverse order, it will be a
self-dual form:
de AdT = —2lw; — 2Jwy — 2K wk.

9.2. INSTANTONS ON S* BY CONFORMAL TRANSFORMATIONS
We will exploit the fact that the (anti)-duality equation
Fy=4+Fy
is conformally invariant. The reason is that the Hodge *-operator:
w1 A2 — A?

depends only on the conformal class of the metric when dim X = 4. Indeed, if
dim X = n and § = ¢*¢g for some 0 : X — R,

_ ,(n=2p)o_ . AP n—p
*g—e( )*Q.A — AP

so it remains unchanged when p = n/2 is the middle dimension.
Let SO(5,1) be the conformal group of S*:

SO(5,1) = {u: S* — S* orientation preserving : g = the round metric,

u*g = e*g for some o : S* — R}.
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This group is generated by rotations (SO(5)) and dilations. It is isomorphic to the
special orthogonal group of type (5,1) as the name indicates. Since A, is invariant
under the Sp(2)-action on S7, it is invariant downstairs under the action of SO(5) on
S4. Therefore, the moduli space of instantons on S* produced by applying conformal
transformations to A, is

SO(5,1)/S0(5) = R°.
Let us compute this family explicitly. The dilation 7y(z) = Az on R?* comes from
a conformal transformation of S%. Then,
. N Im(z-dr) Im(z-dzx)
x(a) = 212 2 27
1+ A2|z] 1/A2 + |z

\2dz A dx
Y(Fy) =Im(————).
7—)\( A) m((l +)\2’x’2)2)
Initially, |Fa, |? distributes evenly on S*. As A\ — oo, |75 F4, |? concentrates at the
origin and
Im(z - dx)
Ti(a) = ay = T
Consider the singular gauge transformation
x
g9(x) = m
We have g*ay = g - (ag — g~ 'dg) - g and
71 T dr xdz|?, T-dr—dT-x
dg = 2 (& _ _ — aep.
PO T e T e

This shows g*a, is the trivial connection. The path of connections 73 (a) converges
away from the origin to the trivial connection and the limit extends to a connection in
a different bundle. Therefore, to do compactification, we have to allow the topology
of the bundle to change.
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This “bubbling” phenomenon also occurs in symplectic topology. If we study
pseudo-holomorphic curves and fix a conformal structure on the Riemann surface,
then the bubbling of spheres could occur. It becomes more complicated when allow-
ing the conformal structure to change. It is helpful to briefly review the history:

(1) Sacks & Uhlenbeck. They first discovered this phenomenon when studying the

energy equation for a Riemann surface mapping into a Riemannian manifold.
(2) Uhlenbeck & Taubes. They worked out the case for the Yang-Mills equation.
(3) Gromov. Pseudo-holomorphic curves.

9.3. THE ATIYAH-DRINFELD-HITCHIN-MANIN (ADHM) CONSTRUCTION

It was back in 1975 when Belavin et al. [1] first wrote down explicit instanton
solutions on R* where the rotational symmetry was assumed. Later, the ADHM
construction came out and gave a finite dimensional parameter space for all solutions
on S*. This construction was discovered by these four mathematicians independently.
In this case, some magics happened. We will briefly describe this construction.

(Tom made some corrections in the next lecture. The description below was not
accurate. )

Again, take S* = P(H?) = H@® H/H* and SU(2) = Sp(1). Pick a pair of vectors

C,D e H!.

Let v(z,y) = Cx+ By for (x,y) € H? and suppose v(x,y) = 0 if and only if (x,y) = 0,
that is, C', D are linearly independent over H. Then,

V= ((z,y),v(z,y)) € (H? — {0}) x H**!

descends to a vector bundle over S* = P(H?). Let us call it V. The principal bundle
P, induces a quaternion bundle by the right-inverse representation:

E, = P, x, H where p(q)(v) = vq,v € SU(2),q € H.

Then E, has a canonical connection induced by A, and V is a sub-bundle of E_]frl.
Let

I: EF v
be the orthogonal projection and V be the product connection in E_’f’l. Then
[ToV

becomes a connection in V. The obstacle is that IT o V is not necessarily self-dual
or anti-self dual. In order to give solutions to self-dual Yang-Mills equation, vectors
C, D have to satisfy a quadratic equation. We will continue this subject in the next
lecture.
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Lecture 10. The ADHM construction

10.1. THE ATIYAH-DRINFELD-HITCHIN-MANIN (ADHM) CONSTRUCTION FOR
SU(2)-INSTANTONS
Tom highly recommended this book for supplementary reading:

e Atiyah, M. F, Geometry on Yang-Mills fields. Scuola Normale Superiore Pisa,
Pisa, 1979. 99 pp.

Take the unit sphere S7 < H@® H. The right action of SU(2) makes it a principle
bundle over S*. Let v, = P, x, H — 5% be the tautological bundle:

v+ = {(z,y,h) € ST < H}/((2q.yq), h) ~ ((z,y), qh).
Let C, D be two (k + 1) x k quaternion-valued matrices. For each (z,y) € H® H,
define a map
v(z,y) = Cx + Dy : HY — HF!
w — (Cx + Dy)w.
We require that v(z,y) has rank k whenever (z,y) # (0,0). This homomorphism
commutes with the right action of H, so it is H-linear. For any ¢q € SU(2),
v((z,y) - q) = v(zq,yq) = v(z,y) o plq) = p*(q " v(z,y).
Therefore, v defines a section of
P, x Homg(H*, H*™).
and it descends to a section
vk — HF
Here, H¥*! denotes the trivial rank-(k -+ 1) bundle, and it has the trivial connection
d

Remark. One way to convince yourself that v is indeed a bundle map from 7* to
H*+! is to look at the special case when k& = 1 and

c-()-()

In this special case, v(z,y) = (z,y) sends h € H to (zh,yh)’ € H®H. The image
of v is precisely the quaternion line that passes through (z,y) (with respect to the
right multiplication). Therefore, 7, is called the tautological quaternion bundle over
St =MH2 - {0}/H*. O

Let E = (Imv)* and

I : Hk-i—l N Hk-i—l
be the orthogonal projection onto E. Since the sequence

0—-+" >H"' - E -0
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is exact, we have

&(E) = —a(7) = —kea(yy) = —ke(yy) = —k

Remark. Tt is hard to convince oneself that e(;) = 1 because in the complex case
e(yc) = —1 for the complex tautological bundle y¢ = O(—1) — CP'. The issue is
that v, is oriented by the right multiplication of I on each fiber, so the basis

(1,1,J,0 -1 =—K).

gives the default complex orientation on «,. To compute the Euler number of ~,,
cover S* by two coordinate charts and choose a clever section of 7,

pEH’_’( ! 1 P 1)’wp:;1e
(L+[pl)z (1+[pP)z (1 +[pl?)2
q 1 q
T T T et
The transition map is given by ¢ = p~! and
9w, = w,
laf "

The section {w,, w,} has a single zero at ¢ = 0. The linearization is ¢ — ¢. In the
complex case, this is orientation reversing. In the quaternion case, this is orientation
preserving because different conventions are used for the domain and the target as
noted above. [

We aim to construct self-dual connections on E because cy(E) = —k is negative.
We take it to be

V=1IIod.
Exercise 10.1.1. Prove that Fy = Il o (dII A dII) o II.

Proof. Since Hom(H*™!, H**!) is a trivial bundle, it admits the trivial connection d.
We regard
V=IIlodoll

as a first order differential operator on H**!'. Then
Fy(X,Y)=VxVy = VyVx = Vixy]
Note that
VxVys =Vx(II(Y(s)) + ToY(II)s)
=II(XY(s)) + T o X(IT)(Y(s))
+ T o X(IT) o Y(IT)s + Mo XY(IT)s + T o Y(IT) (X (s)).

Therefore, Fy(X,Y) = T o (X(II) o Y(II) — Y/(II) o X(II)). Since Vxs = Vx(II(s)),
we can add a copy of II at the beginning for free. Our result follows. U
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Let IT* be the orthogonal projection onto Imv. Then IT+ + II = Id and
I+ = v(v*v) to*
where v* denotes the H-conjugate transpose. Using the relation
dIl = —dIT+,
we obtain
Fy = Mo (dIT* A dIT*) o 1.
Since [Tov =0 and v* o Il = 0,
IT o dlI* = TI(dv)(v*v) " o*, dIIt o I = v(v*v) " d(v*) o II.
The curvature is simplified as
Fg =Tlo (dv) A (v o) td(v*) o IL
Now take a coordinate chart
s:H—PH?),x — [z:1]
and carry out the computation locally. Then
s*v =Cx+ D, s*dv = Cdx
s*Fy = II(Cdz) A (vio) 1 (dzC*)IL.

From previous lectures, we have known that dx A dZ is a self-dual form. With more
work, one shows that s*Fy is self-dual if and only if

(v*v) ! is real.

This condition is equivalent to v*v being real. Let us make it more explicit. In the
construction of v, there is some ambiguity about C' and D. Since C has full rank, by
changing a quaternion basis of H¥, we assume that

“~ (i)

for some row vector z € H*. By changing basis in H**!, we can further eliminate z

and get
0
o~ (%)

Now write D into the same block matrix form:

o (g) .
Since v = C'z + D, we have
v*v = |z|*Iy + A*A + B*B + (2B + B*x).
For this to be real for any x € H, we must have
(1) ZB + B*z is real for any = € H.
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(2) B*B + A*A is real.

The first condition implies B = BT is a symmetric k x k quaternion matrix. The
main theorem in the ADHM construction is that all solutions actually arise in this
way:

Theorem 10.1.2. All charge k instantons on S* are given by pairs (B, \) where B
is a symmetric k x k quaternion matriz and A € H* is a vector such that

(12) B*B + A*A is real.

Two such pairs (B, \), (B', ') give gauge equivalent connections if and only if they
are related by

B' =TTBT, N = gAT
for some T € O(k) and q € Sp(1).
Let us formally count the dimension of the parameter space:

k(k+1)

B w4 variables

A~~~ 4k variables

k(k—1
the constraint o 3 k(k—1)

2
oty o D

equations

dimensional symmetry
Sp(1) v 3 dimensional symmetry.

Therefore, we get 8k — 3 parameters as predicted by the index theorem. This
construction fits into a more geometric context. The constraint can be viewed
as a hyper-Kahler moment map. The space of symmetric H-matrices and H-vectors
admit an O(k)-action

(B,A) — (T"BT, AT) € Sym"(H) @ H".
Since this action preserves the Hyper-Kahler structure, we obtain a moment map:
w2 Sym* (H) @ H* — o(k) ® Im(H).

which is O(k)-equivariant. Then is saying that (B, A) is contained in the fiber
-1
p(0).
Even though S* is not a complex manifold, it is closely related to CP? where one
can use algebraic geometry. The embedding S* < Sp(1) induces a fiber bundle:

S? = Sp(1)/S' —— CP? = §7/S!

|

St = S7/Sp(1).
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For each z € S*) the fiber S? is identified with the space metric-compatible almost
complex structures on 7, S*:

{al +bJ +cK :a* +b* + % = 1}.

An anti-self dual connection is pulled back to a holomorphic connection on CP?.
The total space CP? is also called the twistor space.

10.2. INVERTING ADHM DATA

Finally, let us explain why the ADHM construction is supposed to work. We have
to construct matrix data out of self dual connections. The process of inverting the
ADHM construction was discovered independently by Atiyah, Drinfeld, Hitchin and
Manin after whom it was named. Some physicists might have different point of views.
We come back to the bundle £ — S* with ¢y(E) = —k and choose a Sp(1)-connection
A. Consider the Dirac operator twisted by E':

DA = DX : F<S+ ®(C E) - F(S_ ®(C E)
It is easier to work on R*. Then the Weitzenbock formula shows
DiDa = ViVa+p(Fy)
DD = ViVa+p(Fy).

No scalar curvature shows up because R? is flat. If F'; = 0, then the cokernel of
D, is trivial.

By the index theorem, Indc(D4) = k. We get k-dimensional (over C) harmonic
spinors:

Each of them decays as 1/r® at the infinity. This means
a; 1

¢i = 3 @(ﬁ)

for some a; € (ST ®c E)y = C* as r — o0. There are two steps to recover the ADHM
data,

(1) Pick up the leading coefficients of the spinors at oo v A.
(2) i, 2104, T20bi, T30 > B.
To explain the second term, write

B = By + BiI + ByJ + B3 K.

for some Hermitian k x k matrices B,,,0 < m < 3. Then
(Bm)ij = | {®i, Tmd;)
R4

for 1 <4,j <k and 0 < m < 3. Since (¢;, x,,¢;) decays as 1/r°, it is integrable over
R,
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Remark. Tom improvised a little bit at this point. This inverting process apparently
has a U(k)-symmetry: we can choose any unitary basis of ker D4. In addition, A is
a vector in C*, not in H*. This approach is not the one described in Atiyah’s book.
For interested readers, we recommend §3.3 of

e Donaldson, S. K.; Kronheimer, P. B.
The geometry of four-manifolds. Oxford Mathematical Monographs. Oxford
Science Publications. The Clarendon Press, Oxford University Press, New
York, 1990. x+440 pp.

Exercise 10.2.1. Compute the index of D} .

Proof. For an oriented 4-manifold X, the fl—genus is defined by
1
Since ¢;(F) = 0, the Chern-character of E is
ch(F)=2—cy(E)+---
By the Atiyah-Singer index theorem, we have
N 1
Inde(DY) = | A (B = [ (1= 3m(X)(2 - ea ).
X X
1 1
— e B)[X] ~ S5 (X)[X] =k~ o (X)[X]

It remains to verify that for X = S*, p;(T'S*) = 0. One way to see this is to make
use of the twistor space CP?:

S? —— CP?
¥ — G4
Let F = 7*T'S*, then
TCPP =F@®V

where V' denotes the bundle of vertical spaces. Since V' is a line bundle and its
restriction to each fiber S? is the tangent bundle, its total Chern class is

(V) =1+ 2a.
where a € H?(CP? Z) is the canonical generator. On the other hand, by the Euler
exact sequence,
¢(TCP?) = (1 +a)" =1+ 4a + 6a* + 4a”.
For a complex vector bundle E, p;(Eg) = ¢3(E) — 2¢o(E). Therefore,
m*p1(TS*) = pi(Fk) = p1(TCP?) — py(V)
= (4a)? — 12a* — (2a)* = 0.



62 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

It is interesting to note that F is a complex bundle even though 7'S* is not. 0
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Lecture 11. Gauge Transformations
11.1. STABILIZERS

We start with the gauge equivalence of connections. Let G be a compact Lie group
and P — X be a principal G—bundle:

G —— P

|

X

We adopt the following notations:
e Ad P = P xq G is a bundle of Lie groups
e ad P = P x,q g is a bundle of Lie algebras
e of/p is the space of smooth connections on P. It is an affine space over
Q(ad P) =T(X, T*X ® ad P).
e Yp = I'(X,Ad P) is the space of smooth sections of Ad P. The point-wise
multiplication defines a group structure. It is the so-called gauge group.

A gauge transformation g € ¢¥p is also a bundle map

g:P > P
X

that commutes with right multiplications. For any p € P, g(p) = p - g(p) for some
g(p) € G and

g(ph) = h™'g(p)h = Ad(h~")g(p).

Hence, g is the corresponding section of Ad P — X determined by §. We will use
these two points of view interchangeably.

Let V — X be a bundle induced by a faithful linear representation of G. Then
both Ad P and ad P are sub-bundles of

End(V).
The gauge group ¥p acts on </p by the formula
dp X Gp — adlp
(Ag) — g"A=A+gdag™".
where dy = V4 is the covariant derivative induced on End(V).

Exercise 11.1.1. Check that g* A is the pull-back connection.

Proof. The induced connection V4 on End(V') is defined by the property:
(Vag)v + ¢(Vav) = Va(o(v)).
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Let us compute the pull-back connection g*(Va) = go V40 g7

goValg ') =go(Vag v +gog Vv
= (Va+9Vag .
Using a trivialization of the bundle, we usually have a formula:

g*A = gAg~" + gdg™.

where A is an 1-form valued matrix and ¢ is a matrix. This formula agrees with the
previous description because

gAg " +gdgt = A+ g(dgt + Ag~! — g A)
=A+g(dg" +[A,97"). O

.

g

=dag—!

The quotient space B = Bp = fp/Yp is the moduli space of connections on P.
How bad is this action? Orbits with non-trivial stabilizers give rise to “non-smooth”
points in ZA. Given a central element u € Z(G), the bundle map

u:P—>P p—p-u

fixes all connections on P, because, by definition, a connection is invariant under the
right multiplication. This shows for any A € @7p,

u*A=A,

so u € Stab4.Working with the quotient group ¥p/Z(G) can make this action faithful,
so Z(G) does not cause an issue.

If g*A = A, then gV4g~! = 0. This means both ¢g~! and g are parallel sections of
End(V), so g is determined by its value g(p) at a base point p € P. Hence,

StabA c G.

To understand it more concretely, take a loop v : [0,1] — X around =z = 7(p) € X.
Let 7 be the horizontal lift of v with 4(0) = p. Then (1) = p-u~! for some u € G.
This element

u = pA,p(’y) G

is the holonomy of A around v, and p,, defines a representation:

PAp - Q(X, $) — G.

The inverse in the definition of u is to make p4, a group homomorphism. If
g € Stab 4, then g o7 is a horizontal lift of v with go5(0) = p- g(p), so it must agree
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—_— -

with the path 4(¢) - g(p) for any ¢ € [0,1]. In particular, comparing the end point
gives:

prglp)-u =gp)-u =g(p-u’) =g(3(1))
=3(1) - g(p) =p-u" - g(p).
This shows g(p) lies in the commutant of Im py4 ,. This is also a sufficient condition.

Hence,
Staby = C(Impa,) < G.

Any subgroup of G is the image of p4, for some A and p € P. We have to decide
which subgroups of G can be realized as commutants of other subgroups.
For a subgroup H < G, let

C(H) := the commutant of H ¢ G.

We list some properties and examples:
(1) If H = C(K) for some K c G, then

C(C(H))) = H,

but this is not true in general if the assumption H = C'(K) is removed.

(2) All commutants form a directed graph G where arrows are given by inclusions
of subgroups. The center Z(G) is the initial object, while G is the final object.
By (1), taking commutants identifies G with its dual graph (where arrows are
reversed).

(3) Let G = U(n). Let H consist of elements of the block matrices

xllnl
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where z; € S*. Then C(H) is given by
U(n1)
U(ns)
z1 1y,
Ty Ly,

Up to conjugacy, all commutants in U(n) are given in this form.

(4) For a simply connected structure group G, the graph of commutants has a
relatively simpler shape. But in general there will be more commutants if
m(G) # {e}. Take SO(3) for an example. The graph of commutants is

Ky =7 x Zs
1 —— 7, / \ Oy —— SO(3).
\ /

. C(S0(3)) = 1.

1
.« 7o = {e, 1 )}C@ﬁO@.
° K4 = {A = ( cdet A = 1} O(K4) = K4.
. S0(2) = {(é ? . Ae SO(2)}. C(SO(2)) = SO(2).
.o&):{()d£A):Ae0@n¢x0@»:ZZ

Arrows denote inclusions of subgroups. It is easily seen that this graph is dual
to itself.

Definition 11.1.2. A connection A € @p is called reducible if Staby # Z(G).

A reducible connection will make the quotient space singular.

11.2. SOBOLEV COMPLETIONS

To analyze </p/9p, we need to complete this space in some Sobolev topology. For
an oriented Riemannian manifold X and £ — X a vector bundle, pick a smooth
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connection A. For a section s : X — FE, define its Sobolev norm to be

k
P _ @ p
Isi2 | L N 9 Ws ol

=0

By completing C*(X, E) with respect to | - |1z , we obtain the Sobolev space
[’(X, E).

This space is independent of A: norms | - |z» ~induced by different connections are

equivalent as long as connections are smooth.
Let £ =T*X ®ad P or E = End(V). We obtain the Sobolev completion of .o7p
and ¥p with respect to | - | z»:

A G
We have regarded ¥p as a subset of C*(X,End(V)). If k is not large enough, then
L2 4> C°. For a section s in the completion ¥4, s, might not lie in
(Ad P)y (= End(V;))

for some z € X. We have to be careful about the regularity of sections.

Theorem 11.2.1 (The Sobolev Embedding Theorem). In dimension n, we have
embeddings:

(1) Lt — L if k=2
(2) LY — b if k —

> [ — g and k > 1.
g>l+a,k>l and 0 < o < 1.

In particular, ¥ — £ > 0 implies L} (X, E) — C°(X,E). In addition to the em-
bedding theorem, we also have the multiplication theorem which says in this case
L7 (X, E) is a Banach algebra. We will show

Proposition 11.2.2. Ifk — 2 >0, then 4 is a Banach Lie group.

We will work out the case when G = U(n). Let V' be the bundle induced by the
fundamental representation. Then

(AdP), < End(V})
is the space of unitary transformations.
Proof. Consider the map
¢ LY(X,End(V)) — LY(X, Herm(V))
f=Tf

where Herm(V') denotes the bundle of Hermitian endomorphisms of V. Then ¥4} =
¢~ '(Idy). For any g € 47, the tangent map

dy¢ : LP(X, End(V)) — LP(X, End(V)).
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is surjective. By the implicit function theorem, ker d,¢ gives a local coordinate chart
of 4F. Tt suffices to check that the multiplication and the inverse map:

P p X P p NV op
9. x4 —>9" 9" — G,

are smooth maps between Banach manifolds. This follows from the fact that L7 is
an algebra. O

Compare with the case in symplectic geometry. We need to deal with the diffeomor-
phism group Diff (X '), which becomes much trickier. Instead of Sobolev completions,
it is more natural to use the C*-norm. The composition

Diff*(X) x Diff*(X) — Diff*(X)
is still valid, but it is not smooth any more. Some derivatives will lose if we study
the tangent map. For interested readers, Tom recommended

e Ebin, David G. On the space of Riemannian metrics. Bull. Amer. Math. Soc.
74 1968 1001-1003.

This was part of Ebin’s thesis at MIT under the supervision of Professor Singer.
The idea is to include carefully higher and higher C¥-norms. Reader can also see the
prototype of polyfolds in his thesis.

The action of 4., on &7 is given by

o X A —
(9,A) — A+ gdag™".

This action is smooth when

E+1-">0.
p

When n = 4 and p = 2, we need £ > 1. In the borderline case when k = 1,
L3 < C°. The completion 47 is defined to be

{ge LA(X*,End(V)) : g(x) € AdP a.e. v € X}.

It is still useful to consider this group. For A € @? A = Ay + a for some a €
L3(X,ad P) (A is a smooth background connection). We have

1
Fy = Fay + da,a+ 5[@/\ al e L*.

The L?-norm of Fy is the one controlled by the energy identity, so the borderline case
is still important.
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Lecture 12. The configuration space is Hausdorfft
12.1. THE CONFIGURATION SPACE IS HAUSDORFF

We study the property of the configuration space in more details. Recall that G is
compact Lie group and P — X is a principal G—bundle:

G—— P
|

X

Let £ — X be a bundle induced by a faithful linear representation of G. Then both
Ad P and ad P are sub-bundles of

End(F) = E® E*.
We adopt the following notations:

e o/p is the space of smooth connections on P.

o o/} is the LY-completion of 27p.

e 9p = I'(X,Ad P) is the space of smooth sections of Ad P. It is also the
automorphism group of P.

e 47 | is the L}, ,-completion of ¥p.

When the condition
(13) k+l——>0
p

is satisfied, L} < C° and the action
et X g = ]
is smooth. For A € @77, the stabilizer is given by
Staby = {g€ %}, : dag = 0}.
We form the quotient space
By = A |G-
Assuming (77)), we will show that

Theorem 12.1.1. The configuration space %y, is a Banach manifold, i.e.58;, is locally
the quotient of a Banach space by a compact Lie group.

We will achieve Step 0 in this section:
Theorem 12.1.2. %) is Hausdorff.

Recall that an equivalence condition for a topological space S being Hausdorff is
that the diagonal
AcSxS
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is a closed subset. For a Hausdorff space S with an action by a Hausdorff topological
group G, for the quotient space S/G to be Hausdorff, we need the graph
I'g={(s,9-8):s€S,geGyc SxS
to be closed. We give a proof of Theorem (12.1.2| in the borderline case.
Exercise 12.1.3. When k+ 1 — g = 0, define
97 =1{9e L} (End(E)),ge AdP a.e.}.
then it is a group.

Proof. We will focus on the case when n = 4, p = 2 and k = 1. For ¢,¢9 €
L3(X,End(E)) with g,/ € AdP ae., g-¢ € AdP a.e.. It remains to check the
regularity:
Violg-9) =V24,09) 9 +9-Vi,(9) +2Va,(9) - Va(g)-
Usually, we run into trouble for the first two terms because L2 <> C°. But we use
the fact that G is compact, so g, ¢’ € L™ by default. The multiplication theorem

L*x L* < [* L} x L} — L*.
implies V% (g-¢') € L*. O

Remark. 4} is not a very nice group. We will not talk about the smoothness of
multiplications.

Proposition 12.1.4. %} = o /9} is Hausdorff.
Proof. We have to show the graph
D= {(Ag°A): Aec o2 ge G2} © o x of?
is a closed subset. Suppose we have a sequence (A;, g;) such that
(Ai, gt As) — (A, B) € a2 x a7
as i — 00. Suppose
A; = A + a;,
g Ai = Ao+ b;
a;, by € L3 (X, T*X @ ad P).

Thena,»L—ia::A—Ao and biL—ib::B—Ao. We have
Ag+bi=g*A; = Ao+ 9V a,9; ' + giaig;

= bi = —(Vaugi)gi ' + giaig; "

= Va,9i = giai — big;.

We wish to show that {g;} is bounded in L2, so {V4,9;} has to be bounded in L3.
This is achieved in two steps:
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(1) {V.a,9:} is bounded in L*norm. This is because {a;},{b;} have uniformly
bounded L?norm and {g;} has uniformly bounded L* norm. We use the
multiplication theorem (when n = 4)

L x L* « L* x L* — L%
(2) {Va,9:} is bounded Li-norm. It suffices to control |VZ_g;l2:
Vaglaigi) = Va,(a)- g+ _ai 'YAO (93) -

i
—

—_

€L? eL® eL? eL4

Now we use the multiplication structures L? x L* < L[? and L? x L* — L2
The boundedness of the L*-norm of V 4,g; follows from (1).
This shows that {g;} has a weakly convergent subsequence in L3. Let the limit be
g. Since L3 — L? is compact,

(9: = 9) = (g == g) = (g€ Ad P a.e.).

Hence, g € 43 is a gauge transformation. Finally, we have to show ¢*A = B € &2, Tt
is enough to prove that they are equal in a weaker Sobolev space. Take limit of the
equation

Va,9i = giai — bigi.
12 12
Since a; —> a and g; —> ¢, the right hand side converges to

ga — bg
as i — o0 in L?(X). The left hand side converges to V4,9 in L?, so
Va,9 = ga —bg. O
The proof relies heavily on the fact that G < End(V,,V,) is compact. If this

assumption is removed, the quotient space might not be Hausdorff any more:

e Take S = R and G = R,. Then the quotient space consists of two points 0, 1.
Open sets are

@,{0,1}, {1},
so S/R is not Hausdorft.
e Take S =sl(2,C) and G = SL(2,C) with the adjoint action (taking conjuga-
tion). Then S/G consists of

(1) a) = <8\ _0)\), xeC. ay ~ QG_).

0
(2) by = ( 8),ue@*. b, ~ b.

As a set, S/G = C/Zy U {+}. The topology is non-Hausdorff.
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12.2. LocAL CHARTS

The next step is to construct orbifold charts for the quotient space %}. Suppose
we have a finite dimensional manifold M acted by a compact Lie group G. Pick

rxe M.

A transverse S, is a sub-manifold of M that intersects transversely with

the orbit G- x. The idea is to find a transverse S, invariant under the action of

Stab,.

A tidy way to organize the construction is the following:

(1)

If the action is free, consider the map
GxS,—>M
(g,8) —g-s.
and show it is a diffeomorphism onto its image when S, is small enough. This
reduces to the fact that 7,5, ® T,G =~ T, M.
Suppose the action is not free and S, is Stab,-invariant. Then Stab, acts on
G x S,
h(g,s) — (gh™', hs).
This action is free. By the first case, the quotient space
G x S,/ Stab,
is a manifold. Consider the map
¢: G x S,/Stab, — M
[(ga S)] = g-S.

When S, is small enough, ¢ is a diffeomorphism onto a neighborhood of the
orbit G' - x. Then the orbifold chart comes from

S,/Stab, = (G x S,/Stab,)/G = M/G.
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If someone is ever confused with the definition of an orbifold, he/she can actu-
ally read off all necessary conditions to define an orbifold from this picture. If y is
contained in the image of ¢, then it is identified with

[(g,2)] € G x S,/ Stab,

for some g € G and z € Stab,. Therefore, Stab, < Stab,. One can also realize the
construction of the transition map ¢,, from an orbifold chart (S,, ¢,) to (Sz, ¢.).

Gx

Return to the infinite dimensional case. We wish to define slices for the ¢-action
on .«
(9. A) > A+ gdag" = A—g 'dag.
Consider the differential of this action:
1.9 = Q°(X,ad P) — Q'(X,ad P)
§ > —dag.
Since the L2-inner product is ¥-invariant, consider the L2-complement of Im 7.%.
Define
Sa={aeQ"X,ad P): (da&, apr2x) = 0, V¢ € Q°(X,ad P)}.
When X is closed,
({da&, ayr2xy = 0, ¥€) = (dha = 0).
When X is not closed,
(<dA£7a>L2(X) = 07 V£> g (dj:xa = 07 *a‘ax = 0)

An interesting question is how large a local orbifold chart could be. In our case,
it is necessary to fix a Sobolev completion. A stronger Sobolev topology we use, a
smaller chart we get. But it is enough for applications, since there are bijections
between moduli spaces {F{ = 0}/¥ in different Sobolev completions.

It is convenient to work with a canonical (gauge invariant) smooth metric. Another
example is the moduli space of Riemannian metrics on X. The space Met(X) of



74 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

smooth metrics on X is acted on by the diffeomorphism group Diff(X). It is known
that for a fixed metric g, the isometry group is a compact Lie group if X is compact.
This question was addressed in Ebin’s Thesis. For an announcement of results, see

e Ebin, David G. On the space of Riemannian metrics. Bull. Amer. Math. Soc.
74 1968 1001-1003.

In this case,
T.Diff(X) = I'( X, TX)
T Met = Sym?*(T*X),

and the differential of the group action is

0
X — %¢X,tg|t=0 = ZXQ

One can show this first-order operator has an injective symbol. Taking Sobolev
completions, Ebin figured out a Diff} +1(X)-invariant metrics on Met; and tried the
same strategy as above.
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Lecture 13. The Construction of Slices

This Monday happened to be the Open House for prospective (graduate) students
at MIT. Tom expected some of them would come to his class, so he prepared a
special lecture introducing applications of gauge theory on low dimensional topology
and made a PPT. Unfortunately, we waited for 10 minutes and none of them showed
up. Tom was very frustrated and decided to continue on his normal lectures.

This is the reason why this lecture was shorter than others.

Here is a digression. Taubes studied SL(2,C)-connections and the set up is as
follows. Suppose we have an SU(2)-principal bundle P — X. It induces an SL(2,C)
bundle:

P x, SL(2,C) — X.
by the fundamental representation ¢ : SU(2) — SL(2,C). Since
sl(2,C) = su(2) @ isu(2),
an SL(2,C)-connection can be written as
A+i®

with @ € Q'(Y,ad P) and an SU(2)-connection A € op. We still use SU(2)-gauge
transformations:

Yp.

It is a good set-up for some questions. We mentioned in the last lecture that
s((2,C)/SL(2,C) is not Hausdorff. Nevertheless, if we can get rid of nilpotent ele-
ments, then it is still fine.

13.1. THE CONSTRUCTION OF SLICES
We wish to construct orbifold charts for <7’ /4; |. For A e @!, let

Sae={A+a:dja=0,xa|px =0, HGHLQ < e}

Then the Hodge theory tells us (we need to solve a Neumann boundary value
problem for d%d):

INX, T*X ®@ad P) =Imds ®{aec L} (X, T*X ® ad P) : d%ia, *alsx = 0}
where
da: Ly ((X,ad P) - L}(X, T*X ® ad P).
Consider the map
m: Gl x Sye— AL

(g,A+a)— g*(A+a)=A+a+gdsiag "
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and its differential at (e, A):

Dieaym : Ly (X,ad P) x {a € L} : djya = 0,*alox} — L.
(57 CL) — _dAf + a.
Hence, by the Hodge theory, we have
Theorem 13.1.1. The differential Dm is surjective at (e, A) for all g € G, ;.

If (£, @) lies in the kernel of D, aym, then

daé+a=0
= dsl =0,a=0
= ker D, a4ym = the Lie algebra of Stab, .

The goal is to show that
m 90 x Sae/Staby — L.
is a diffeomorphism if € « 1.
Theorem 13.1.2. When € € 1, m is a local diffeomorphism onto its image.

Proof. We have shown that D, 4ym is a bijection. By implicit function theorem, for
a tiny Stabs-invariant neighborhood U of Staby < ¢/ | and € « 1,

U x SAE/StabA

is a diffeomorphism onto its image, so the theorem is proved at the point

[(e; A)]
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For other points, we use the fact that m is ¢} ;-equivariant:

U x Sa/Staby ——— &

! Js
(g . U) X SAye/StabA s g,f
Since vertical maps are diffeomorphisms, m is a diffeomorphism on (g-U) xS/ Stab

which is a neighborhood of [(g, A)]. This proves the theorem. O

To prove m is a diffeomorphism globally, it remains to show m is injective for € « 1.
Suppose we have
g (A+a)=A+b
for some a,b € Sa. and g € 4 . We wish to show that g € Staby. We know from
the last lecture that

dag = ga —bg
as a section of End(F). Apply d%, then

didag = dj(ga — by)
= — = da(g(xa) — (+0)g)
(since d%a = d'b = 0) = — « (dag A *a — (—=1)""" « b A dag).
The above computation shows
diydag = ®(dag,a) — V(b,dag).
for some bilinear bundle maps ¢, V.
Lemma 13.1.3. For some C' > 0,
|d%daglzz)x = Cldagl 2.
for all g e L3(X,End(FE)).
Assuming this lemma, we have
(14) Clldaglr: < |dadag] 12y
|®(dag, a)|z2yx + ¥ (b, dag)(z2)s-
Ci(ldaglzelalcr + [dagl2]lb] n)-

In the middle, we used the fact that in dimension n > 2, L? < L*"("=2) and

<
<

L2n/(n72) % L2 < L7 —s Ll S—X>R
is bounded linear. Indeed,
n—2 N 1 N 1
2n 2 n
This shows L? x L™ — (L?)* is bounded linear.
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Using , if

C
2Cy’
then |dagll2 has to be zero and we are done. This requirement is independent of the
choice of Sobolev completion of 4. The injectivity holds for a ball of a much weaker
Sobolev norm (L"). The L"-norm is important here, because the action

is precisely at the borderline of the Sobolev embedding. But we can still obtain
injectivity as above.
In the next lecture, we will discuss Uhlenbeck’s Fundamental Lemma:

lallzn + 6] e <

Theorem 13.1.4. There exists C,e > 0 such that for any L3-connection A on B*

with
J a2 <e
B4

we can find a gauge transformation g € 43 such that
gA=T +a
where T" 1s the trivial connection and
(1) dya =0,
(2) *CL|@B4 = O,
(3) §paIVral® + |a]* < O § g [Fal?.

There are generalizations of this result in higher dimensions. The energy

| 1Ear
B4

is conformally invariant in dimension 4, which is no longer true in higher dimensions.
If we stick to the L?*-norm, we must keep track of the size of n-ball B*(0, R). In this
case, the constant in (3)

C = C(R)

depends on the radius. Instead, we can work with

f |Fal?

which is still invariant under the rescaling of the metric. A modification of Uhlenbeck’s
theorem will continue to hold then.

Exercise 13.1.5. Prove Lemma 1313l
Proof. We assume the regularity g € L? and
a,be L?/ %,
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We think of ¢ as a section of End(F) — X, not as a a gauge transformation. The
equation

dag = ag — gb
still holds in L?. Because of the multiplication structure,
) 2n_
L% x [} — L™
2n
dag € L7 and it makes sense to talk about its boundary value. Since =a,*b = 0 on

0X,

*dag =0
on 0X. Therefore, we are allowed to use integration by parts without worrying about
the boundary term:

HdZdAgHL%(X)* = sup {d3dag,v)r>

‘U‘L%:l

= sup {dag,dsv)r:.

foll =1
Write g = g1 + g2 with

g1 € kerda, (g2, g1)r2 = 0.

Then [dagls = |dagals = Cllga| 2 for some C' > 0. Let

g2
’U =
lgl

be the test function. Hence,

1
|dadag L2 xyx = 7——C(dag,dag)rz
lgal 2

C
2 -
|dagll2
> C|dag|e-

ldagl

The heuristic for this estimate is that d% is injective on Im d4:
i
)(_\
0o y Ql)
da
so we expect that |didag|rz =~ > |dag|rz for any k. When X has a non-empty
boundary, it is not true that
L%k = (Li)*
Instead,
L%k = (Lz,o)*-
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Here, Li,o denotes the space of L2 functions whose restriction at the boundary is zero

(k > ). This space allows us to do integration by parts without worrying about the
boundary term. For this exercise, we have to be careful about the boundary.

O
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Lecture 14. The Big-Slice theorem
14.1. THE BIG-SLICE THEOREM

Consider the space &7 of LP-connections and L} gauge transformations 4. We
assume p > n where n is the dimension of the base manifold X, so

[P s [*
and L} is an algebra. Let
She ={ae L’ : dia =0,*alox, |a]- <€},

be the big slice around A € &/? of radius e. It is called big because the L™-norm is
used in the definition, which is weaker than the LP-norm.

Remark. For an L section a, the Sobolev restriction theorem fails and *alsx is not
well-defined. Nevertheless, if d*a = 0, the boundary value {a,7)dvolyx = =a|sx still
exists in the sense of distribution:

(w,{a,))ox = {daT,ayr2(x) — (T, d}a).
-0

Here, x is a test function on ¢X and ¥ is a reasonable extension of x on X. For
this lecture, it is recommended to ignore the boundary and assume X is closed. The
analysis will become easier then. [

In the previous lecture, we studied the 4} equivariant map

m: (97 x S3%)/Staby — o/”.
and proved that
Theorem 14.1.1. Ife « 1, then m is injective.

We wish to extend this result and show that

(1) m is a diffeomorphism onto its image.
(2) Im(m) contains an L"-neighborhood of A.

The first statement only implies that Im(m) contains an LP-neighborhood of A.
The second statement is stronger, since it implies
o There exists (e) > 0 such that for any A’ € o with [A" — Al . <0, we can
find a gauge transformation g € 4¥ with g*A’ € SZIE.
This is the content of the Big-Slice theorem.
For (1), it suffices to check that for any a € Szli, the linearization
D(e,A-i—a)m

is invertible.



82 SPRING 2019 INSTRUCTOR: TOMASZ MROWKA TRANSCRIBED BY DONGHAO WANG

FIGURE 1. The left picture is accurate.

Before we pass to the quotient space, the linearized operator of
m: G x SYE — ofP
(9, A+a) = (A+gag™" + gdag™).
at (e, A +a)is

D(e,A+a)m(£7 O!) =0 — (dAg + [a7 g])
When a = 0, it is a surjection between spaces:
L X,ad P)®{ae L?: da = 0,alsx} — LP(X,T*X ® ad P).
When a € Szi’ge is allowed to change, applying the multiplication theorem (Remark:
this estimate is incorrect)
LY x L™ — LP
to the term [a, £], we see that when |a|, « € for some € small enough,
D(e,A-i—a)m

remains surjective. Hence, (1) follows from the inverse function theorem.
Remark. This proof is incorrect because the multiplication theorem here was wrong
when p > n. Tom corrected this mistake in the next lecture.

The second part is harder. The first step is an a priori estimate:

Lemma 14.1.2. Let A € &/?, we can find 6, K > 0 such that the following property
holds
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e Suppose A+ be /P and for some g € G},
g-(A+b)=A+a
with A + a € S%ﬁ. If |aln + ||b]n < 6, then
ldagln + llaln < Ko]
ldagly + lall, < Kb,
This lemma is saying that if A + b is gauge equivalent to a connection A + a in the
big slice Szii, the L™-norm of a and L}-norm of ¢ is controlled by [b,, given that |b],,

and |al|,, are small. Tt is an a priori estimate because we have assumed the existence
of a gauge transformation g.

Proof. Recall from previous lectures that
g-(A+b)=A+a
implies that
dag = gb— ag.
Apply d% to this equation and use the fact that d%a = 0:
dj:ldAg = (I)l(dAga b) + (I)Q(ga djsz) + \Ij(a7 dAg)
where ¢, P, and ¥ are bilinear bundle maps. Their expressions are not important

(see Lecture 13). What we need to know from analysis is that

o If 0X =, dida : LT — (L})* is bounded linear and Fredholm of index 0.
ker d¥d4 = ker d consists of parallel sections.

o didy: LY — (L})* various continuously for A € &/? (but not for A € &/™).

e For some K(A) >0,

|dadagllwpyx = K(A)[daglln.
The constant K(A) depends continuously on A € o7?, (but not in </™).
Hence, we have

K(A)|ldagln < |didag] iy
< || @1(dag, b)|nyx + [Pa(g, d4b) | Loy + [V (a, dag)|ny=-

We wish to control the last three terms in terms of ||dagl|,. We will use the multi-
plication theorem:

e For ®; and ¥, use L" x L" x L} — L* I R. For this to hold, since L} — L4

for any g < o0, we need
1 1 1
—+—+-<1,
n n q

which is n > 2. This implies that
L™ x L™ — (L})*
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and
[®1(dag, b)lzpy+ < [daglallbln,
[W(a, dag)lwyyx < [daglnlaln-
e For @y, use L x L™, x L* — L', so
(L1)* x L* = (Ly)* = L") (0X = &).
Therefore, we have
[@2(9, dab) [ zryx < (gl dablzpye < [gllool[bln-
Putting all these together, we obtain
K(A)|daglln < Cilldagln(lalln + [b]n) + Co[[b]n
< C1d||dagln + Cab]n-
if |a], + 6], < d. Suppose 2C1§ < K(A), then

Cy 205
dagln < ——————=|b|n < ——=<|b|n-
laglh < ey gl < 2y

As for |al|,,, we exploit the equation:
a=gbg~' —dag-g”'
and the fact that g € L*. Hence,
laln < [blln + [dagln < Cs[b]ln- [
Exercise 14.1.3. Prove Lemma [14.1.2] for the LP-norm.

Proof. We will use the following facts from analysis:

o If 0X = &, dds : L} — (L})* is bounded linear and Fredholm of index 0.
ker d%d4 = ker d4 consists of parallel sections.

o ddy: LY — (L})* various continuously for A € o/P.

e For some K(A) >0,

|dadallrpys = K(A)]dad]p.
The constant K (A) depends continuously on A € &7?.
Hence, we have
K(A)|daglp < |didag] oy«
< [@1(dag, b)| oy« + [ Pa(g, dib)| Loy + ¥ (a, dag)llry«-

We wish to control the last three terms in terms of ||d4gl|,. We will use the multipli-
cation theorem:
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e For ®; and ¥, use LP x [" x [ — L} K, R. For this to hold, since L] — L*,
we need

_|_
p n
which is true if n > 2. This implies
LP x L™ — (L})*
and
[©1(dag, b)) < lldaglplblln,
19 (a, dag)l oy < [daglylaln
o For @y, use LY x P | x L* — L' so
(L)) x L* — (L))" = LP, (0X = ).
Therefore, we have
[®2(g, d4b) | (1ryx < 9]0l dibl ey < llg]oo]blp-
Putting all these together, we obtain
K(A)|dagly < Cildaglp(laln + [16]n) + C2[b],
< Cid|daglp + Co|b],-
if |a|, + ], < J. Suppose 2C1d < K(A), then

Cs 2Cy
< by < B

As for |al,, we exploit the equation:

a=gbg "t —dag-g"
and the fact that g € L™. Hence,
lalp < llp + [daglly < Cslb],. D

Now we are ready to prove the Big-Slice theorem:

Proof of the Big-Slice theorem. Tt remains to prove (2). We will use the method of
continuity. Let

Us={A+0b:be L |b], < }.
The goal is to show if § is small enough,
Us = m(%} x S3%).
The proof is divided into three steps:

e Step 1. Us is connected. This is obvious.
o Step 2. Us n m(4} x Szli) is open. Both of them are open, so is their
intersection. The L"-ball Uy is open, because LP — L.
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o Step 3. Us nm(9Y x Sgige) is closed inside Us.

Only the last step is at issue. Suppose we have a convergent sequence of b; €
Us nm(97 x S'jfi) with limb; = b € Us, so there are pairs (g;,a;) € 4 x Szi’ge such
that

gi- (A+0) =A+aieSEf’gE.
This implies that
lailn + [bi]n < €+ 0.

for each pair (a;,b;). By making € + ¢ small, (a;, b;) satisfies the condition of Lemma
14.1.2 Therefore, for some K > 0,

(15) |dagilln + llailln < Kbl

(16) |dagilp + lail, < Kb,

Since b; — b in LP, |[b;|,’s are uniformly bounded. The second estimate then implies

|dagilp, i,

are uniformly bounded and we can find weakly convergent subsequence:

w*L;l) w—LP
Gi g, a; Q.

Since L} — L™ is compact, g € 4 is a gauge transformation. Taking the weak limit
of the equation in LP,

dagi = gibi — a;g;.
we obtain
dag = gb— ag.
It remains to verify that a lies in the big slice S}ﬁ:

e d%a = 0 because it is the weak limit of {d%a;}.
e Since a; — a weakly in L", |al,, < K|b|, < Kd < ¢, where we use the estimate
. The last inequality Ko < € is achieved by making 6 small.

This completes the proof. O

We are on the way towards Uhlenbeck’s Fundamental Lemma. We focus on dimen-
sion 4 and X = B* with the Euclidean metric:

P=B*xG

|

B

Theorem 14.1.4. There exists C,e > 0 such that for any L?-connection A =T + a

on B* with
| map<e
B4



18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 87

we can find a gauge transformation g € 43 such that
gA=T+0b
where I is the trivial connection and
(1) db =0,
(2) #blsps = 0.
(3) §pa VP2 + [0 < C §p [Fal.

Informally, [['] € @4?/4} is an isolated non-degenerate critical point (in fact, a
minimizer) of the energy functional:

B(A) = L4 |F2.

Remark. If f is a Morse function on a finite dimensional manifold M with a unique
minimizer p, then for x close to p:

0< f(z) = fp) ~ o —pl,
since the Hessian at p is non-degenerate. If we view E(A) as a functional on L2, then
(3) is saying

B(4) ~ inf g- A= Tl

Therefore, the minimizer [I'] € &2 /4} of E(A) has to be non-degenerate (informally),
and so isolated. [
The proof is again by the method of continuity. Let
Vi={l+a:aeL? E(A) <e},
W.={AeV,:3g€ %9}, s.t. conclusions hold}.
The proof is again subdivided into three steps. We have to show that when e « 1
and C >» 0,

e Step 1. V. is connected.
e Step 2. W, is closed in V..
e Step 3. W, is open in V.
These steps will imply V., = W.. The Big-Slice theorem will imply Step 3. The
question is how to get the estimate (3) out of (1)(2). We will present a proof in the
next lecture.
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Lecture 15. Uhlenbeck’s Fundamental Lemma
15.1. A CORRECTION TO THE PROOF OF THE BIG-SLICE THEOREM

Consider the space &7 of LP-connections and L} gauge transformations 4. We
assume p > n where n is the dimension of the base manifold X, so

[P s 17
and L} is an algebra. Let
SE = {ae L7 : dha = 0, #alox, [a]n < €}

be the big slice around A € &P of radius e.
Previously, we studied the ¥/-equivariant map

m: (97 x S3%)/Staby — /P
and proved the Big-Slice theorem:
Theorem 15.1.1 (The Big-Slice theorem). If € « 1, then

(1) m is a diffeomorphism onto its image.
(2) Im(m) contains an L"™-neighborhood of A.
The proof of (1) is divided in two steps:
(a) When € « 1, m is injective.
(b) When € « 1, the linearized operator D a4q)m is invertible.

Step (a) is proved in Lecture 13. The proof of (b) in Lecture 14 was incorrect, and
Tom did a correct proof this time. Occasionally, Tom did not want to look at his
notes in hopes that he may come up with a simpler proof on his own. But sometimes
the proof is too simple to be correct.

Before we pass to the quotient space, the linearized operator of
m:%psziiﬁﬁfp
(9. A+a) = (A+gag™" + gdag™).

at (e, A+ a) is
Dee.arayml§, @) = a — (da& + [a,£]).
When a = 0, it is a surjection between spaces:

L} X,ad P)®{ae LP: dia = 0,al,x} — LP(X,T*X ® ad P).
Since L} — L* is compact (X is compact), the composition
LY x P — L* x [P — [P

is also compact. When a # 0, by applying this multiplication theorem to the term
[a, ], we see that the linearized operator

Dic, a+a)ym = D aym — |a, -]
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is the sum of a Fredholm operator and a compact operator, so it is Fredholm. More-
over,

Ind D 4ym = Ind D a4aym.
To prove (b), it suffices to show that
o If lall, « 1 and (§, ) € ker D¢ a1qym, then
ds€ = 0.

This implies dimker D¢ a4q)m = dimker D, 4ym = dim Staby4, so these linearized
operators are surjective. The linearization of m becomes invertible then.
We only need a linearized proof of Step (a). Suppose

da§ = o —[a,&].
By applying d%, we obtain:
dydag = di(a —[a,&]).
(since o = 0) = —d}[a, €]
= —[d}a, ] + #[a, da¢]
#[a, *da€] = P(a, dak)
for a bilinear bundle map ®. Using estimates from Lecture 13:

cllda€llz < |didallc2y«

L"xL2xL$—>L15—X>R,

(since d’ja = 0)

we obtain that
clda&le < |dadalllL2). < Clala|daglz

which forces |d4&|ls = 0 when |af, « 1. This completes the proof of the Big-Slice
theorem [15.1.11

Part (2) of the Big-Slice theorem [15.1.1|is concerned with an L"-neighborhood of
A. By using g € 4! to translate this neighborhood, it actually implies

(2’) For A € &/? and a big slice Szii , G- Szii contains an L"-neighborhood of the
orbit 4" - A.

Let us state an immediate generalization of (2’) that will be used in the proof of
Uhlenbeck’s Fundamental Lemma:

Corollary 15.1.2. For A € &/? < &/™ and a big slice Sffi, i SX% contains an
L™-neighborhood of the orbit 4 - A inside </™.

Remark. The connection A has to be in L? (p > n) for this corollary to hold.
Exercise 15.1.3. Prove Corollary [15.1.2]
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Proof. The proof is by approximation. Let d be the size of the L™-neighborhood of A
in the Big-Slice theorem. It suffices to show if A+ b€ @™ and |b|,, < §/2, then there
exists g € 4" such that

g«A+me$§

Let b; € L? such that b; — b in L™. By the Big-Slice theorem [15.1.1] we have find
gi € 97 such that

Therefore, |a;|, < e. By Lemma 1.2 from Lecture 14, for some K > 0,
lailln + llgily < Kbl

Hence, we can find a weakly convergent subsequence a; — a € L",g; — g € L}. By
passing to the limit, we know that

lal, < &,d%a = 0, %a|ox = 0

and
gmA+m=(A+@esﬁ.

Here, the big slice is actually the closure

Szii c " O
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15.2. UHLENBECK’S FUNDAMENTAL LEMMA
We start with a lemma:

Lemma 15.2.1. There exists C1, e > 0 such that for all Fy =T + b with

o [bla < e,
o d*b— 0,
o *b‘é‘B‘l = 07

we have
f |Vrb|2 + |b|2 < le |FA|2.
B4 B4

Proof. By the Weitzenbock formula, we have

(17) f|u+me:f|va+f wAd%+f|W.
B4 B4 o0B4 0B

for any b € Q'(B*). Since the Euclidean metric on B* is flat, the Ricci curvature term
does not show up. Moreover, S® = 0B* — B* has constant mean curvature, so the
last term is positive.

Exercise 15.2.2. Prove the Weitzenbock formula.

We postpone the solution of this exercise to the end of the note.
By assumption d*b = 0 and =b|sp+ = 0. The equation then implies

(18) f\@ﬁ>fym@%
B4 B4

Since L? — L4, for some Cg,, > 0,

ol < Caanltloz = (| 1958 + ).

Putting all these together, we have

J\mﬂzfy@+bszjy%E—M4
B4 B4 B4

Oy @) > (| [908F) = ol

since [l < 0> (| [9307) — C3 101

= )\%
N +1

)\2
> (ot
N +1

b3, — E2C2, 112

OB, = O bl
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if e, « 1. Here, we used that fact that

JB4 Vibf > A2 f34 b2 0.

for some A\; > 0. To see this, one can use proof by contradiction because a parallel
1-form b on B* with the boundary condition #b|;x has to be zero.

We are ready to state and prove Uhlenbeck’s Fundamental Lemma. Let P = B*x G
be the principal bundle:

Theorem 15.2.3. There exists Cy, ¢ > 0 such that for any L3-connection A=T +a
on B* with

B(A) = | I <

we can find a gauge transformation g € 93 such that

gA=T+0b
where I is the trivial connection and
(1) dzb =0,
(2) #b|sps = 0.

(3) §pu |[Vrb|* + 0> < CLE(A).
Proof. The proof is by the method of continuity. Let
V.={T+a:aeLj E(A) <e},
W, ={AeV, :3ge 92 s.t. (1)(2)(3) hold for g - A}.

The proof is divided into three steps. Let €, C; be the constants in Lemma [I§ and
choose € « 1 such that 2C1C,e < €1. We have to show

e Step 1. V. is connected.
e Step 2. W, is closed in V.
e Step 3. W, is open in V..
Three steps together will imply V, = W-.
Step 1. Connectedness. For each t € [0, 1], Define

T AP —
A(z) — A(tx)|pa.
For each A € /2, the path
t € [0,1] — 1 (A)
is continuous, but the “global” map
7:[0,1] x @ — o
(¢, A) = 7 (A)

is not continuous. In this case, we say that 7 is point-wise continuous in .@72.
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Remark. An analogue of 7 is the translation operator 7' on LP(R"):
T:R" x LP(R") — LP(R")
(h, f(2)) = f(x = h).

For each f e LP(R™), T(-, f) is continuous as a map R" — LP(R™), but T is not
continuous itself.

EW/ A

e

% HiA)
IR Jo >

may l\ﬂ Cremse

The advantage of the path 7 is that 7;(A) has uniformly small energy (using the
fact that F(A) is scale invariant or even conformal invariant):

Emm»=f|ﬂMm=f |mﬁ<j FaP <.
B4 |z|<t |z|<1

and 79(A) = I'. This shows if A € V,, then ¢t — 7(A) is a path that lies in V, and
connects I' and A. V_ is path connected. Step 1 is done.
Remark. There is an obvious deformation retract of «* onto I':
Hiy(A) =tA+ (1 -¢t)l.

which is continuous as a map [0,1] x @? — &2 The problem with the linear
homotopy is that the path H;(A) does not necessarily lie in V, given that A € V..
The energy E(H;(A)) may not decrease monotonically and might exceed e for some
te[0,1].

Step 2. Closedness. Suppose

Ai =1+ a; € W€

and a; — a € L? as i — 0. We can find g; € 47 such that
(19) g9i-T+a)=T+b
satisfies (1)(2)(3). We need to prove some a priori estimates:

€1

1billa < CsobeHLf < Clcsobf |Fp, |2 < C1Cupe < 5
B4
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wm<a[
B4

By passing to a weakly convergent subsequent, we have

and
< 016.

b, i»be[ﬂib s

Moreover, [b]4 = lim [|b;]s < €. By (19),
(20) dgi = gia; — b;g;.
Our goal is to show |g;[ 12 is uniformly bounded:

o |dgills < |gillolailla + [bi]4]gilo < Co is uniformly bounded.
e The next step is the second derivative of g;:

[V (dgi)l2 < s ® Vgilla + [|(Vbi)gill2 + [19:Vail2 + [V @ ai2
< [[billaldgilla + 10ill 22l g0 + @il z2llgleo + laslaldgills
Cs.

Hence, we can find a weakly convergent subsequence such that

N

72
9i o, gelLs.
Since the embedding L2 < L? (V1 < ¢ < o0) is compact, g; > g and g; <5 g.
This shows g € 47 is a gauge transformation.
Now we have the convergence:

s— L2 w— L2 wag
a; —> a, b; b, qg.

Consider the limit of the equation (20 as i — oo:

dg = ga — bg

which holds in L*~¢ for any 0 < ¢ (< 1). This shows g - (A + a) = A + b. It remains
to verify that
(1)(2)(3) hold for A + b e 27?2

Both (1) and (2) follow from b; — b in w — L?. The last follows from Lemma [15.2.1]
Indeed, b satisfies (1)(2) and the estimate

[b]4 < €1.
Step 3. Openness. This follows from the Big-Slice theorem. O
Exercise 15.2.4. Prove Step 3.
Proof. For the proof, we need a variant of Corollary [15.1.2}

Corollary 15.2.5. For Ae &Y < @2 (p > 2) and a big slice SX‘]E, G2 - Sﬁfi contains
an L3-neighborhood of the orbit 43 - A inside <.
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We choose A =T to be the trivial connection in Corollary [15.2.50 Let € (< €;) be
the size of the big slice S” around I" and ¢ be the size of the L3-neighborhood around
A

Suppose
A+aeW,

so there exists g € 47 such that g- A = A + b satisfies (1)(2)(3). Then we know

)
(Coapllbla <) 1Bz < CLE(A) < Cre < 5
if € is small enough. This implies together with (1)(2) that
g-A=A+be S

In order to show W, < V is an open subset, we need to find > 0 and for any a’ € L?
with [la’] 2 <7, a gauge transformation ¢’ € %3 such that

g - (A+a+d)
satisfies (1)(2)(3). Note that
g-(A+a+d)=g - (A+a)+gdgt=A+b+gdg
Since g € L”, ||ga'g~ s < |la/[l4 < Csoplla’| 12 < nCsop. Furthermore,
[V(9a'g™ )2 < llgllola’lz + la'l4]dgla < Con.
By making 1 small, we can assure that
[b+ga'g™" |2 <.
By Corollary we can find g; € 47 such that
g-g-(A+a+d)=A+Ved
satisfies (1)(2). To prove (3), by Lemma [15.2.1] it remains to verify
[0 < e

This is guaranteed, because the size ¢’ of S’ is made small so that ¢ < ¢;. O

Finally, we give a solution to Exercise[15.2.2] The transcriber believed that formula
had missed a boundary term.

Exercise 15.2.6. Let b be a smooth 1-form on a compact manifold X with boundary
0X. Let V e I'(X, TX) be the dual tangent vector of b and 7l be the outward normal
at 0X. Then

f \db|* + |d*b| :f |Vb|2+f Ric(V, V)
X X X

— J (<Vvv, ﬁ>d00lax + xb A d*b)
0X
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Proof. The local version of the Weitzenbock formula states that
Ab = V*Vb + Ric(V,V)

where A = dd* + d*d is the Hodge Laplacian. For a proof, see [2, P. 156, Corollary
8.3]. To derived the global version, we use integration by parts:

J<db, db) — f b, d*dby = | b A «db
X X

0X

f<d*b,d*b>—f (b, dd*b)y = —J sb A d*b
X X 0X

J (Vb,Vb) — J (b, V*Vb) = (b, Vabydvolsx.
X X ox
Note that for any m-form w:
bAsw=(=1)""1x((V)w).
Apply this formula for w = db:

—f b A xdb = J #(1(V)db) = | {(V)db, itydvolsx
ox ox ox

= J db(V, i)dvolyx .

X
Extend 77 to a vector field in a neighborhood of 0X. For any vector fields (W7, W5),
we have:

db(W, Wa) = Wi (b(W2)) — Wa(b(W1)) — b([W1, Wa]).
= WiV, Wa) — WolV, W1y =V, Vg, Wa — Vi, W1)
=V, V, Wa) —(Vw,V, W1).
Let W7 =V and W5 = 77, then
db(V, i) = (VyV, i) — (VaV, V.

Therefore,

L |db]* + |d*b]?* = L (Vb + L Ric(V, V) — J (b, Viby + db(V, 7))

ox
- f «b A d*b
ox

= f Vb +J Ric(V, V)
X X

- f ((VyV, iiydvolox + b A d*D)
0X
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Now we use the fact that d*b = 0 and =b|sx = 0. This means V' L 7 and b(77) = 0
at 0X. Therefore,

J |db[2—f beP:f Ric(V,V) + | (v, Vyity
X X X 0X

The last term is related to the shape operator on 0.X. When X = D" and 0X = S",
we have

Ric(V,V) = 0,{V,Vyiity = |[V]*.
When X < S™ is a hemisphere with the round metric and 0.X is the equator of S™,
Ric(V,V) = (n —1)|V|>,{V,Vyiiy = 0.

In either case, the right hand side is positive. The best way to convince yourself
that all signs in the computation are correct is to work out the case X = D" directly
(using coordinates), as is done in Uhlenbeck’s original paper [3]. O
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Lecture 16. Uhlenbeck’s Compactness Theorem I
16.1. THE CURVATURE MAP IS PROPER

Last time, we proved Uhlenbeck’s Fundamental Lemma. Let P = B* x G be the
principal bundle:

Theorem 16.1.1. There exists Cy, e > 0 such that for any L?-connection A =T + a
on B* with

E(A) := f |F4? <,
B4
we can find a gauge transformation g € 93 such that
gA=T+0b

where I is the trivial connection and
(1) db =0,
(2) #blaps = 0.
(3) SB4 \Vpb\Q + ]bP < CLE(A).

Let the curvature slice be
SC. — {A=T+b:d* —0,xblsps — O’J AP < )
B4

with the same € as in Theorem [16.1.1]
Theorem 16.1.2. The curvature map

Ae SC.— Fye L?
s proper on the slice SC..

Proof. Let A; = T'+b; € SC.. Suppose their curvatures {F,,} are Cauchy in L?, then
| 1= RaP 2 | - a)P - [ e ) nat a0
B4 B4 B4

> L4 |(d + d*)(ai — a;)]* = Cslla; — a;]72(ail 72 + las|72)
= Cslla; — a;]72 — eC2C[lai — a7

= (C3 — eCyCh)ai — a2

This implies {a;} is Cauchy when € « 1. O
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16.2. THE REMOVABLE SINGULARITIES THEOREM

Now let us consider the global picture. Let
P - X*

be a principal G-bundle over a closed 4-manifold X and {A;} be a sequence of anti-self
dual connections. Then

E(A) = f ’FA|2 = —J tI‘(FA A *FA) = J tI‘(FA A FA)
X X X
= 87%ca(P), [X*])-
is a constant independent of A. We can cover
X = JB(x,9)
LISIN
by balls of a given radius 0 such that
e For any z € X, at most NV balls contain z.
Then we can find a subsequence of connections {A;} that except for
E(A)N

€

balls the curvature constraint
(21) | e

holds for all connections A; in this subsequence.

(R

><4»

Remark. One way to produce such a cover is as follows. Find a maximal collection
of disjoint balls of radius g inside X. Let them be

)

Then the collection {B(x;,d)} necessarily covers X. For any x € X, if x € B(x;,6),
then

B(z;, g) c B(z,20).
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Therefore,

maxgex Vol(B(z,20))
ming <i<m, Vol(B(x;,0/3))

At this step, we can apply Gromov-Bishop comparison theorem to estimate Nj in
terms of a curvature bound of X. Alternatively, we shrink the size of §. Locally,
any metric is close to the standard Euclidean metric. Then N is bounded by the
corresponding number Ny in R"™. [J

We can iterate this process and get a cover of

X° ::X—{.Tl,QTQ,“' 7xk}

such that for any balls in this cover, the constraint holds and we can apply
Uhlenbeck’s Fundamental Lemma. We wish to show that after proper gauge fixing,

[Ai]

for a smooth connection A in P

N<N0:=

Cw
xe — [A] on X©

xe. However, if
f FaP < j Fuf? = 87%cs(P), [X]).
Xec X

then we can only have weak convergence |Fly,| N |Fal.
We also need the Removable Singularities Theorem:

Theorem 16.2.1. Suppose A = T + a is a smooth connection in (B* —{0}) x G
and Ff = 0. If E(A) < o0, then we can find a smooth gauge transformation g :
B* — {0} — G such that

g-A=T+d

and a' extends to a smooth connection on B* x G.

The point is that the topology of the bundle might change if g # 0 € w3(G).

This theorem allows us to extend the limit A to a connection A’ in a possibly
different bundle P' — X. If m(G) # {0}, then P might have characteristic classes in
dimension 2, but they are unaffected under the transformation ¢ in Theorem [16.2.1]
Only a 4-dimensional class could be changed.

16.3. THE PATCHING ARGUMENT: A SKETCH

The 4-ball B* allows us to use the rescaling argument. If we can prove the con-
nectedness of V, for other 4-manifolds, then Uhlenbeck’s Fundamental Lemma still
holds for them. In particular, to prove the Removable Singularities theorem, we wish
to work on an annulus, but the argument has to be refined.

We need a patching argument.

Suppose we have

X =B} uB;
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A
e

/>
=N
)

=2

J-A=T=q, 9, A=T 40y

and a smooth connection A in P — X with small energy F(A). By Uhlenbeck’s
Fundamental Lemma, on B}, we find a gauge transformation g; such that

and [a;| ;2 < C1E(A). On Bf n B, let gia = g2 - g7 ', then
(22) g12- (D'+a1) =T + ay = dg12 = 1201 — a2912.

If a; has small L*-norm, then dg;5 has small L*-norm and gy, — ¢ has small L{-norm
for some c € G. Compute the covariant derivative of , then

V(dgi2) = Vgia® a1 + g1 - Vay — Vag - g1 — az ® Vgia.
Using the multiplicative theorem
LYx L* — L% L* x [? — L2,
we see that gjo — c is small in LZ. Our goal is to factorize
gi2 = 1y 1771

with 79,7, small in L2. We have to estimate the C%-norm of gi». Apply d* to (22)),
then

d*dgiz = — = (dgi2 A *a1) £ *(*az A dgi2)
= ®,(dg12, a1) + Pa(as, dgr2) € Im(L3 x L7).
It is an observation by Taubes that
L} x L? — L* n A(CY).
The proof uses Hardy’s Inequality.

Lemma 16.3.1 (Hardy’s Inequality). If f € L*(B(0,1)) is supported on B(0,1/2),
then

f(2)]?
[ L < i

|z =y
for any y € B(0,1/2).
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Proof. WLOG, assume y is the origin Using polar coordinates:

J 2 f J (r,w) rd’r’dw
B4 |$ - ?J| 33

[[150rae =~ [ ssran
f Frrdr)z( J —{:)2 3dr)2

[0 < [ Eyrvar

Putting all these together we obtain
0
| S d ] \J J )2ridrdw =J \—flz
Bt |z — 9\2 53 ps Or

This inequahtyﬂ will imply g;2 has small C%-norm since
1
[z —y?
is proportional to the Green’s function of the Laplacian A. By possibly shrinking the
domain,

and

which implies

lg12 — CHCO(B’)
for some B’ = B} n B;. The goa]ﬂ is to find smooth gauge transformations

n; on B
such that g5 = ;" - 72 with 7; small in L2. Then
m- (T +a) =m- (T +a)

equal on B} n B; and we have estimates on the L?-norm of the resulting connection.

ITom didn’t explain the details
2Tom didn’t finish the construction. He intended to give a sketch only.
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Lecture 17. Uhlenbeck’s Compactness Theorem 11
We record a short conversation happened in the class:

Tom: “ The timing is extremely good. We talked about the Chern-Simons func-
tional and Simons came to MIT. We are studying Uhlenbeck’s theorems and she won
the Abel prize.”

A student:“ So you should talk about one of your theorems. [Audience laughs| ”

Tom paused for a second and made a face.

“ Well, only if a prize is coming.”

Remark. James Simons received the Donald Sussman Fellowship Award from the
Sloan School, MIT and gave three Fireside Chats in early March. The first talk,
moderated by Tom, was on his mathematical life.

Karen Uhlenbeck was awarded the Abel Prize in March 19, 2019.

17.1. A LOCAL COMPACTNESS RESULT
Let B, = B! be the ball of radius 7 in R?*. Let
M(B,) ={[A] : Fa = — = F4} c 42/12/5422.

be the moduli space of anti-self dual connections on B,.. When r = 1, we studied the
space

ME(By) = {[A] e M(By) : J |Fa| < €}.

By
By restricting connections to a smaller ball, we get a restriction map:

r: MY(By) — M(B,).
Theorem 17.1.1 (Uhlenbeck). When € « 1, The restriction map r is compact.

This theorem is analogous to a classical theorem in complex analysis. Consider the
space of holomorphic functions on the unit disk B(0,1) < C with uniformly bounded
L2-norms, then the restriction map to a smaller disk B(0, ) is compact in C*-topology
for any k£ > 0:

{f:B(0,1) > C:0f =0,|f2 < C} = C¥(B(0,7)).

For a sequence of connections {A;} < M¢(B;), Uhlenbeck’s fundamental lemma
allows us to show they are weakly convergent in L?. We wish to prove strong L}
convergence in the interior.

Here is a rough idea of the prooﬂ For any connection A, there is an inequality

(23) f FAl > —CS(Alp,).

r

3See the next section for more details
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The equality holds if and only if A is anti-self dual. Write
A+a.
By Fubini’s theorem, over the sphere S2, the quantity

21 | 1vral + jap
57

is finite for almost all r € [0,1]. On the other hand, the Chern-Simons functional CS
is continuous in L2 Jo-topology:

1 1
CST +a)= —J tr(zanda+ za A a A a).
g2 3
Indeed, da € L? | s and L2 1y L? in dimension 3:
1 3 3
3 3203

Apply multiplication theorems:
Lijpx L2y — L' L> x L* x L* — L.
Suppose is uniformly bounded for all a; and for a sequence of numbers r; — 1,

by , we conclude

1—00

lim |FAi|2 = f |FA|2.
B,«j By,

for each r;. This will imply the strong convergence on B, :

s—L*(Br;)

Fu, Fa.

Remark. If f; — f weakly in L?, then ||f]2 < liminf | fi|2. If | fllz = liminf | f;],
then the convergence is in fact strong. [J

We wish to use the properness of the curvature map (see Lecture 15). By Uhlen-
beck’s fundamental lemme, we can achieve

(1) dFal = O7
(2) *a;|om, = 0.
(3) SBl Vra;|? + |a;|* < CLE(A;).

But instead of (2), what we really want is
(2) *ailop,, = 0 for r; < 1.
Nevertheless, we can still prove properness if
(1) ailop, is small in L},
(2) a; is small in L?(By).
Let us go through some details in this sketch.
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17.2. A MORE ORGANIZED SKETCH

Our goal is to prove Theorem [17.1.1]
Step 1. Put A; in good gauge. Using Uhlenbeck’s fundamental lemma, we write

A=T + a;
with a; € L3 (B}, T*B} ® ad P) and
(1) dra; =0,
(2) *ailon, = 0.
(3) SBl IVrai)? + |ai]* < CLE(A;) < Cie.
By passing to a subsequence, we assume a; — a weakly in L? for some connection
matrix a. Let A =T + a, then

w—L2(

Ny oy

Step 2. For each i, define
2

fi(r) = f|F

They are monotonically increasing functions with a uniform bound on the supremum
norm. Using polar coordinates, we have

fi(r) = J J P [2ridrdw — 2 J J (P oo Prdrdu.
0 Js3 0 Js3

Here, we used the fact that F, is anti-self dual and
|dt A ej+eji1 A ejral® = 2]eji1 A ejral®.
Hence,
fi(r) = QJ |Fa,|ssridw = 2r3f |Fa,|s3 | dw.
53 53
Since f! > 0 and Sé fi(r)dr < M, by a theorem in measure theory, we can find
M' > 0, a subsequence of {f;} and 0 < r; — 1, such that
filrs) < M’
for all 7, j. Hence, when 7 » 1,

| 1RIsy P <20
S3

for any 1.
Step 3. For each fixed r;, {F;|ss } is a sequence of connections on S* with bounded
J

energy. By another compactness theoremﬁ, for each A;, we can find a gauge
transformation g; on S® such that

gi - (Ai\sgj) -I

4Tom didn’t explain this.
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has bounded L?-norm and g; is in the identity component of ¢. In particular, we can
find a weakly convergent subsequence in L%, so they converge strongly in L2 12 (the

inclusion L} — L3 1, is compact). Since CS is continuous in L7 Jp-topology,
CS(Ai‘ng) =CS(g; - (Ai‘SEj ) — CS(A/’S% ).

if g; - A; —> A" in w-L3(S?).
Step 4. Since each A; is anti-self dual, the equality in is achieved. Step 3 then
implies that

1—00

lim |FA~L|2 = J |FA|2
By, By,
for each fixed r;. Here, A is the limit of {A4;} found in Step 1. Note that A[gs is gauge
J
equivalent to A" on Sfj. By a theorem from functional analysis, the weak convergence

(on a smaller ball B,)):

w—L2(Brj) r
A, —— by

is in fact strong:
s—L*(By;)
A, ———— Ia.

Step 5. We can almost apply the properness result from Lecture 14, except that

the boundary condition is not fulfilled:

*ai’aBT # 0.
Nevertheless, we know that

|+ ailos.| 2,
is uniformly small. By the proof of the Big-Slice theoremﬂ, we can find gauge
transformations g; on B, with controlled L3-norm putting A; into the slice. Since
gilss is in the identity component of the gauge group,

J

CS(gz' : Ai) = CS<Ai)
is convergent. By passing to subsequence, we assume

w—L3(Br;) w—L?(By;)

gi - A A”, F, gi-As Fan

for some L3-connection A” on B,;. By the argument in Step 3,

im [ Byl = [ Fwl
i—00 Brj BTj
which implies

—I2
Fya =5 Fy.

Finally, we use the properness result to finish the argument.

5Tom didn’t explain this.
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17.3. THE GLOBAL PICTURE

Suppose X is a closed 4-manifold and [A;] € M(X) is a sequence of anti-self dual
connections in P — X. By the covering argument from Lecture 16, we can find a
finite collection of points {x1, -, 2} < X and a cover of X¢ =X — {xq, -+ , a1}

{B(l’a, ra) }aeA
such that

(1) {B(xa,7a/2)}aen is still a cover of X¢.
(2) For any z € X, there are at most N balls that contains z.

(3) For each A;,
J ’FAi
B(za,Ta)

so we can apply Uhlenbeck’s Fundamental Lemma.

2
<e

Y

Using the local compactness theorem, the restriction map
ME(B(24,74)) = M(B(xa,74/2))
is compact. By passing to a subsequence, connections
[Ail| B(zara/2)
converge for all &« € A. Use the patching argument to get g; on P|x. such that

s—L2

gi . Az 1,loc A

on P|x.. To extend A to a connection on X, we need Uhlenbeck’s Removable Singu-
larities theorem:

Theorem 17.3.1. Suppose A = T + a is a smooth connection in (B* — {0}) x G
and Fy = 0. If E(A) < oo, then we can find a smooth gauge transformation g :
B* — {0} — G such that

g-A=T+d
and a' extents to a smooth anti-self dual connection on B* x G.

Therefore, by applying a gauge transformation on P|x., A becomes a smooth anti-
self dual connection on P" — X but P’ is not necessarily the same bundle as P.

17.4. BUBBLING PHENOMENA

What can we say about P'? Since

f |1714|2 < hmJ |FAi|2 = 87T202(P),
X X

we must have
CQ(P,) < CQ(P).
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For each distinguished point x;, there exist & > 0 and a sequence of numbers {r;}
with r; — 0 such that

0<a< J |Fy, |2 (< 872y (P)).
B(:IJJ',T‘i)

We rescale B(x;, ;) so that its radius is normalized to be 1:
Tie, - B(wg, 1) — B(wy,1) < T, X.
The metric
g = (100.)"9
on B(xzj,1) is changing and converges to the Euclidean metric g5,. The connection
(Tl/ri)*Ai

on B(xj, 1) is anti-self dual with respect to g;. We can still prove a similar compactness
theorem, even through they are ASD with respect to different metrics.
Fix R > 0, then under above rescaling,

R
T, - Bz, R) — B(xj, _,) c T, X.

s
and at the limit,
lim 7y, (B(zj, R)) = T, X =~ R*.

Therefore, away from a finite collection of points {y{, yg, oyl Y e RY,

L% loc i
(Tl/ri)*Ai —_— AJ

for some smooth anti-self dual connection A7 on R* with finite energy:

f\FAjP:nm j Ful? < lim Ful? < 87%,(P).
R4 v B(a;j,%) v JB(zj,R)
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CETEY

Here, R? is regarded as S* — {S}, S* with the South pole removed. By Uhlenbeck’s
Removable Singularities theorem, A’ extends to a smooth connection on S* for some
bundle P/ — S4.

Finally, we can iterated this construction and obtain a bubble tree compactification
of the moduli space, which is finer than Uhlenbeck’s compactification to be introduced
in the next lecture. Uhlenbeck realized this bubble tree compactification first in her
study of harmonic maps, but she didn’t formalize the construction. Nowadays, it
is called Kontsevich’s compactification, which is improper from a historical point of
view.
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The M‘ICLEY Maouge.

oumpwlv\{t oXion -

T ——



18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 111

Lecture 18. The structure of the moduli space
18.1. THE LOCAL STRUCTURE

Let X* be a closed 4-manifold and My (X) be the moduli space of ASDH connections
on P, — X. Here, P, — X is a principle SU(2)-bundle and

eo(P)[X] =k = 0.

Let Sym'(X) = X!/%; be the symmetric product of X. Then Uhlenbeck’s com-
pactness theorem states that any sequence of connections {[A;]} < M (X) has a
subsequence whose limit is

([A]a(ffla"' ,SBl))
with [A] € My_; and z; € X. The [-tuple of points is unordered. Thus, this limit is
contained in

My (M) x Sym'(X)

for some 0 <! < k.

gn}:“/\\"

Ae@‘f'

Sa

We examine the local structure of My (X) more carefully. If [A] € M(X), then
locally, M(X) is described by the zero locus of
Ga:{A+aeSa} > Q2 (ad P)
A+ar— FX+a‘

whose linearization at a = 0 is d}. With appropriate Sobolev completions, Ga
becomes a Fredholm map. Note that the chain of maps:

N
(25) Q%(ad P) 4 Q'(ad P) 2 02 (ad P)
is a complex if A is ASD. Indeed,

diods=F;=0.

64ASD” stands for “anti-self dual”
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In fact, is an elliptic complex, that is, the symbol sequence is exact. This
implies that the sequence

.
Ly (X, ad P) da, LP(X,T*X ®@ad P) da, Lg_l(X,Ai ® ad P)

is a Fredholm complex, which means

(1) It has finite dimensional cohomology groups.
(2) All maps have closed range.

There are two ways to compute the index of d; @ d%:

(1) Use Atiyah-Singer Index theorem.
(2) Compute some model cases, then apply the excision theorem.

It will save us some time if we adopt the second one.

18.2. INDEX COMPUTATION: WHEN P IS TRIVIAL

If P is trivial and A is the trivial connection, then the complex becomes

+
(26) P50 2 ey
Its cohomology groups are:
H=g H' = H'(X,R)®g, H> = Hf ®g.

We elaborate on Hy . If w € Coker d*, then w € Q% and for any a € Q,

0=J<d+a,w>=J da/\*wzj da A w.
b's b's b's
By Stokes’ theorem,
J a A dw =0,
X

so dw = 0. Since w = *w, d*w = 0 as well. Hence, w is a harmonic 2-form.

For each 4-manifold X, we associate a quadratic form Qx : Hy(X) — R. If
a € Hy(X) is represented by a immersed surface X, we perturb ¥ into 3’ such that
they intersect transversely. Then, ()x is the signed count of intersections of ¥ and
P

TeXNY

In terms of cohomology, if [a] € H*(X,R),

Qx(la) = [ ana.

b's
if v is a closed 2-form representing [«]. The induced bilinear form Qx is the in-
tersection form on H?(X,R), which is symmetric. By Poincaré duality, Qx is non-

degenerate. We write
H*(X)=WTeoWw".
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where W* (W) is a maximal positive (negative) definite subspace of H*(X). Define
b (X) = dim W*.
By Hodge theory,
H*(X,R) = {we Q*X) : dw = 0,d*w = 0} = H*(X).
Since the hodge star operator acts on H*(X), H?(X) decomposes into eigenspaces:
H(X)=H"@H = (+1)®(-1).

Then, H* is also the maximal positive (negative) definite subspaces of Qx:

we?—[i:>J w/\w=if Lu/\*wzif w|* = (<) 0.
X X b's

Thus, the second cohomology of is

H* =H> ®g.
When A is trivial,
the index of =dimg- (1 —b +0b").
It is convenient to write it in a different way. Let
o(X)=0b"(X)—-b (X)
be the signature of X. Let x(X) be the Euler characteristic:
X(X) = by — by + by — bz + by = 2by — 2by + by = 2by — 2by + (b + 7).

Then,

1—b+b" = XQJ = the index of = d1r2ng -(x(X) + 0(X)).

What if A is not trivial? In fact, the index of

.
2, (X,ad P) 5 IX(X,T*X ® ad P) > L2 (X, A2 ®ad P)
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is independent of the choice of A. As A varies, the complex is changed by 0-order
terms (hence, by compact operators).

18.3. INDEX COMPUTATION: WHEN P IS NOT TRIVIAL
We constructed SU(2)-instantons on S* using the round metric and
dim M (S*) = 8k — 3.
when £ > 1. These moduli spaces are regular. By the Weitzenbock formula,
di(d})" = ViVa+ @u(F]) - +Qo(WT) - +P3(s)-

where @1, @y, &3 are bundle maps that depend on F, the Weyl curvature tensor
and the scalar curvature s respectively. Since A is ASD and the round metric is
conformally flat, F/; =0 and W = 0. Since s is point-wise positive, d};(d’)* has no
kernel, so
d7 is surjective.

Therefore, the expected dimension of My,(S%) is at least 8k —3. But they are actually
equal.

To apply the excision principle of elliptic operators, we need the following picture:

(1) X1=U1uV1andX2=U2uV2.
(2) Wy = U n Vj is diffeomorphic to Wy = Uy N V5.
(3) We have elliptic differential operators:
D1 . F(El) — F(Fl) on X1
D2 : F(EQ) - F(FQ) on XQ.

(4) There exist bundle isomorphisms
¢ : Erlw, = Ealw,, ¥ 1 Filw, — Falw,
that cover the diffeomorphism in (2) and intertwine D; and Ds:
Dy =1 oD;o¢ ! on Wh.

Under these assumptions, we can

(1) Define X3 =U; u Vy and Xy = Us U V).

(2) Obtain F3 — X3 by gluing F1|y, and Esly,.

(3) Obtain £y — X4 by gluing Es|y, and Ei|y,. Similarly, define F3 — X3 and
F4 - X4.

(4) Define elliptic differential operators:

D3 . F(Eg) - F(F3), D4 . F(E4) i F(F4)
The conclusion is that

Ind D; + Ind Dy = Ind D3 + Ind Djy.
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B E,
A \ E, X3 E,
) Dl Dj,
W ;
E =2
2 X). EL —E E
2 X‘l— |
L) o( o
Wi .

To apply the excision theorem, let

X1 =X, C2(P1) =k, Xy = 54702(P2) =0,
X3 = X, CQ(Pg) = O, X4 = S4,CQ(P4) = ]{5

and D; = d}y @ d% : Q' (ad P;) — Q%(ad P;) @ Q% (ad P;). Since c3(Py) = ca(P3) = 0,

3 3
nd Dy = ~S(x(5") + 0(8") = =3, Ind Dy = ~5 (\(X)) + (X)),
We have already known Ind Dy = 8k — 3, so
Ind D; = Ind D3 + (Ind Dy — Ind Dy) = 8k — g(x(X)) + o(X)).

In the same manner, we can compute the index in general, without assuming the

C'\*CP'):‘R Ixs3 C;Cfs):O
< . Ixs>
Ixs3 @ @B -;Zs

structure group is SU(2).
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Theorem 18.3.1 (Uhlenbeck). For a generic metric on X, the moduli space My(X)
is smooth, i.e., d} is surjective for all A € My(X) which is not flat or reducible
and

dim M (X) = 8k — 2 (x(X) + o(X)).

2
The Uhlenbeck’s compactification sits inside a larger space:
_ 3
M) "« My(X) dimy, = 8k — S(x(X) + o(X))
| JMia(X) x X dim = dimj, —4
UMk_Q(X) x Sym? X dim = dimy, —4 x 2
UMO(X) x Sym* X dim = 4k.

The dimension of the [-th stratum is dimy, —4[ except when | = k. Suppose b* (X) =
0,71 (X) = {0} and k = 1. Then b' = 0, and
dimj =8-1-3-(1-0+0) =5.
Then the compactification looks like
M) e My(X) dim; = 5
| JMo(x) x X dim = 4.

Note that My(X) consists of flat connections. Since 7;(X) = {0}, the flat con-
nection is unique with stabilizer SU(2). Because of the SU(2)-action, the expected
dimension of My(X) is

dim Mo(X) — dim SU(2) = 0 — 3 = —3.
where dim M(X) is the actual dimension.

If X = 5% M;(X)=B5=H = S0(51)/SO(5) and its compactification is the
closed 5-ball: )

M,(S%) = B5u S* = B,
Theorem 18.3.2 (Donaldson). For any closed smooth 4-manifold X with m (X) =
{0} and b*(X) =0,

My (X) = My (X)) X

and X has a product neighborhood (—1,0] x X < M;(X).

Therefore, if M/ is a smooth manifold, then X is null-bordant. Theorem [18.3.1] has
almost guaranteed that M is smooth, but we have to rule out reducible solutions. For

instance, CP? has trivial m and b*(CP?) = 0, but it is not null-bordant. Reducible
solutions will occur in M, (CP?).
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CP? is CP? with the reversed orientation. If you use the conjugate complex struc-
ture on CP?, you will end up with the same oriented manifold.

Tom:* Taubes were thinking about the moduli space on a connected sum of 4-
manifolds and started with the case when one piece was CP?. He started to think
what was a CP?. Is that the manifold with reversed complex structure? I believe

that he didn’t spend more than 15 minutes on this problem, but be careful, CP? is
not this manifold.”

18.4. REDUCIBLE SOLUTIONS

Let P be a SU(2)-principal bundle over X and A is a reducible ASD connection.
The commutants graph of SU(2) is simply:

Zy cU(1l) c SU(2).
If Staby = S!, then P is induced from a U(1)-bundle Q:
P =Q xya) SU(2).
This means that the canonical 2-plane bundle £ splits as
E=L®L"

B 0
0 B*)
for a unitary connection B on ). By the Chern-Weil theory,
1
57

Since A is ASD, so is B. When does () admit an ASD connection? For a cohomology
class [a] € H?(X), it admits an ASD representative if and only if

and the connection A splits as

Fgl=c1(Q) e H(X,Z).

J and=0,Y0eH:(X).
X

If b = 0, then any line bundle ) admits a connection with an ASD curvature.
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We have to decide which principal bundles P arises in this way. We will address
this problem in the next lecture and prove Donaldson’s diagonalization theorem.
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Lecture 19. Donaldson’s Diagonalization Theorem
We will sketch a proof of Donaldson’s diagonalization theorem.

Theorem 19.0.1 (Donaldson 1982). If X* is a closed smooth simply connected 4-
manifold with a definite intersection form qx, then qx s diagonalizable.

Fix an orientation of X such that the intersection form ¢y is negative definite. Let
M;(X) be the moduli space of ASD connections on X of charge 1. Then

dim My (X) =8 —3(1—by +by) =8—3(1—0+0) =5.

In this case, Uhlenbeck’s compactification of M (X) is
——Uhl

M =M (X)u X,

and X has a collar neighborhood in thl. The analysis used in the collar neighbor-
hood theorem will be analogous to some techniques in Floer homology. We need the

generic metric theorem:

Theorem 19.0.2. When the structure group G = SU(2) or SO(3), the linearized
ASD equation:

d} : ker(d%) — Q% (ad P)
is surjective at every A € My(X) which is not reducible or flat.

This result is unknown when G is a higher rank compact Lie group, for instance,
when G = SU(3). For any x € X,

dim A2 @ ad P|, = 9 if G = SU(2) or SO(3),
dim Sym?(T*X)|, = 10,
dim Sym2(T*X), = 9.
Note that Sym?(T*X ) is the tangent space of metrics on X, while traceless symmetric

2-tensors SymZ(7T*X), form the tangent space of conformal structures. Proof of the
generic metric theorem holds because

dim Symj(T*X), > dim A% ® ad P|,,
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which is no longer true when rank(G) > 3.

19.1. THE LOCAL STRUCTURE NEAR REDUCIBLE SOLUTIONS

The moduli space M;(X) contains no flat connections, since the charge k # 0.
What about reducible connections?

SU@2) —— P ~Ls U(1) — Q
X X

The embedding p : U(1) < SU(2) is given by
i @ie 0
e = (5 D)

Suppose P is induced from a U(1)-bundle: P = @) x,SU(2). Fix a reference unitary
connection Ag of Q). If A is another unitary connection of (), then

A=Ag+a
for some a € iQ'(X), and Fy = Fa, + da. If F4 is ASD, then
(27) dta=—F, .
The condition that b* = 0 implies that the operator
d: Q' - Q%

is surjective, so the equation has a solution. As for the uniqueness, dta = 0
implies da = 0, since

0= f da A da = J |d"al* + J |d~al?.
be b be

Thus, a = db for some b € iQ°(X) if b;(X) = 0. The solution of is unique up to
gauge transformations.
Note that P is determined by cy(P) € H*(X,Z) up to isomorphism, while Q is
determined by ¢1(Q) = ¢i(L) € H*(X,Z), where
L= Q XU(l) C.

is the line bundle induced from the fundamental representation. Let ' = P X g¢/(2) C?,
then £ = L @ L*. By the Cartan formula,

c(E) = —c3(L).

Define a(X) = #{c e H*(X,Z) : ¢* = —1}/ £ 1. Replacing L by L*, we will get the
same SU(2)-bundle P, but the first Chern class

C1 (L*> = —Cl(L)
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is replaced by its opposite. Hence, we need to quotient out +1 in the definition of
a(X). Furthermore,

a(X) = #{reducible ASD connections in M;(X)}.
To study the local structure near reducible solutions, consider the deformation
complex at a reducible connection A:
(28) 0 — Q(ad P) > Q'(ad P) > 02 (ad P) — 0.
If P is induced from @, then
ad P = P x,q 5u(2) = (Q xpy) SU(2)) Xaa su(2)
= @ Xadop 5U(2) = iIR® (L¥)g.

i0
Indeed, the adjoint action of p(e) = (60 eoi(;) is given by

it z it ze2it
(—2 —it) ~ (—2—21'9 —it) € su(2).

The deformation complex decomposes into a direct sum of complexes:
0 — Q°(X,iR) S0 (X, iR) L Q2 (X, iR) — 0

0 — QO(X, (L%)x) 20 (X, (L%)x) 2 02 (X, (L®2)z) — 0.
Take the cohomology groups:

H(X,iR) = iR,H'(X,iR) = 0, H> (X,iR) = 0

Hp(X, (L®*)r) = 0,Hp(X, (L**)r) = C"", HE p(X, (L**)r) = C".
The Euler characteristic number of the deformation complex is
—dim M;(X) = 5.

This forces dime Hp (X, (L¥?)r) —dime H? 5(X, (L#*)r) = 3. The complex structure
on HL(X, (L®%)R) is not canonical. It depends on which complex structure is chosen
on (L®2)R.

We could assume n = 0, by the generic metric theorem. H°(X,iR) =~ iR corre-
sponds to the tangent space of the stabilizer. Thus,

T[A]Ml(X) = Cg,

but S! acts on this space. The action is given by matrices:
o20i

629i

267
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so {£1} = Z(SU(2)) acts trivially. Just like the slice theorem, M;(X) locally looks
like

the slice/ stabilizers = C*/S" =~ ¢(CP?)
which is a cone over CP?. Globally, we think of M;(X) as a cobordism between
X []cr.

a(X)

This is not an interesting result unless M; (X)) is an oriented cobordism.

Remark. The oriented cobordism group Q9 =~ Z is generated by [CP?] and is
detected by the signature. The un-oriented cobordism group €y =~ Z,@Z, is generated
by [RP*] and [RP? x RP?]. O

19.2. ORIENTATION

We need to address the orientability of M;(X). Consider the orientation line
bundle of M;(X):

AN (rMi(x)

where /""" denotes the highest exterior power. In fact, it is Quillen’s observation
that A" (TM;(X)) is the restriction of a universal determinant line bundle asso-
ciated a family of Fredholm operators. Let Hg be a real infinite dimensional Hilbert
space. Then the space of Fredholm operators is homotopy equivalent to

Fred(Hg) =~ Z x BO.

where the Z-component corresponds to the index and BO is the classifying space of
the infinite orthogonal group O(o0) = lim,_,,, O(n). Note that

HY(BO,Zy) = Zs.

The non-trivial element is the universal Stiefel-Whitney class wy, and it is represented
by a non-trivial real line bundle . The question is: can we construct v concretely on
Fred(Hg) without using this homotopy equivalence?
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Let T' < Fred(Hg) be a compact family of Fredholm operators:
D,:Hy— Hy, VteT.
Consider the real line:
A=\ ker(D)® [\ Coker(Dy)*.

This is a family of real lines over 7. We have to show it is locally trivial, so it has
a well-defined topology. The problem is that dim ker(D;) is not locally constant and
ker(D;) does not form a vector bundle over 7.

Let A : Vo — Vj be an invertible map between finite dimensional real vector spaces.
Let d = dim Vj = dim V;. Then we can assign a canonical element in

/\maz%* ® maa:‘/l 5 /\dA

If (uy,--- ,uq) is a basis of Vj, let (uf,--- ,u}) be the dual basis in V. Define
d
/\ A= i A Auy) @ Auy A Aug A -+ A Aug.

This element is independent of the choice of (uq,---,u4). It is non-zero, because
A is invertible. In particular, if there is a compact family of invertible maps A,
parametrized by t € T, we obtain a section of

/\max%* ® /\max‘/l .

over T'. This idea is generalized to an acyclic complex of vector spaces:
0V 2y, 2y, 4 Ay L.

An acyclic complex is a complex with trivial cohomology. We can assign to A =
(A1,---,Ay,) a canonical element in

/\mava* ® /\max‘/l ® /\maac‘/; ® /\’I’Y'L(J,.Z“/;1 o

Different literature may adopt different conventions. Though the complex is acyclic,
this element is a meaningful invariant of A. This is the origin of Milnor torsion
and Whitehead torsion. If we have a simplicial complex X with trivial rational
cohomology, then applying this process to the simplicial chain complex of X will give
us a canonical element in Q. To make it an genuine invariant of X, we need to verify
its invariance under the subdivision of simplicial structures of X.

Back to our problem. For fixed ¢y € T', choose J < H; such that Coker Dy, < J.
Then the composition pr o Dy : Hy — Hy — H;/J is surjective in a neighborhood of
ty € T.

T
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Consider the acyclic complex:
0 — ker(D,) — D; Y (J) 2 J — Coker(D;) — 0.
Then we obtain a canonical /\ D; element in

N ker D)@ N D7 (e N 7@ N\ Coker D,

In particular, this is a canonical map between lines:

(29) A" kerD,@ N\ (Coker D) — N Dt (e NI

Note that the right hand side is a genuine vector bundle near ty, so it produces a
trivialization of A;. When the auxiliary space J is changed, one can show different

trivializations are compatible with each other.

The trivializing map defined in (29)) is sensitive to the sign. If we start with (—D;),

we would arrive at a different topology of ;.

Remark. There is a detailed construction of A D; in Tom and Peter’s book [4,
Section 20]. Readers can also find some lecture notes on Milnor torsion on Google,

so we did not fill in the definition here. [J
We will finish the proof Theorem [19.0.1]in the next lecture.
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Lecture 20. The Topology of Configuration Space I
20.1. THE PROOF OF DONALDSON’S DIAGONALIZATION THEOREM

Recall from the last lecture that for a compact family {D, : t € T'} of real Fredholm
operators, we constructed the determinant line bundle over T

R —— A\(Dy)

|

T.

For the ASD moduli space M;(X) of charge 1, we have Uhlenbeck’s compactifica-

tion /\/llljhl = M;(X) u M. The number of reducible solutions is given by

a(X) ={ce H*(X,Z) : * = —1}/ £ 1,
and each reducible solution has a neighborhood diffeomorphic to a cone over CP?:
c(CP?).

If M;(X) is orientable, then X is oriented-cobordant to a(X) copies of CP?. Since
the signature o is a cobordism invariant, we have

|_|Z (CP?) or ¢(CP%)| < a(X).

This is what we learn from the geometry. On the other hand, any two elements
¢, € H*(X,Z) with ¢ = ¢ = —1 and ¢ # £ are orthogonal to each other, because
¢x is negative definite.

Remark. Since ¢ # £, (c £ )? < 0. Hence, —2 < 2¢ - < 2.0

For each c € H*(X,Z) with ¢ = —1, define
={be H*X,Z) :c-b=0}.
Then H?(X,Z) = Zc® A.. This decomposition can be continued. We conclude that
a(X) < rank H*(X,Z) = —o(X).

Together with this algebraic input, we know a(X) = —o(X) and gy = @[—1] has
to be diagonalizable.

Remark. If gx = (—Eg), 0(X) = =8 and «(X) = 0 since (—FEj3) is an even lattice.

Finally, let us explain why M;(X) ¢ %Bp = o/p/9p is orientable. We will first
sketch a strategy. In fact,

AN TM(X) = MDpap) )
where the family of operators Dy, is induced by

Q'(X, ad P) LAt =P

Q%(X,ad P) ® Q% (X,ad P).
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N, CCCR)

cCept)

Note that A(D4) — A is line bundle on o/p. The gauge action of ¢ lifts to \(Dy):
A(Da)

. 2
action -~
L
.
7

@ “ action JZ{P.
However, A\(D,4) does not push down directly to the quotient space Bp = o7p/4
because of stabilizers. Let &/* < &/ be the space of irreducible connections. Then
the restriction A(Dj)|+ descends to a determinant line bundle downstairs:

ANDA)| /9
B = oA"Y

Let M3 (X) = My(X) n #*. Then
AMDpa)) —— M Dray)

! |

MH(X) —— B*.

The trick is to show the determinant line bundle over %* is orientable, and so is its
restriction A(Dpaj) — M7(X). In particular, even if M7(X) might be disconnected,
we get a consistent way to orient different components.

20.2. THE ALGEBRAIC TOPOLOGY OF #*

Let us understand the algebraic topology of %* in more generality. The materials
below are based on [5]:
e Atiyah, M. F.; Bott, R.
The Yang-Mills equations over Riemann surfaces. Philos. Trans. Roy. Soc.
London Ser. A 308 (1983), no. 1505, 523-615.
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Step 1 Let 4° be the based gauge group. Let xy € X be a base point, then
G° ={9€e 9 : g, =1d}.
The action of ¢4° on &7 is free and &/ is contractible, so

weak homotopy equivalent
oA |G py <4 BY".

~

Let B%* = &/*/%°, then it is a fiber bundle over #* with fiber G/Z(G):
G/Z(G) —— B**

B*.
It is easier to start with #°* and &7 /9°. To understand B¥°, it suffices to find
another model of B¥°. Consider the classifying space of G:

G —— EG

|

BG.
The total space EG of the universal bundle is contractible.

Lemma 20.2.1. Let [P, EG]% be the mapping space of G-equivariant maps between
P and EG, then [P, EG] is contractible and is acted on freely by 4°.

Remark. Here, [-,-] denotes the mapping space, not the homotopy classes of con-
tinuous maps.

Furthermore, the quotient space [P, EG]%/9° is [X, BGp). Here, [-,-]* denotes
the mapping space that preserves base points, i.e. maps that send zy to a base point
of BG. Since BG is the classifying space, the principal bundle P is pulled back from
EG — BG via some map f : X — BG and the homotopy class of f is unique. Then
[+, ]{p; is the connected component of [, -]* that contains f.

Remark. Tom was a little sloppy here. Let us sketch a proof of Lemma [20.2.1}
Suppose P = X x G is the trivial bundle, then

[P,EG]Y = [X x G, EG]® = [X, EG]

is contractible. In the general case, a map f : S" — [P, EG]% is equivalent to a
G-equivariant map
S"x P— EG

and it is a section of the bundle
EG —— (S" x P) xg EG

N
I's
!

S™ x X.
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If x € P is any lift of x € X, then

s(y,z) = [(y, ), f(y,2)] € (S" x P) x¢ EG.

To show 7, ([P, EG]%) = {0}, it suffices to show any two sections are homotopy
equivalent. Such a homotopy is given by the obstruction theory, using the fact that
the fiber E'G is contractible.

Then, it is easy to see [P, EG|/9 = [X, BG](p, the non-based mapping space.
To compare it with [X, BG] [p]» We consider two fibrations:

Map(X, BG)[p —— |Map(X, BG)p|

|

BG

G —— Map(P,EG)%/9°

Map(P, EG) /4 | --“» BG.

The vertical map in the first fibration is the evaluation map at the base point
X € X:
ev : Map(X, BG)p) — BG, f — f(x0) € BG.

It becomes clear that the projection map = in the second diagram is the fibrant

replacement of the inclusion map ¢ in the first map, because QBG = G. It follows
that Map(X, BG)fp = Map(P, EG)“/9°. [

The integral cohomology of [X, BG]?P] is delicate, while its rational cohomology

is easier to understand. Take G = SU(n). Then H*(BSU(n),Z) is a polynomial
algebra generated by Chern classes

C2,C3," " ,Cp.

Note that ¢; = 0, because the structure group G is SU(n), not U(n). Each of them
corresponds to a map to an Eilenberg-Maclane space:

fn 1 BSU(n) < K(Z,2m).
Putting them altogether, we obtain

f= Hf . BSU(n) — K(Z,4) x K(Z,6) x - -- K(Z,2n).

This map f is not a homotopy equivalence, but it is a rational homotopy equivalence.
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Remark. Tt suffices to prove that f induces isomorphisms on rational cohomology
groups, so by Serre’s theorem, f induces isomorphisms on Q ® 7. (). Using Serre’s
spectral sequence and induction, we know that

H*<K<Z7 2m)7 @) = @[uQm]

is a polynomial algebra generated by the fundamental class s, € H*™(K(Z,2m),Z),
and

H*(K(Z,2m — 1), Q) = Q[uam—1]/(43,_1)-
for any m > 1. U

Therefore, we know that

[X, BSU(n)]* T4 [X, K(Z,4)]* x [X, K(Z,6)]* x -~ x [X, K(Z,2n)]*.

Moreover, by a theorem of Thom,
dim X

(30) (X, K(Z,2n)]* = || K(H*" (X, Z),9).
=0
In particular When n = 2 and dim X = 4, we have

~

[X,BSU(2)]* T4 (X, K(Z,4)]* HK (H*(X,7Z),7).
=0

Take out the particular component correspondent to [P]:

[X, BSU(2)]i T’ HK (H(X,7Z),1).

=1

Hence, the rational cohomology ring is given by
H*([X. BSU(2)]fp). Q) = A(H, (X, Q))
= Sym(Ho(X)) ® Sym(H,(X))
® /\ X) ® H3(X)).
since HY(K(H*(X,Z),1),Q) = Hy;_;(X,Q).

20.3. ANOTHER DESCRIPTION USING THE SLANT PRODUCT
We have an evaluation map:
v [ X, Y] x X >Y
(f,x) = f(z).
If ue HY(Y) and a € Hy(X), we form the slant product:
ev*(p) e HY([X,Y]* x X), ev*(n)/a e H7F([X,Y]*).
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In the case of G = SU(2), By = op/9p = [X,BSU(2)]{p and we have an
evaluation map:

SU(2) ——— % =——— (ap x P)/9}
B x X —=— BSU(2).

Note that we have a universal SU(2)-bundle % over %° x X which is pulled back
from the evaluation map. Therefore,

(%) = ev¥ey.
For any a € H*(X,Z), define
ev*(cs)/a = co(%))a € H*48@(5Y).
Then these elements generate the rational cohomology ring of %%:
A(H.(X,Q)) = H*(#7,Q)
ae Hi(X,Q)— co(%)/ac H ' (5%,Q).
where
AHL(X, Q) = Sym(Ho(X)) ® Sym(Ho(X)) ® A" (Hy(X) ® Hy(X)).

Each copy (either a polynomial algebra or a exterior algebra) corresponds to the
rational cohomology ring of '
K(H*(X,Z),1).
for 0 < < 4, where the only relation is
OéVB ( )degadegﬁﬁva

When G = SU(n) with n > 3, we also need to consider the slant product with respect
to other characteristic classes of %, and we obtain another copy of A(H,(X,Q)) with
a shifted degree:

deg | Sym(Ho(X)) Sym(Hx(X)) A"(Hi(X)) A"Hs(X
(%) |4 2 3 1
6 4 5 3

c3(% )

20.4. THE TOPOLOGY OF %}
Step 2. Finally, we return to %} by studying the bundle:
G/Z(G) —— Ai x P/9p = U™
(31) l
By x X.
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Claim 20.4.1. @77 is weakly contractible.

The point is that &/ — &/* < & has infinite co-dimension. Suppose H < G is
a subgroup, and P is induced from a principal H-bundle ). Since g = h D n as a
representation of H, we have

ad P = Q Xpgpo g =adQ DV
for a vector bundle V. Then
Ql(X, ad P) = Ql(X, ad Q) @Ql(X, V).

A tangent vector in Q'(X, ad Q) tends to preserve the reducibility, while a vector in
Q(X,V) tends to make the connection less reducible, i.e. the stabilizer becomes a
smaller subgroup of G. When G = SU(2), it just becomes irreducible. Hence,

(™) = m, () = 0.

This shows &7* is a classifying space of ¢4/Z(G). We repeat the computation as
above. Consider the classifying space B(G/Z(G)) and its rational cohomology:

H*(B(G/2(G)),Q) = H*(BG,Q) = Sym(g).

where Sym(g) is the invariant sub-algebra of the polynomial algebra generated by t,
under the action of the Weyl group. Here, t is a Cartan sub-algebra of g. Note that
this isomorphism is only valid over Q. Consider

SU(2) v.s SO(3).

While H*(BSU(2),Z) is generated by ¢y, H*(BSO(3),Z) is generated by p;. The
two-fold cover SU(2) — SO(3) induces a map

t: BSU(2) — BSO(3),
and (*p; = —4cy. Using the universal bundle , we define
Hy(X) — H'™(#")

1
a— —Zpl(?/*)/a.

We will continue the computation in the next lecture.
Exercise 20.4.2. Ezplain the homotopy equivalence (30)).

Proof. In [5], there is no proof or reference provided for the homotopy equivalence
, so we decide to sketch a proof. The transcriber would like to thank Greg Parker
for helpful discussion.
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To start, note that these spaces have the same homotopy groups:
=[S" A X, K(Z,2n)]}
= H*"(S" A X,Z)

= H"(X,7).
The issue is to find a map that induces isomorphisms on homotopy groups:
dim X dim X '
f=11 f: X, KZ2n)]* - [[ KH"(X,2),i),
i=0 i=0

It is determined by each component:
fi i [X, K(Z,2n)]* — K(H* (X, 7),17).
Equivalently, it is an element in
HY([X,K(Z,2n)]*, H*" (X, 7Z)).
This group fits into a short exact sequence (write X = [X, K(Z,2n)]* for short):
0 — Bxt(H;_(X,Z), H" (X, Z)) — H(X,H*" (X, Z))
5 Hom(H;(X,Z), H*"(X,Z)) — 0.
It is not clear to us whether there is a canonical element in the group
Hi(X, H" (X, 7)),
but we do have a canonical element in Im 7. Consider the evaluation map:
ev: X, K(Z,2n)] x X — K(Z,2n).
Let w9, be the canonical element in
H*(K(Z,2n),7).
Then the slant product defines map:
ev*(ug,)/ : Hi(X,Z) — H* (X, 7Z)

Denote this canonical element in Hom(H; (X, Z), H**(X,Z)) by a. Then this exer-
cise follows from a lemma. U

Lemma 20.4.3. If f; is any lift of a in H(X, H*""(X,7Z)), then
fi: X > K(H* (X,Z),1)

induces an isomorphism on m; and the zero-map on 7wy if k # 1.
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Proof of lemma. The statement is clear if k # i, since homotopy groups of
K(H*"(X, Z),i)

vanish in these dimensions. Take 3 : (5%, 59) — (X,b) to be a based map. Let b be
the base point of K(Z,2n). Then the base point b of X is the constant map:

b(x) =b, Vo e X.
Consider the following diagrams:

Six X 2N X K(Z,20)]F x X —< K(Z,2n)

(32) lﬂ
SiAX.

B

The composition ev o (Id x 3) factorizes through S* A X, because S* v X is sent to
the base point b. The map [ corresponds to § under the adjunction:

[S, X]* = [S" A X, K(Z,2n)]*.

Hence, the homotopy class of /3 is the image of ¢[B] in the diagram:

e

?

¢[B] e H*(S" A X, Z)

;Td)
X

[S7] e m(S) —— 2 7 y m(K(H? (X, Z),1))

lH ur lH ur ElH ur

(ST e Hi(S") — s H(x,7) — Y H(K(H™(X,2),i),Z)

1

Here, Hur denotes the Hurewicz map. The goal is to show (f;)s 0o ¢~"' is an iso-

morphism. Note that
Hur o (f;)«[B] = Hur o (fi)s 0 B[ S'] = (fi)x 0 B:[S"]
and (g, (fi)« © B:[S]) = a0 B,[S?]. In terms of diagram (32)),
a0 B[ S'] = ev*(uzn)/B:lS'] = (B x 1d)* 0 ev* (uzn) /[S']
= m* 0 " (uan)/[5']
= (o[B])/15']
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Finally, it suffices to show the map
H*(S" A X,7) — H" (X, 7Z)
v =1 [V]/[57]

is the desuspension map, where 7 : S* x X — S% A X is the projection map. Either
we can take it as the definition, or it is an exercise of algebraic topology. ([l
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Lecture 21. The Topology of Configuration Space 11
21.1. THE ALGEBRAIC TOPOLOGY OF #*

Recall from the last lecture that the rational cohomology of A} is given by

(33) H*(%#5,Q) 2A®---®A

n—1 copies
if P is a principle SU(n)-bundle with fixed Chern classes:
e H(X,Z), 2 <i<n.
Here, the algebra A(X) is defined as
A(X) = Sym(Hy(X)) @ Sym(Hy(X)) ® /\"(H1(X) ® Hy(X)).

This isomorphism ({33)) is constructed by using the slant product:

i Ha(X) — H3*(h), « 4
a— ¢(U")/a.

Let us explain the definition of ¢;. For the based configuration space %° = o/ /9°,
we have a fiber bundle:

SU(n) —— % = o x P/9°

|

PB° x X,
while for the irreducible configuration space #* = &*/¥, we have

PSU(n) —— %* = o/* x P/9

|

B x X,
Rationally, we have an isomorphism
7+ H*(BPSU(n),Q) — H*(BSU(n),Q) = Q[ca, - - - , ¢u]

induced by the projection map 7 : SU(n) — PSU(n). Then we define ¢; as (7*) ! (¢;)
for 2 <1< n,so

H*(BPSU(n),Q) = Q[és, - - , ).
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We address the orientability of the determinant line bundle A — %% by studying
m1(#%). The answer is already interesting when G = SU(2). By the fibration,

G/Z(GQ) —— o*
»*,

we have an isomorphism 7 (%5) = m(¥/Z(G)). We need to understand the compo-
nent group of ¥4/Z(G). Let us start with 7y(¥).

Remark. We need to compute H'(%%,Zy) which classifies real line bundles over
Br. We computed H'(%%,Q) =~ H3(X,Q), but this is not enough.

21.2. THE COMPONENT GROUP 7((¥)

The adjoint bundle Ad P = P x 445U (2) has a pair of distinguished sections {+ Id}.

Let s : X — Ad P be a generic section, then v = s7!(—1d) is a smooth 1-manifold
inside X. It is clear that if v = ¢, then s is homotopic to the constant section Id.
The vertical tangent bundle at —Id < Ad P is

N(=1d) = VT AdP|_1q = ad P.
Then the differential ds|, identifies
N(vy) (c X) = ad P|,.

By choosing an orientation of g, we obtain an orientation of ad P and a framing § of v,
i.e. a trivialization of the normal bundle N () inside X. In particular, v is oriented.
Suppose P is trivial, then we are trying to classify homotopy classes of maps:

[X, S?]n.
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If we look for a homotopy between s and the constant section Id, the primary
obstruction lies in H?(X, m3(S?)) which is simply
5" [us]

where uz € H3(S3,7Z) is the fundamental class of S®. Then v is the Poincaré dual of
s*[us]:

Y= PD[S*(Ug)] € Hl(X,Z)
If [y] = 0, or equivalently, s*us = 0 € H?*(X,m3(S%)), we have to deal with the
secondary obstruction which lies in

HY X, m4(5%) = HY(X, Zs).

Let us understand this obstruction class more carefully. The discussion below is
intended to mimic the Pontryagin-Thom construction.
Remark. The Pontryagin-Thom construction gives a bijection between

(X, S%]n = Qfyame(X)

where Q,,..(X) is the framed cobordism group of framed I-submanifolds in X.
When s = Id, the frame sub-manifold is an empty set.

The homology class [y] € H1(X,Z) is the primary obstruction class. If [y] = 0,
then ~ is null-bordant inside X, i.e. v = 0% for some oriented embedded surface
> < X x I. To exhibit a homotopy between s and Id, it is enough to see that

(7, 1)

is null-bordant as a framed sub-manifold in X. In other words, the normal bundle
N> — ¥ is a real 3-plane bundle:

R3 —— NX

|

3.

The question is:
e Can we extend the framing f of NX at the boundary v = 0% to the whole
surface X7

We need an isomorphism of N¥ = ad P|s agreeing with a given one on
the boundary v = 0X. (3 deformation retracts to an one-simplex, so both bundles
are trivial over 3).

A potential obstruction of this extension comes from the framing of N(7):

N(7) » ad P|y

o~

Y.
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X iRy

which defines an element in
(34) H*(X,0%;m(SO(3))) = Zs.

Suppose X2 < X* x [ is closed and embedded. When is the normal bundle N¥
trivial? Since

H'(BSO(3),Z) = {0}, H*(BSO(3),Z) = Zs,
the primary obstruction is the second Stiefel-Whitney class
wy(NY) € H*(X, m(SO(3))).
Since TE ® NY = TX @Ry and we(TX) = 0, we(NY) = we(TX|x). If we further
project ¥ into X (X < X x I %% X)), then
wa(TX|5)[X] = wa(NxXE)[X] = e(NxX)[X] mod 2
=>-Y mod 2.
where Nx2 is the normal bundle of ¥ in X.
If wy(X) = 0, then the intersection form ¢x is even, i.e.

¢x([2]) =0 mod 2

for any [X] € Hy(X,Z). This direction does not require X to be simply connected. If
HY(X,Z) = 0, then the other direction is also true, i.e. having an even intersection
form ¢y implies wy(X) = 0.

Recall Rokhlin’s theorem:

Theorem 21.2.1. If X is a spin 4-manifold, then o(X) =0 mod 16.

One way to think about this theorem is via the index theorem: in dimension 4,

1
Ind¢ D := dimg/(ker D) — dim¢(Coker D) = —ga(X),
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where D is the Dirac operator associated to a spin manifold X. In fact, when dim =
8k + 4, the Dirac operator is H-linear, so

Inde D=0 mod 2.

For instance, let K3 = {z* + y* + 2% + w* = 0} = CP? be the K3 surface. Then
wo(K?) =0, o(K?) = —16. Its intersection form is given by

2(—Fy) @3 <(1’ (1)> .

On the other hand, K? admits a fix-point-free involution 7. Then the intersection
form of the quotient space £ = K3/7 is

01
cra(l 1)
which is even. Moreover, o(E) = —8, so F is not spin by Rokhlin’s theorem. This
doesn’t violate our statement above, because Hy(E,Z) = m(E) = Zs.

Back to our problem. In conclusion, assuming H;(X,Z) = 0, we have

Wo(Map<X47SS)) = { %2 zzg§§ i 8

We can cancel the obstruction class in to extend a framing if and only if there
exists an closed oriented surface ¥’ < X such that
’IUQ(TX|Z/)[Z/] # 0.
In the general case, if H;(X,Z) = 0, then

0 we(X) # we(ad P
Wo(g) = { Zs UJZEX; = szadP;

Indeed, we can find a surface (X,0% = ) < (I x X,{0} x X) with a bundle
isomorphism:

N(X) > ad Plx
\ . /

that extends a given isomorphism on the boundary:

N() » ad P|,
Y
if and only if there exists a closed oriented surface ¥’ in X such that
w2(TX|E/>[Z,] #* wg(ad P|Z’)[Z/]
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To study mo(¥4/Z(G)), it remains to understand the map Z(G) — mo(¥4). In
particular, we focus on the case when G = SU(2) and wo(TX) = we(ad P),

e How does Z(SU(2)) = {£1} map into m(¥)? Or equivalently,
e Is —Id homotopic to Id in ¥7

In the reducible case, P = L @ L*, then ad P = R® L®?. Then
AdP =S(adP®R) =S(L* ®R®R).

where S denotes the unit sphere bundle.
(To be continued.)
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Lecture 22. Orienting the Moduli Space
22.1. ORIENTABILITY
Recall from the last lecture that the component group of ¢ is

0 we(X) # we(ad P
m0(&) = { Z szX; = szadP;

given that Hy(X,Z) = 0. Since the SO(3)-bundle ad P is induced from an SU(2)-
bundle, it is spin, so wy(ad P) = 0. Moreover, wo(X) = 0 if and only if the intersection
form gx of X is even. Hence,

| 0 if gx is odd (not even).
m(¥) = { Zy if qx is even.

In the first case (assuming m(X) = {0}), m0(¥4/Z(G)) = {0} and the determinant
line bundle A — %* has to be trivial. In the second case, we take the connect sum

X #@2 to make the intersection form odd. In either case, we obtain Donaldson’s
diagonalization theorem.
Also, we learned from the last lecture that

Z(G) — m(¥)
is the zero map if and only if ad P splits as R@® L, so
0  otherwise

10(9/Z(G)) = { Zy If qx is even and cy(P) = —c3(L)

for some ¢;(L) € H*(X,Z).

For other purpose, it is important to know whether the moduli space My (X) is
orientable even if 7o(¥/Z(G)) = Zy or H1(X,Z) # 0.

Theorem 22.1.1 (Donaldson). The real line bundle det(d* @ d*) — Z* is always
trivial for SU(2)-bundles.

We do not assume X is simply connected in this theorem.

22.2. PASSING TO SU(3)-BUNDLES
In some cases (%) = Z. This Z, factor comes from
T (SU(2)) = m4(S?) = Zo.
by obstruction theory. However, when n > 2,
m(SU(3)) = 0,

so it is not a problem any more.
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Remark. This is equivalent to the fact that the principal bundle
SU((2) —— SU(3)
(35) l
S5 ——— BSU(2)
is not trivial. Consider the long exact sequence of homotopy groups:
75(5%) L 75(BSU(2)) = Zy — ma(SU(3)) — 0.

The image of j([1]) classifies this bundle. O
The first step is to extend the structure group to SU(3) and see how the determinant
line bundle change. We embed SU(2) into SU(3) as

g

Then the restriction of the adjoint representation adgy sy |su(2) splits as

2)+C']2‘ (C2
* ‘—26 '

(B+4+1) =su2)®C2HR = <5“(

where C? is the fundamental representation of SU(2). Let P’ = P X g2 SU(3) be
the SU(3) bundle. Then the space of SU(2) connections 252y becomes a subspace
of sy(3). For A € @gy9), consider the Fredholm operator:

4} @ djy - QX adsy(s) P') — QX adsys) P') @ Q4(X, adsy(s) P').
It splits as a direct sum of:
Ql(X, adSU(g) P) i QO(X, adSU(g) P) &) Qi(X, adSU(g) P),
ONX,E) - Q'(X,E)® Q2 (X, B),
OMX,R) —» Q°(X,R) ® Q2 (X, R).
where FE is the canonical 2-plane bundle associated to the fundamental representation
of SU(2). Note that the second operator is complex linear, so we have canonical

orientations for the kernel and cokernel as complex vector spaces. The last operator
is independent of A. In all, we have

Asu@)lax = Asu).-

'sU(2)
Therefore, it suffices to show the bundle
Asu(s) = Bsu()

is trivial.
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Remark. Technically, %gU(3) consists of irreducible SU(3)-connections and does not
contain the image of @5y (2). Since &/ or &/* is weakly contractible, the determine
line bundle

A — sy 2y or sy ()
is always orientable. The problem is whether the monodromy

(9 /Z(G)) = m (%*) — Aut(N)
is non-trivial. It has nothing to do with the size of stabilizers. [J
Compute mo(Zsu(3)). This is equivalent to the classification of bundles on S Ly X
which restricts to a given bundle on {so} x X. We can analyze the problem via
obstruction theory. Suppose we have a map f : X — BSU(n) (n = 3) which extends
trivially to
S''x X — BSU(n).
One can ask if this extension is unique. Since
0 0<i<3
m(BSU(n)) =<1 Z i=4
0 i=5(n=3).
For two extensions, the first obstruction to find a homotopy between them lies in
H*(S' x X, {s0} x X;m4(BSU(n))) = H*(X,Z) = H\(X, 7).
The second obstruction is always zero:
H?(S' x X, {so} x X;m5(BSU(n))) = {0}.

Therefore, my(¥) =~ Hy,(X,Z). When m(X) = {0}, the component group is trivial.
However, when m(X) # {0}, we need to work harder.

22.3. THE GRAFTING CONSTRUCTION

Let us describe a concrete realization of 7y(¥), by the grafting construction. Sup-
pose co(P) = k and co(P') = k—1. Let P, — S*is the SU(2)-bundle with c;(P;) = 1.
By taking the connected sum, we can obtain P from P’ and P;:

P~ P'#P — X#5%.

We can paste connections as well. Let (P’; A’) and (P, A;) be connections on X
and S* respectively. Take o € X and the north pole N € S* to be base points. Use
the connection A’ to trivialize the bundle P — X near z( via parallel transportation
along radial geodesics. Do the same thing near N.

We only need an identification of fibers

Pl’mo = P1|N.
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GCP) :}{“\ Clu)i) - :L

\/

u CP)= R

(P R) | (P, Av)
|

\
X St
. 7

Poorc ik Transportution

to get a bundle on X#5*. To paste connections, we interpolate connection 1-forms
by cut-off functions:
A/’Bzo ~T" + CL/,A1|BN ~ '+ q.

where B,, and By are some fixed small geodesic balls around zy € X and N € S*.
Denote the outcome by A’#A;. This construction descends to the gauge equivalent
classes, i.e.
AHAL ~gpg (9 A)dE(g1 - Av),

where ¢'#g; is the connected sum of two gauge transformations. Note that the parallel
transportation is equivariant under gauge transformations.

Now take a generating loop v < X such that [y] # 0 € Hi(X,Z) = 7o(¥) =
71 (2/*/9). The idea is to do the grafting construction along the loop v: keep N € S*
fixed and let x( travel along v < X, so

A loop v = A loop v* € &% /9.

How does the determinant line bundle looks like along this family v* of connections?
We can understand this using the excision theorem for elliptic operators. Recall the
setup from Lecture 18:

(].) X1=U1uV1andX2=U2uV2.
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28) BwV. J&) 2 BL/\/Q

X

> A oreruding Loop.

(2) Wy = U; n Vs diffeomorphic to Wy = Uy N V5.
(3) We have elliptic differential operators:
Dl . F(El) i F(Fl) on Xl
D2 . F(EQ) i F(Fg) on XQ.

(4) There exist bundle isomorphisms

¢ : E1|W1 - E2|W27¢ : F1|W1 - F2|W2

that cover the diffeomorphism in (2) and intertwine D; and Da:
Dy =10Dyo¢™ on Ws.

Under these assumptions, we can

(1) Define X3 = Uy u Va and Xy = Uy U V4.

(2) Obtain E3 — X3 by gluing E|y, and Esly,.

(3) Obtain E; — X4 by gluing Es|y, and Ej|y,. Similarly, define F3 — X3 and
F4 - X4.

(4) Define elliptic differential operators:

D3 :T'(E3) —» I'(F3), Dy : T'(Ey) — T(Fy).
The conclusion is that

Ind D1 + Ind DQ = Ind Dg + Ind D4.
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E yx &

The same construction can be carried out for a family of operators:

Dli . F(El) — F<F1> on X1

for t € T, while D, is fixed. Here, T  is a compact parameter space. We require that
D! is identified canonically on V; < X;. In this case, the index defines an element in

the K-theory
K°(T).

The first Stiefel-Whitney class w; defines a group homomorphism that detects

orientability:
wq - KO(T) — Hl(T, ZQ)

22.4. AN EAsY PROOF OF THE EXCISION THEOREM

Most proofs of the excision theorem rely on the index theorem, but it is silly. The
theorem is just right. Choose a partition of unity on (¢;, ;) on X; (i = 1,2) such

that
o+ = 1.
and ¢1 = ¢9,11 = Y9 on the overlap Wy = W.
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Consider bundle maps:

where b 5 s
_ 1 2 _ 1 — %
&_(wl ¢2)’B_<¢2 ¢2)'

Formally, a0 f = o a = Id. By direct computation,

Bo (D3 0 > oa = <D1 0 ) + some error terms
0 Dy L0 D, '

Error terms involve commutators of D; and multiplications of ¢, 1, which are zero-
order operators, so indices add.

If we have a family of operators, then the same trick works.

To apply the excision theorem for families, let X; = X and X, = S%.

(P}» A‘i Cl‘-k‘\) LPi ’, Al,C):_{)

&=

iy, SO

CPo, A/#LA Ca=s0 )

N7 A Fx A , Ca=h)
SR @
! [

XeY xey-

(To be continued.)
Exercise 22.4.1. Verify that 7,(SU(3)) =~ {0}.

Proof. We prove that SU(3) is not homotopy equivalent to S® x S5, so the fiber
bundle is not trivial. These spaces have the same cohomology rings. However,
using Zo-coefficient,

H*(SU(3),Zy), H*(S® x S°, Zy)
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are different as modules of the Steenrod algebra. Let ug and us be the generators in
dimension 3 and 5 respectively. Then

H*(SU(3),Zy) = H*(S® x §°,Zy) = Zo[us, us]/(u3, ud).
The difference is that
(36) Sq? us = us € H*(SU(3),Zs)

while Sq us = 0 € H*(S® x S®,Zy). To prove , we use the fact that the Steenrod
operation Sq? is a stable operator, so it suffices to prove

Sq? Yus = Yus € HS(XSU(3), Zs).
Consider the homotopy equivalence SU(3) = QBSU(3) and its adjunction
j:2SU(3) — BSU(3).
Lemma 22.4.2. Using either Z or Zy coefficient, the pull-back map
j* - H"(BSU(3)) - H"(XSU(3))
15 always surjective. Moreover, it is an isomorphism when 0 < n < 7.

Proof. Let us focus on Z, coefficient. To prove surjectivity, note that
H™(RSU(3),Zs) = [SSU(3), K(Zy,n)]s = [SU(3), QK (Zy, )]s
Since SU(3) = QBSU(3), we have
QBSU(3)

- ~
~
~._f
~ ~
= ~
~
~
~A

SU(3) —L— QK(Zs,n).

Applying the adjunction again, we conclude that a map from X.SU(3) to K(Zs,n)
alway factorize through j : ¥.SU(3) — BSU(3).

This map is also injective when 0 < n < 7, because we can compute their dimen-
sions in this range.

One can also prove this lemme using Serre’s spectral sequence. O

This lemma implies that
J*(c2) = Xug, j*(c3) = Xus; mod 2,

where ¢y and c3 are the second and the third Chern classes. It remains to prove
Sq?cy = c3 and exploit the naturality of Steenrod operations:

HS(BSU(3), Zs) ——— HS(SSU(3))

| |

HYBSU(3),Zs) —— HY(SSU(3)).
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Consider the map BSU(3) — BU(3) and i : BT® — BU(3), where T° is the
maximal torus of U(3). We obtain maps on cohomology rings:

H*(BU(?)),ZQ) = ZQ[CI,CQ,Cg] e H*(BU(S),ZQ)/{Cl = 0}
H*(BT?’,ZQ) = ZQ[$1,$2,$3] H*(BSU(?)),ZQ)
where i*cy = 1129 + X223 + 371 and i*c3 = x1x9x3. Hence,
Sq? ¢y = Sq®* (w129 + Tox3 + T371)

2 2 2 2 2 2
= T|To + T5x3 + 371 + T1X5 + Tox3 + T3x]

C1Cy — 303
>~ ¢3 mod 2. O
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Lecture 23. The convention of orientations
23.1. THE GRAFTING ARGUMENT

Recall the grafting argument from the last lecture. Let P’ — X be the SU(2)
bundle with co(P’) = k — 1 and P, — S* has ¢;(P;) = 1. By taking a base point
o€ X and N € S*, we form the connected sum X#S*. Paste connections A’ on P’
and A; on P, along xy. Let A'#,,A; be the outcome. Take a loop v < X and let
2o travel along v. We obtain a path of connections on the bundle P = P'# P, with
c2(P) = k. Similarly, we can “paste” operators by using the excision theorem:

\P} A‘; Cz.-‘&%\) (Pe, Au,Cl,—l)

=

l l

XeY Xéf

We use v to parametrize this family of operators. In the first picture, connections
A" and A; are fixed, so are operators d* @ d* (so the family is constant). We let zg
move around the loop 7. In the second picture, connections form a loop in %%. By
the excision theorem, two families of operators define the same element in

K°(v).

The first family is trivial, so this element is zero. This proves the orientability of
A — Z* in general, even if 19(¥¢) # {0}.

(This is a proof by pictures)

Consider the universal bundle

SO(3) = SU(2)/Z(SU(2)) —— U*

!

B* x X.



18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 151

The grafting construction can be carried out at any point z € X, so we obtain a
map

7: X > $B*

(Tom:“Let us use 7 for Taubes. This is how it is pronounced.”)
Consider 7 =7 x Idx : X x X — Z#* x X and the pull-back bundle

TU*) - X x X.
Consider the slant product
prH(X.Q) - H'(X,Q)
ar (P ) o,

This map g is just the Poincaré duality map. If ¢o(P) = k = 1, then
1
PD[_Zpl(T*(%*))] =Axyc X xX.

Thus, this cohomology class is supported near the diagonal. In general,

—Ipi (7 (")) = PDIAX] — (i (ad P')).

where m; : X x X — X is the projection map onto the first factor and P’ is the
SU(2)-bundle with ¢, = k — 1.

T,
.

[

Compare with the Abel-Jacobi map. Let Jacy(X) be the moduli space of degree d
holomorphic line bundles over a compact Riemann surface . Then we have

X

W Jacg XX — Jacgyq
(Z,p) = Z(p).

If we carry out the grafting construction on ¥ carefully and holomorphically, we
will recover the Abel-Jacobi map.
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23.2. CONVENTIONS FOR ORIENTING MODULI SPACES

We extend the grafting construction to give a map

(37) B (X) x B (S*) — By, (X)
(Ag, A1) = Apdfa, Ar

By specifying the orientation for S*, we wish to establish an orientation convention
of M (X) such that when ¢; = k or k + 1, it is compatible with the grafting map
37)-

Let M$(S?) be the framed moduli space on S* of charge 1. Equivalently, this is
the moduli space of finite energy solutions to the ASD equation on R*, module gauge
transformations whose limit is Idg. We choose the base point to be the point at
infinity. We have seen that

M (54 = B
is the open 5-ball. Hence,
MO(SY) = M (S*) x SU(2) = R* x Ry x SU(2).

Note that R* x R, =~ Conf(R*) is the conformal group of R* and R, corresponds to
dilations. We obtain an orientation of M¢(S*) by orienting each factor and choosing
a preferred order of factors. In fact, the framed ASD moduli space on a complex
(hyper-Kahler) manifold is a complex (hyper-Kahler) manifold. Since R* has the
standard hyper-Kahler structure, M9(S*) has a canonical orientation.

When k = 0, consider the deformation complex of the trivial connection I" on X.
Its cohomology groups are

H°(X,R)®s0(3), H'(X,R) ®s0(3), H(X,R) ®@s0(3).
Definition 23.2.1. A homology orientation of X is an orientation of
H°(X,R)® H'(X,R) ® H}(X,R).

Since maximal positive definite subspaces (with respect to the intersection form)
of H*(X,R) form a connected set, this definition is independent of the choice of
H%(X,R) ¢ H*(X,R). An orientation of so(3) is also needed in order to orient
M (X).

Finally, to orient SU(2)-moduli spaces in general,

e Pick a cohomology orientation of X and an orientation of so(3).
e Orient My(X) by grafting k-instantons. Choose a base point 2o € X and
Ay € 4,(S*). Use the grafting map:

(38) = By — By
A A, Ay
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23.3. ORIENTING SO(3) MODULI SPACES

For an SO(3) principal bundle @, the gauge group has more connected components.

For any simply connected compact Lie group G, it comes with its adjoint form
G = G/Z(G). G acts on G by conjugation. For any principal G* bundle Q, we
have the adjoint bundle:

God ) ——= G 5 AdQ

| |

X X.

The adjoint bundle Ad @) has a natural covering space:
AdQ = Q x4.G = Q x G/G™.
AdQ is a |Z(G)|-fold cover of Ad Q:

Z(G) — AdQ

AdG.
There are two different gauge groups:

%o = Sections of Ad(Q
% — Sections of Ad Q.

Life is simple with % as the gauge group. The problem comes with reducible
solutions:
G = The graph of commutants of G < %
G = A bigger graph than that of G < ¥,.
We wish to work with a smaller graph of commutants. Consider the exact sequence:
0— Z(G) > Gy 5 Gy — H'(X, Z(G)) — 0.
The middle map 7 is induced from the projection map m — Ad Q. To compute
the cokernel, consider the lifting problem:
AdQ
|
N
The only obstruction class lies in H'(X, m(Z(G))), so
Go/ImT =~ H (X, Z(Q)).
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Definition 23.3.1. m is called the determinant-1 gauge group.

The cokernel H' (X, Z(G)) acts on %/%, so the size of stabilizers can increase.

23.4. THE DETERMINANT-1 GAUGE GROUP
Why is % called the determinant-1 gauge group? Consider G = SU(n), then
G* = PU(n) = SU(n)/Z, = U(n)/U(1).
Here, U(1) is the subgroup of U(n) consisting of diagonal matrices. Let P — X be a
U(n) bundle:
Un) —— P

l .
X

Let &p = {A € op : det(A) = ) is a fixed connection in det(P)}. The subgroup ¥4
of ¥p that acts on <73 consists of sections of Ad P that has determinant 1. Pick a
section s € ¢}, then
sy € SU(n), < U(n), = (Ad P),
for any x € X. The advantage of thinking this way is that a U(n)-bundle is easier to
work with than a PU(n)-bundle.
Let n =2, s0 PU(2) = SO(3). Consider a complex 2-plane bundle:

C?—F

|

X4
and let P be the frame bundle of E. If £ = L; @ L, splits, then
(39) adP=ROR® (L] ® L)g.

The first R factor corresponds to the determinant. Indeed, ad P < End(F) consists
of skew Hermitian maps and

We define an orientation of the determinant line bundle A — %#* compatible with
this splitting. The cohomology groups of the deformation complex are

H°(X,R), H'(X,R), H2(X,R), some copies of C’s.

If we(Q) = 0, then @ is induced from an SU(2)-bundle. If wy(Q) = ¢ # 0, then we
take F = C@® L. with wy(L.) = ¢, and orient /3 /%} by the previous convention. At
this point,

ad @ and ker(ad P =R® (R® L.)r — R)
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have the same ws,, but _Zipl could be different. To increase the instanton number,
apply the grafting construction.
Remark. We need the Pontryagin square at the last step. Recall that the Pontryagin
square is a cohomology operation:
By s H'(X, 7o) — H* (X, Zy).
such that
e Bu(u) =u? mod 2.
e 3,(u) =v* mod 4, if ve H"(X,Z) is an integral lift of u.
In our case, it is important to know that for any SO(3)-bundle &,

Ba(wz(€)) = p1 mod 4.
In particular, if wq(&1) = wo(&2), then

()~ ml@) € HY(X.Z)

is an integral class. Hence, we can use the grafting construction to compensate the
difference.
For an axiomatic description of Pontryagin squares, see [6].
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Lecture 24. Evaluation on the Fundamental Class
24.1. REDUCIBLE SOLUTIONS

Let us consider two cases:
(1) Let @ — X be an SO(3) principal bundle. Consider the determinant-1 gauge
group 9. Let

w=w(Q),k(Q) = _ipl<Q)'

(2) Suppose we have a complex 2-plane bundle

C?——F

|

X.

Consider the determinant-1 gauge group ¢! and the space of connections 27"
with a fixed image in o/ (det ). Let

w=wy(E) =c;(F) mod 2,
1
k=k(E):=c(F)— ZC%(E)
Exercise 24.1.1. Verify that k(E ® L) = k(L) for any complex line bundle L — X.

The dimension of My ,(X) is 8k — 3(1 + b* — b'). This moduli space M, ,,(X) is
orientable and a cohomology orientation of X together with an orientation of so(3)
orients My, ,,, S0

M (X)) = Hp
is an oriented sub-manifold.

When does My ,,(X) contains reducible solution? This amounts to finding a com-
plex line bundle L — X such that

adQ =R® Ly

and ¢;(L) has an ASD connections. By Fredholm alternatives, ¢;(L) has an ASD
representative if and only if

<9761<E)> = 07 Vo e Hi(X,g)
:bfeAcmEyzqveeHﬂng
X

The last one is a cohomological condition. We would like to put some geometry into
understanding this condition.
Remark. When G = PU(2) = SO(3), the stabilizer of a reducible connection could
be:
Zs, K4, 50(2),0(2),50(3).
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Except for Zs, the structure group of @ is a subgroup of SO(2), so ad ) has an
R-summand. []
Consider

Gry+ (H*(X,R)) = {b" dimensional subspaces of H*(X,R)}.
Gr), (H*(X,R)) = {H € Gry+ (H*(X,R)) : H is positive definite with
respective to the intersection form}.

Therefore, Gr;, < Gry+ and

’Hi(X, g) € Grgﬁr
is a point. For an integral class ¢ # 0 € Im(H?*(X,Z) — H?*(X,R)), consider (W
stands for walls):
We={HeGr), :cuh=0YheHN}

Then W, < Grrlf+ is a smooth manifold of co-dimension b*. Suppose H € W, and
let hi,---,hy+ be a basis of H. Then H* is negative definite. Any other maximal
positive definite subspace H’ has to be graph over H, so H’ is characterized by a
linear map:

f:H—H
For ‘H' to be contained in W,, we need
(hi+ f(hi))ue= f(h)uve=0,V1<i<b".

This is a co-dimensional b™ constraint.
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If b* = 1, then Grj, is the hyperbolic space of dimensional b* — 1. The positive
unit sphere of H?(X,R) has two connected components, and a cohomology orientation
pick up a preferred component. Then the union

U w
ceH%(X,Z)

is locally finite in the interior of Gr,., but it becomes dense at the “boundary”.

Theorem 24.1.2 (Taubes, Donaldson-Kronheimer). Let Met be the space of Rie-
mannian metrics on X. Then the map

P : Met — Grj, (H*(X,R))
g—MH"(X,9)
is transverse to W, for any ¢ # 0 € H*(X,Z).

This is a theorem first known to Taubes. A proof can be found in Donaldson and
Kronheimer’s book [7].

In particular, if b+ > 1, then for a generic metric g, there are no g-ASD represen-
tative for any ¢ # 0 € H*(X,Z). If b© > 2, then for a pair of good metrics go, g
(no ASD representatives for any ¢ # 0 € H*(X,Z)), they fits into an one-parameter
family of good metrics ¢, € [0, 1].

As a consequence, if b* > 1, then for a Baire set of Met, My ,(X,g) < %} is a
finite dimensional smooth manifold. If b* > 2, then for a generic path (a Baire set of
paths) g; between two good metric gg, g1, the union

U Miw(X,0) = 1 x 2*(P)
te[0,1]

is a smooth cobordism between M, ,,(X, go) and My ,,(X, g1).
The case when ¢ = 0 only occurs when w = 0 and & = 0. The reducible solution is
unique up to gauge. It is the trivial connection I" in the trivial SO(3)-bundle.
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24.2. COHOMOLOGY CLASSES

For G = SO(3), we have seen that H*(#*,Q) = A(X).

Question. Does [M;,,(X)] have a fundamental class in H,(#*, Q)7

This is a non-trivial problem, because My, ,,(X) is not compact. How do we get a
fundamental class?

Recall the Uhlenbeck’s compactification of My, ,,(X):

S 3
M (X)) = Miyo(X) dimy, = 8k — S(x + 0)
| Mio1w(X) x X dim = dimy, —4
U My _9.,(X) x Sym* X dim = dimy —8

| M (X) x Sym*™ X

Note that k = ¢o(E) — 2c1(E)* € 1Z. If k # 0 mod Z, then k* # 0.

If k € Z, then k* = 0 and M o(X) = {*} consists of the unique trivial connection,
if m(X) = {0}. The bottom stratum has dimension 4k independent of X.

There is a relative fundamental class for the top stratum

My, el lower strata.

For any a € H,(X), we constructed u(a) € H*(#*). The question is to whether u(a)
has a compact support:

pla) € H*(#*) —— H*(Mw(X))

SO T
Ty

H (M (X))

The idea is to find a nice representative of p(a) whose dual cycle will avoid each other
on the end of My, (X) for different a € H,(X).
Let V < X be an open subset of X. Define

%’;MX, V) ={[A] %’Z’w(X) : Aly is irreducible} < %Z?w(X).
B (V) = {[A] € Bpo(V) : Ais irreducible}.

Note that % (X, V) is a subspace of %} ,(X), because some connections could be
reducible on V', but they are irreducible on X. There is an obvious restriction map:

res : By (X, V) — B (V).
Consider the universal over % (V) x V:
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and we have a commutative diagram:

u;

res* U} = VU B (V) xV
l A\/
B WX, V) %V w
B (X)) x X

It induces a commutative diagram on the level of cohomology group:

H(V) —— H*(#*(V))

o
res* S~
~<

Ho (V) =25 HH(B5(X,V)) -4 y Hipy (M (X))
dl \ !
H.(X) —— H*(#*(X *(Mpw(X)).

The observation is that My, (X) is contained in the subspace %*(X,V), so the
map j* in the diagram is valid. This requires a unique continuation property of ASD
connections.

Lemma 24.2.1. If an ASD connection A is irreducible on X, then for any open
subset V- < X, Aly is irreducible.

Let {3;}1<i<n © X be a finite collections of surfaces in X and let V; < X be a
tubular neighborhood of ;. We require that
VinVinVi= @

whenever ¢ # j # k # i. Finally, let V = | JV;. Each surface ¥; defines a rational
class:

v (X:) € H*(%*(V;),Q),

which determines a complex line bundle L; — %*(V;) (such that ¢, (L) = a;uy (%)
for a; € Q). Let s; be the zero locus of a generic section of L;, then formally s; =
PD[u(%;)]. We wish to evaluate the product

pv(31) = -y (Bn).
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on My, ,(X). Equivalently, this is counting the number of intersections with signs:

Z = ﬁSZ’ M M]C’w(X),

i=1

and divide out [ [ a; € Q. The idea is to show Z is compact, and hence finite.

Since each py (o;) is in degree 2, it is necessary to assume dimg = dim My, (X) is
even. For instance, let by = 0,b7 = 3 and k = %, then dim;, = 10. Take n = 5. The
compactification has two strata:

My "(X) = My u(X) dimy, = 10
JMicra(X) x _X dim = 6
dim=4
dim=2 m=

Since k is not an integer, the trivial connection I" does not occur in the compactifi-
cation. Suppose we can find a sequence [A,] € Z such that they converge to an ideal
connection ([Ay], Tx) € My_1, x X. We claim that for each 1 < ¢ < 5, either

(1) 2, € V; © X;, or

(2) [Ax] € s
If o, ¢ Vi, then [A,] — [Ax] on V; in C2.-topology. Since Mj_;,, does not contain
reducible solutions or the trivial connection I'; Ay |y is irreducible. Since s; is a closed
subset of B*(V;), [Ax] € si.

If xoo # V; for any 1 < i < 5, then [A,] € ﬂ?zl s;. However, the formal dimension

of

5
ﬂ $i O My—1.(X).
i=1

is 2 —5-2 = —8. This case is ruled out by taking generic sections s;.
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In general, x4, lies in at most two of V;’s. Hence, for at least three sections s,, s3, 55,
[Ax] € Sa N Sg N Sy N Mp_1.0(X),

whose formal dimension is still negative. We conclude that Z is compact.
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Lecture 25. Donaldson’s Polynomial Invariants
25.1. THE POLYNOMIAL INVARIANTS

Recall the construction at the end of the last lecture. For each smoothly embedded
oriented sub-manifold ¥ < X, let V' be a tubular neighborhood of . Here 3 is allowed
to be a point, a surface or a loop. There are two useful spaces of configurations:

B (X,V) ={[A] € B ,,(X) : Aly is irreducible} ¢ Z*(X).
B (V) ={[A]l € B(V) : A is irreducible}.

There is an obvious restriction map:

ry : B(X, V) > B*(V),A— Aly.
Consider the universal bundle over %y

U; = oy x Ply /% —V x B*(V).
Using the slant product, we defined a rational cohomology class:

1

pv([B]) == —p(@7)/[E] € HH (27 (V)).

By pulling back via the restriction map, we recover the class:
px([E]) = ry(uv ([E]) € H*(#°(X, V), Q).
Fixing a co-cycle representative my ([2]) of py([2]), we obtain a representative:
m(%) = ry (my(X)).
Now choose a collection of representatives of homology classes of X:
217 B Eﬂn

and construct m(%;), -+ ,m(%,). We would like to show the cup product:
(*) m(3;) — -+ — m(%,) is a compactly supported class in H*(Mp(X)).
For to hold, we need:
o dn — Y dimY; = 8k — 3(x + o) = dim M, (X).
e Need neighborhoods V; of ¥; to have minimal intersections. For instance, any
three surfaces do not meet; the neighborhood of a point is isolated from others.
e Need to worry about the “bottom stratum” where the instanton number £ = 0
and the flat connection occur. This stratum has dimension equal 4k(P). We
can find a situation when k is not an integer.
The invariants to be defined rely on the following data:
e w e H?(X,Zs) such that wy(P) = w. This class w is also used to orient the

moduli space.
e A cohomology orientation o.
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The polynomial invariant D*° is a Q-linear map:
DY A(X) - Q
Dwﬁ(zl ® 22 ® o En) = <m(21> ~ e m(zn)7 [Mk,w7 aMk,w]>

where [My, ., OMy ] denotes the fundamental class of My, relative to its end. The
principal bundle P is chosen such that
e 8k(P)—3(x+0)=4n -  dim¥;.
e wy(P) =~ w mod 2. As wy(P) is fixed, only the Pontryagin class of P can
be changed up to integers. The polynomial invariant D" is defined using a
sequence of bundles, packaging their information altogether.

This invariant D" is well defined (independent of all choices) if b*(X) > 1.

Remark. One may ask about the integrability of D"°: does it send an integral
class to an integer? Since —}lpl is not necessarily a integral class, this is not clear in
general.

However, to make this construction work, we need to verify the restriction of
Mp(X, g) lies in B*(V) for a generic metric ¢:

rv(Mp(X,g)) « Z*(V).

This follows from the unique continuation property of the ASD connections.

25.2. THE UNIQUE CONTINUATION PROPERTY

There are two classical unique continuation properties for harmonic functions. If
f is a harmonic function on R™ (i.e. Agnf = 0) and f vanishes on a open subset U,
then f =0 on R".

The sharper version states that if f vanishes at a point p € R™ at infinite order, i.e.
V& f(p) =0 for any k = 0, then f =0 on R™.
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The case for connections is tricker. There is a global version and a local version
of unique continuation properties. If m(X) # 0, there will be some non-trivial flat
connections which is locally trivial, and yet irreducible globally. Therefore, to con-
clude a locally trivial (flat) connection is trivial globally, we have to assume (X)) = 0.

IR20 X &>

The sharper version of the unique continuation property is easier to prove (strangely
enough). For p € X, an geodesic neighborhood U of P is conformally equivalent to

[0,00) x S5,

“The connection A = I" + a is flat at infinite order at p” means that a decays faster
than any exponential functions on the half cylinder, i.e.

la(t)| < exp(—dt), Y6 >0, t > 0.

If in addition A is ASD, i.e. F; = 0, then the connection 1-form a = 0 (Hint: look
at the linearized ASD equation).

Suppose locally A =T+ a =T + b+ ¢ where I + b is induced from U(1)-bundle
@ — X with

P = Q XPSU(2)7

and c is the difference. “The connection A is reducible to an infinite order at p”
means that

le(t)| < exp(—dt), Vd >0, t > 0.
This will imply ¢ =0 if A is ASD. Hence
A is reducible to the infinite order at p
= A is reducible in a neighborhood of p
= A is reducible locally on X.

To pass from the local version to the global version, we need to assume X is simply
connected. Finally, A is reducible globally.
25.3. GENERATING FUNCTIONS
If 7 (X) = 0, then
A(X) = Sym(Hy(X; Q) @ Ho(X, Q).
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It will be enlightening to look at the generating function of D*°. Let x € Hy(X,Z) be
the canonical generator (X is connected) and pick h € Ho(X,Q). Then as elements
in A(X),
degx = 4,degh = 2.
Consider D*°(exp(th + sz)) where
e¢]

exp(th + sx) = Z

n=0

(th + sz)"
n!

€ A[X] ®q Q[fs, t]]

and s,t are formal variables. All known 4-manifolds with b* > 1 and b' = 0 satisfy
the simple type relation:

DY (z%2) = 4DY°(2).
Any 4-manifold with this property is said to have simple type. In this case, evalu-
ating pu®(h)z® on [Mp] for b = 0,1 incorporate all interesting information. Define

DY°(th) = DR°((1+ 5) exp(th)).
The main theorem is:

Theorem 25.3.1 (Kronheimer-Mrowka). If X* is a simply connected 4-manifold of
simple type, then there exist classes K; € H*(X,Z) and numbers a; # 0 € Q for

1 <7< n such that

Dy (th) = " @Y (=) et
i=1
where Qx denotes the intersection form of X, i.e. Qx(h) = h-h. These classes K;
are called basic classes. Moreover,

o K;=wy(X) mod 2.
o IfY c X is any smoothly embedded surface with self-intersection 2 > 0, then

(40) 29(2)—2> K; S+ %3,

for any 1 <i < n. (This is a constraint of basic classes.)
o If K; is a basic class, then —K; is a basic class.

Having simple type is closely related to whether or not
(41) K? —2x(X) +30(X) = 0.

Let us compare (40) with the adjunction equality. Suppose (X, .J) is a complex
manifold, define the canonical class as

Kx = —c(TX,J) e H*(X,Z).

If ¥ < X is an embedded complex curve, the tangent bundle 7% is J-invariant. Since
TX|g =TY®NX, we have

a(TX,J)|E=e(TE) +e(NE) =x(E)+X-X.
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Therefore, 2g(X) —2 = —x(¥) = Kx - X+ X - %.
As for (41]), for an almost complex 4-manifold (X, J), we have
(42) K(X,J)? = 2x(X) + 30(X).
Indeed, by the Hirzebruch signature formula,
P(TX), X) = =30(X).
The wedge bundle A?(X) splits as AT @ A~, then both LHS and RHS of are
equal to
(i (AT(X), [X]).

To see the LHS equals, note that A*(X) = Rw @ (A%?(X))g.

Exercise 25.3.2. Show that for any closed oriented 4-manifold X,
(P (AT(X)),[X]) = —2x — 30.
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Lecture 26. The ASD equation on cylinders
26.1. THE FLOWLINE EQUATION

Consider an oriented closed 3-manifold Y and the trivial principal G-bundle @) —
Y. Let I' be the trivial connection, with respect to a fixed trivialization. Recall that
for A =T + a, the Chern-Simons functional is defined as

CS(a) = Jtr(a A da + §a NG A a).

and its gradient at A is

VCS(A) = «F4.
The downward gradient flow equation
0
——A(t) = «F
Al = =Fa

is equivalent to the ASD equation on the 4-manifold R x Y. We would like to transfer
ideas from Morse functions to the Chern-Simons functional, and mimic the construc-
tion of Morse Homology. There are some potential problems:

e The functional CS is not single valued on the quotient space & = o/ /4. We
will probably need the Novikov-Morse homology.

e The space of connections on Y3 can have complicated topology. ¢/Z(G) might
not act freely on 7.

e Non-compactness due to bubbling.

e Constructing perturbation of CS to make it Morse.

Let us take a closer look at the ASD equation on a cylinder Z = R x Y. The trivial
bundle () — Y pulls back to the trivial bundle over Z:
P=7"Q >R xY.
Fix a reference connection B in () x Y. Any connection A in P can be written as
A=B+b+cdt

withb e N(Rx Y, 7*(T*Y ®ad @Q))) and ¢ € T'(R x Y, ad P). We compute the curvature
of A:
0
FA = F(B+b) +dt A (ﬁb — d(B+b)C)
0

1
:(FB+de+§[b/\b])+dt/\(@t

b—dBC— [b/\ ])
Moreover, the self dual part is given by

QFX = Fy + =4 Fy

0
= Flpyp) + *3(@17 — d(p1y)c) + dt A (#3Fps + 570 — d(p4p)C)

%b
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The ASD equation becomes

0
(43) 0= ab + *3FB+b - d(Ber)C-
0

Hence, b(t) is a downward gradient flow up to an infinitesimal gauge transformation.
The last part dgypc is tangential to the gauge orbit at B + b.

The downward gradient flowline equation (43)) itself does not form an elliptic sys-
tem; we will need the Coulomb gauge fixing condition:

0= —d*B(b + Cdt) = *4dB *4 (b + Cdt)
= — %4 dB(dt A *3b + *3C>

0 "

Together with the linearized ASD equation at B, we have:

. a b *dB —dB b
=) )

The operator applied to (b, ¢) is cast in the form
0

— 4D
ot TP

where Dpg is a first order self-adjoint elliptic operator. This means

ker Dg = Coker Dg.

We would like to understand what this kernel means and when it is trivial.

26.2. THE EXTENDED HESSIAN

A critical point of CS is a flat connection of ) — Y, i.e. Fip =0. A flat connection
is induced from a m;-representation:

p:mY)—G.
Consider the equation Dg(b, c) = 0:

*de—dBC =0
dib =0

Note that Imdp is orthogonal to Imdg in Q'(Y,ad Q). To see this, consider the
twisted De Rham complex:

(45)

*

T
QO(Y,ad Q) —2 QY(Y,ad Q) —25 Q2(Y,ad Q) —2— 03(Y,ad Q).
~_

dt=—xdpx*
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This is a complex, because d% = F = 0.
Hence, (b, ¢) is a solution to (45)) if and only if
dpb =dib=0,dpc =0,

i.e. bis a harmonic form in H!(Y,adp) and c € H°(Y,adp). Here, H*(Y,adp) stands
for harmonic forms with respect to dp.

Definition 26.2.1. A critical points [B] of CS is called non-degenerate if
(1) HO(Y, adp) = {0},
(2) H'(Y,adp) = {0}.

The first condition implies that B is irreducible as a flat connection.

Later, we will explain how to achieve conditions (1)(2). If B is a non-degenerate
critical point, then the operator

Dp: Liy(Y,(N’@®A) ®adQ) — Li_, (Y, (A’ @A) ®ad Q)
is invertible. Dp is also called the extended Hessian at B.

Theorem 26.2.2. The opemtor + Dg is invertible as a bounded linear operator
between

LR x Y, (A} @ Ay) ®ad Q) — Li_1 (R x Y, (A} @ Ay) ®ad Q),
if and only if Dp is invertible.
In this theorem, the connection B is independent of the time t.

Proof. We prove the theorem when k = 1, by direct computation. Let u € CX(R xY),
then

0
I3 + Dadullser, = [ 150l + Dol + 25 Dav,

Since Dy is self-adjoint, 2(u, Dpu) = (Zu, Dpuy+{u
that u is compactly support, so

, 2(Dpu)) = 2{Zu, Dpu). Note

a a +00
2{—=u, Dpuy = —{u, Dguy| =0.
JRXy ot ot w
On the other hand, by the invertibility of Dp,
| Dpulr2vy = clulZsy,
for some ¢ > 0. Hence,
0
(G + Dedullageary > [ 5l + lulye

This estimate shows £ + Dp : L? — L? is injective with closed range. It remains to
show surjectivity. There are at least two ways to proceed:
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(1) The formal adjoint of % + Dpis —% + Dp. We prove it is injective using the
same estimate.

(2) Prove the range of £ + Dy is dense in L? by hand. Dp has a spectrum
decomposition, i.e. there is an L?-complete set of eigenvectors of Dp. Let
them be

{dr}respec(Dp)

‘>\"l A—\ - )\0 A\ )\).
—h———%—%—>

IR

The spectrum of Dp is discrete. The only accumulation point is at the
infinity. In particular,

||UH%§(Y): Z Ne}
AeSpec Dp

if u =Y e and 0 ¢ Spec Dp. With respect to the spectrum decomposition,
% + Dp is a diagonal matrix whose diagonal entries are given by
0

T + A, A€ Spec Dg.

We can show each % + A has a dense range in
L*(R,R).
The proof extends to higher k. 0

26.3. 4-MANIFOLDS WITH CYLINDRICAL ENDS

Suppose we have a compact 4-manifold X with a non-empty boundary ¢X =Y.
We obtain a non-compact manifold by attaching cylindrical ends:

X*=Xu[0,00) xY.

If we have a principal G-bundle P over X, then it extends to a bundle over X*.
The extension over the cylindrical end is the pull-back bundle:

Q) where @ = P|(yxy-

Suppose A is a connection on X* which converges exponentially to a connection B
in ) — Y ast — . Provided that the extended Hessian Dp is invertible, we wish
to check the linearized ASD equation together with the gauge fixing condition form
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>
@nve@e,

a Fredholm operator on X. This is done by the parametric patching argument. We
apply the excision picture and obtain two manifolds with cylindrical ends.

(- 0] kY (.’; [o,+0)xY

It is important to know the error term in this patching argument is a compactly
supported zeroth order operator, so the Sobolev embedding becomes compact.

If M is a finite dimensional manifold and f : M — R is a Morse function, then
Hess f = V.(Vf) is a symmetric operator well-defined at any point in M. Similarly,

the operator
- *dB —dB
De = (—d;g 0 >

makes sense whether or not B is flat and it is the generalization of Hessians to self-
adjoint operators. However, no notion of Morse indices could be defined, since the
spectrum is unbounded in both the positive and negative directions.

Suppose we have a family of operators Dp() parametrized by ¢ € [0,1] and Dp
is invertible when ¢t = 0,1 (0 ¢ Spec(Dp))). We define the spectrum flow as the
signed count of intersections of

Spec D)
with the zero-section.

The spectrum flow will replace the role of Morse indices and it equals the dimension
of moduli spaces.
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not 5eww‘\c

As t varies, Spec(Dp()) might become non-simple, i.e some eigenvalues have mul-
tiplicities higher than 1 (the left picture). However, this is not a generic case. Having
non-simple eigenvalues is a co-dimension 2 condition (for real operators), and it can
be avoided for a generic path.
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Lecture 27. The Spectrum Flow and the Index
27.1. THE SOBOLEV EMBEDDING THEOREM

We discuss the Sobolev embedding theorem on non-compact manifolds with bounded
geometry. The typical example is a 4-manifold with a cylindrical end:

X*=Xu[0,00) xY.
In general, we require the curvature tensor and any covariant derivatives of the cur-

vature are uniformly bounded. Moreover, the injective radius r(p) at any p € X* has
a uniform lower bound.

>
oonve@e_

On the unit ball B" ¢ R", we have:
s LB ifk——>1-"andk>1.
p 4q
In the case when k — % =1— %, we require further that ¢ < 400 and p > 1. We also
have embedding theorems into Holder spaces:
LP < C(B™) ifh—">I+aanda>0.
p
Theorem 27.1.1. These embedding theorems continue to hold if (X, g) has uniformly
bounded geometry.

Proof. We will only sketch a proof. Take a countable cover {U;} of X by geodesic balls
such that any point p € X lies in at most N balls for a constant N > 0. Therefore,
we have restriction maps:

LE(X, g) s @, LL(U;) e differencey dyro (17, L U;)

o |

hd

L;Z (X, g) c @leAqu(U’L) take differenceg @L?(Uz U U])

Here, @ denotes the L? or L? completion of the direct sum. The horizontal sequences
in the first and second rows are exact.
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The vertical map emb is a direct sum of Sobolev embeddings whose constants
are uniformly bounded, due to the boundedness of the geometry. Since L} (X, g) is

realized as a closed subspace of @ie ALy (U;), the Sobolev embedding takes L} (X, g)
into L7 (X, g). Hence, the embedding theorem holds in the same range for the non-
compact manifold (X, g). O

Remark. Even in the case of strict inequalities, i.e. k — % > — % and k > [, we no

longer have compact embeddings, unless X itself is.
We also have the Sobolev multiplication theorem, e.g.

Ly(X) @ L{(X) — L, (X)
(f,9)— fg.

is continuous if (k= 2) + (I — 2) =r — > and k,l > m.

Theorem 27.1.2. If (k—2)+ (1= %) >r— - and k,1 > m, i.e. these inequalities
are strict, then for a fived f € LY, the multiplication operator
My : Lj(X) — Ly, (X)
g—fy.
18 compact.
Proof. Approximate f by a sequence of compactly supported functions f; in L. Then
My, — My

in the operator norm. Since each My, factorizes through Sobolev spaces on compact
manifolds, My, is a compact operator. Hence, My is compact. [l

For more details on this subject, we recommend [4, Section 13.2].

27.2. THE SPECTRUM FLOW AND THE INDEX
Recall from the last lecture that if
A=B+a=B+(b+c¢)
with (b,¢) € LX(R x Y, (A} @ AY) ® ad Q)), then the linearized operator
0
DAZE—FDB-F[CL/\']

is Fredholm of index 0. Indeed if a = 0, D4 is invertible. The difference term [a A -]
is a compact operator, so F4 is Fredholm of index 0.
Here is another way to think about the Fredholmness. Since a — 0 as t — +o0,
the operator
Dg + [a(t) A -]

is close to Dp in the operator norm as ¢ — +o0. Hence, Dp + [a(t) A -] is invertible.
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We would like to understand the relation between the spectrum flow and the index
of D4 in general, when a ¢ Lj(Z). We assume that a € L}, (Z) and there exist
translation invariant forms ay,a_ in C*(R x Y') such that

a — ayljo)xy € Lp([0,00) x Y)
a — CL_|(_0070]XY € L’I;((—OO,O] X Y)

Lemma 27.2.1. If % + Dp + ay and % + D + a_ are both invertible, then the
operator

0
DA:%—FDB—Fa:Lﬁ(RxY)—»LiH(RxY)
1s Fredholm.
Proof. This is proved by the standard parametric patching argument. 0

We are interested in the index of Dy.

Example 27.2.2. Consider the operator

ot
on the real line R. As t — +o0, the operator approximates
0 0
—+land — —1
ot ot

respectively, which are invertible. We wish to compute its index as a Fredholm
operator between spaces:

L*(R) — L*(R).
Note that ker D, is spanned by sech(t) € L*(R) while Coker D, is spanned by

N
:L
s +
tanht)
el - .. I
-4

cosh(t) ¢ L*(R). Hence,
IndD, =1
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Similarly, we define
D_ = % — tanh(t)
and Ind D_ = —1.

In general, the index is the net number of eigenvalues going from negative to pos-
itive. To prove “SF=Ind” in general, we use the fact that the index is a homotopy
invariant. When fixing a4, we are allowed to homotopy the path a(t). The limits a4
are allowed to change as long as they stay invertible during a homotopy. We apply
perturbations of a4 such that

Dp + a4

have the same eigenvectors. Then we reduce the problem to model examples above.

Example 27.2.3. The spectral flow along a closed loop of operators might not be
zero. Consider the operator

D, = Zi +a: Li(S',C) — L*(S',C).

ot
for a € [0,1]. Then Spec D, = Z + «. When a = 0, 1, Dy is conjugate to Do,
- 1 = ity 7zt.
e + e (Z(?t)e

So far, {Da}aefo,1] does not form a closed loop. Both ¢g; = Id and
go(f(t)) = f(t)e”, te S

are unitary operators on L?(S', C). Here, we need Kuiper’s theorem:

Theorem 27.2.4 (Kuiper). For any separable infinite dimensional Hilbert space H,
the unitary group U(H) is contractible.

Proof. The original proof of Kuiper is hard to follow. Tom recommended [?]:

e Mitjagin, B. S.
The homotopy structure of a linear group of a Banach space.
Uspehi Mat. Nauk 25 (1970), no. 5 (155), 63106.

in which the Kuiper’s theorem was generalized to other suitable Banach spaces. This
theorem is however, not valid for arbitrary Banach spaces. O]

By Kuiper’s theorem, gy and g; is connected by a path of unitary operators gg.

Then the family of operators

) J, _
Dy, = gﬁ(a)ggl

will take Dy back to Dy without changing the spectrum. By composing D, with this
family, we obtain a closed loop with non-trivial spectrum flow.
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27.3. THE SPECTRUM FLOW IN THE INSTANTON FLOER HOMOLOGY

Over the trivial principal bundle @ = SU(2)xY — Y, the Chern-Simons functional
defines a circle valued functional:

CS: /9 — R/cZ (¢ > 0).
In this case, ¥ = Map(Y, SU(2)) and (%) is classified by the degree of the map:
u:Y — SU(2).

Therefore, m(2//¥4) = Z. 1t is important to understand what is the spectral flow
around a generator of 7.

Let v : [0,1] — &7/9 to be a closed loop. Let Ay = v(0) and A; = ~(1). Then
u-Ag = Ay for a gauge transformation u : Y — SU(2). Consider the mapping torus:

P = [071] XQ/(UP,O) ~ (p71)

|7

X =S'xY.

U!)JW

. =
A° A|

The index of the operator on the cylinder R x Y:
0
E + DA(t)

equals the expected dimension of the moduli space on P. Since o(X) = x(X) =0,
SF = Ind = 8¢y(P) = 8deg(u).

The constant 8 will remain unchanged if we replace SU(2) by any other compact Lie
group G.
Another important fact is that CS detects 7y, i.e.

CS* : Wl(d/g) - 771(51)7

is an isomorphism.
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Remark. It becomes more complicated when it is a PU(n)-bundle. However, the
picture is more or less the same if we stick to the determinant-1 gauge group. [

When counting differentials in the Floer theory, we focus on moduli spaces of formal
dimension 1. Hence,

Pinning down the dimension,
=Pinning down the homotopy classes of paths,

=Pinning down the change of CS.

T
A dforend homekapy
clags of poths

Remark. The total change A,CS of the Chern-Simons functional is proportional to
the spectrum flow.

As a consequence, we do not need Novikov rings for the Floer homology.

This phenomenon is comparable with the monotonicity condition in the symplectic
Floer theory, where

CS Zlaced by e symplectic action

SF replaced by o (M, J)

The monotonic condition then states that [w] = Aey (M, J) € H*(M,Z) for some
Ae R
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Lecture 28. 4-Manifolds with Cylindrical Ends
28.1. 4-MANIFOLDS WITH CYLINDRICAL ENDS

Let (X,0X =Y) be a compact 4-manifold with boundary. We obtain a manifold
with cylindrical end by attaching [0,00) x Y

X* =X U 0,0) x Y.

>
c,otwefje,

We study instantons on X*.
Fix a reference connection Ay in P — X* such that

AQ‘ = 7T*B
[0,00)xY

where B is a fixed flat connection in ) — Y, i.e. Fg =0. Let

o = Ag+ L 4,(X, T*X @ ad P)
¢ ={ueEnd(V):1—ueLj,, 4 (X, EndV),v*u =1 det(u) = 1},
where V' is the vector bundle induced from the fundamental representation of G' =

SU(2). To define the L-norm, we need a covariant derivative of ad P — X. We used
the reference connection Ag:

lalfzx) = | [Vh,al* +---+ laf”
k X

The gauge group ¥ acts on &/ smoothly, if £ > 1. Assume B is a non-generate
critical point of CS, i.e.

(1) H°(Y,adg) = {0}, which means B is irreducible as a connection.
(2) H'(Y,adg) = {0}, which means B is isolated as a critical point.

Recall that u- A = A+ udqu=' forue ¥ and A e 7.

Exercise 28.1.1. If da,u € L%, then we can find ug € 4(Y) such that dgug = 0 and
w— U € Ly agl[oc0)<y-
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Since B is irreducible, in fact, up = £1 € Z(G).
The map

A F}
Li - Ll2c—1
is a smooth map. Provided that B is non-degenerate,
(dx,d%) Li - Li—l D L%—l

is a Fredholm map. To pursue analogue of Morse homology, we have to work with a
new phenomenon: bubbling. The energy can slide off along the cylindrical end for a
sequence of ASD connections A;:

bubbles
4. old] port He oold eadl

Jas] Jan)

Yelobput bt put

Hot

Need to understand small energy solutions along a long cylinder Z = [-T,7T] x Y,
over which we have
f |F A;
z

so the sequence [A;] converges to a flat connection 7*B’. Given this, the bubbling
phenomenon can not occur on Z. A small-energy solution on a long cylinder means
a new critical point (in our case, [B’]) is nearby.

2_)07
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Recall the estimate from the finite dimensional Morse theory. If v(¢) is a down-
ward gradient flowline of a Morse function f : M — R and 7(t) is close to a critical
point ¢ when t € [=T,T], then

cosh(At)

cosh(AT)

for some C, A > 0. It follows from the differential inequality
0

o) = =[Vfoyl < =ML

for some A > 0 when 7(t) is close to c.

dist(y(t),c) < C

T e e .

W{mu‘t}

I

4 .

=T b T
r
r

-

Sy

The same thing holds for the Chern-Simons functional. Over the cylinder [-T,T'] x
Y, write

A(t) = A(t) + 2 + cdt.

ot
where A(t) = A(t)|yxy is the restriction of A at the slice {t} x Y. Then
(46) —2CS(A(T)) + 2CS(A(-T))

:f tr(Fy A Fy) = —J tr(Fg A xFy) = L | Fal?

Z Z
2 | IRl
[T, 1] J{t}xY

At the last step, we used the fact that
2| Fal? = |1 Fall?,
because Fy is ASD, so Fy = FA(t) + *4FA(t)- The differential version of |D states

that
0

SCS(AM) = = [ 1Pl
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Assume the critical connection B’ is non-generate. Write
A(t) = B' + b(t)
for b(t) € I'(Y,ad Q). Then by choosing a proper gauge, we have

(a7) | 178l > 2210l
%
If [b] L2(y) is small enough, then
2
CS(B' +b) — CS(B)| - | L trlb A db+ b~ b A B)] < bl
In conclusion, we have

(48) £ (CS(A(1) ~ CS(BY) < 1S (A(r)) ~ €S (B

-1 0 g

If it is an infinite half cylinder Z, = [~T,0) x Y, then CS(A(t)) — CS(B’) = 0 for
any t € [0,00). The differential inequality implies

0 < CS(A(t)) = CS(B') < (CS(A(=T)) — CS(B'))e~ ¢+ /e,

for any t € [T, 0). For a cylinder Z of finite length, the value CS(A(t)) — CS(B') is
in the sandwich between two exponential decay functions.

\ \\
The exponential decay of CS(A(t)) allows us to conclude

A—- B
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in L%loc-topology for any k£ > 0. Usually, we can not do bootstrapping directly from
(L3-connection, L3-gauge transformations) in dimension 4. However, this is allowed
when the energy is sufficiently small.

Remark. The estimate (48]) is gauge invariant. However, its proof invokes a good
choice of gauge such that holds.

28.2. UHLENBECK’S COMPACTNESS THEOREM ON X*

Fix the total energy on X*:

J‘ ‘}CHZ < N.
X

Let I, = [r — 1,7 + 1] for each r € Z. For any sequence of ASD connections [A;]
on X* we can find a finite collection of points {x;}1<;<m < X, a finite collections of
integers {r;};c; and a subsequence of {[A4;]} such that

(1) Both m and |J| are bounded by a constant multiple of N.
(2) Away from {z;}, X is covered by a countable collection of geodesic balls { By}

such that
| iEap <
By

for any A; in that subsequence.
(3) For any r # r; and r = 0, we have an estimate:

| ipa<e
I xY

for any A; in that subsequence.
The constant € comes from Uhlenbeck’s fundamental lemma. The union

{xq, - ,xm}UIrj xY cX

jed
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is the bad region, where the bubbling could happen. However, away from the bad
region, we have convergences in Li’loc—topology or convergence to a broken flowline of
CS.

To make it more concrete, let Z =R x Y. For any [B_],[B,] € Crit(CS), define

M([B_].[B+]) = {[A] mn R x ¥ :J]FA\Q < o0, Fy+ % Fy =0,

lim A(t) = [B.]}.

t—+o0

In fact, M([B-],[B+]) is a disjoint union
M([B_],[By]) = | Mw([B-],[B+])

k=0

= U{[A] e M([B_],[By4]) : J tr(Fa A Fa) = k}.

k=0 z

8‘“‘3‘3 De:tf”t&.
AY)

ﬂ\_
T

Slide off —>

Let Mk([B_], [B:]) = Mi([B_],[B+])/R. Define the moduli space of ideal in-

stantons:

IMi([B-],[B+]) = Mi([B-],[B+])

Let ZMy((B-1, [B.]) = TMy([B-]. [B.])/R.
(Tom did not have enough sleep last night, so he did not finish this part. He will
write down a compactification of M(X,[B]) in the next lecture).
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Lecture 29. Instanton Floer Homology
29.1. COMPACTIFICATION OF THE MODULI SPACE

Let Q = G xY — Y be the trivial principal G-bundle over Y and Z = R x Y be
the cylinder. Suppose the Chern-Simons functional CS descends to a non-generate
Morse function on the quotient space:

PBo = 95/Y-
Let o, § € Crit(CS) and a, b € o/, be their lifts, i.e.

[a] = a, [b] = B.
Fix a reference connection Ay on Z such that

AO‘ — r*a, AO) — b,

(—00,-T|xY [T,00)xY

Consider the configuration space @7p 4,(a,b) and its quotient space
MP,A() (a7 b)/g = ‘93’7(@7 B)

Any element in @7p 4,(a,b) determines the same homotopy class of paths in % that
connects a and 3. Use = to denote the homotopy class of path determined by Ajg:

v E ﬂl(aW@Qaﬁ)‘

Remark. Note that m (o, Bq, ) is a Z-torsor, i.e. it admits an action by integers.
It is defined by “adding instantons” at some point x in Z. For the principal bundle
Py — S* with ¢y(Py) = k, pick any connection Aj. By taking the connected sum of
connections Ag#, A, we obtain a new homotopy class of paths: v + k. Here, k is
allowed to be any integer and Ay is not necessarily an ASD connection. When k > 0
and Ay, is ASD, this helps us construct new instantons out of a given ASD connection
when Z is closed. [J

In particular, we look at finite energy solutions to the ASD equation inside %, («, 53):

M, (o, B) < B (a, B).
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o AO ’ P‘ Ao

.=

J
) |
/ \ 1 odding nskadon,

Define the moduli space of ideal instantons of homotopy class ~:

IM“/(Oévﬂ) = M7<O"6)

UMW—l(a

UM»Y_Q(OZ,B) x Sym?® Z

e

and its unparameterized version I\.//\/ly(a, B) = ZM.(a, f)/R. This space is not com-
pact so far. We need to add broken trajectories. Define

-uu -y

r=0 a1,
eCrlt(CS) ’ylem(al,ﬂQ Qit1)

2=
I\/\//lw(a,oq) X I\/\//lﬂ,(ozl,ag) X oo X I\/\//lw(ozr,ﬁ).

When r is fixed, we assumed oy = a and a1 = . The union is over all homotopy
classes of chains:

(36:@0&)0611’&2"'&’04”1 = f.

The first union is over the length of chains. The second union is over possible
critical points «; that appear in this chain. The last is over all possible homotopy
classes of path between two adjacent critical points. Finally, we require } ~; = 7.

When r = 0, this union contains a single piece: f/\//lw(oz, B) = IM. (e, B)/R, which
corresponds to unbroken trajectories. It is also the top stratum of the stratified space
I_J\/ly(oz, B). The length r records the number of breaks in a broken trajectory. The
expected dimension will drop by 1 for each break. The top dimension of spaces in

U

ag, 0

eCrit(CS)
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is dimI\./\//lv(oz, f) — r. It contains lower dimensional strata from the bubbling phe-
nomenon:
Mo, _i(, aig1) x Sym*(Z)/R.
Each bubble will drop the dimension by 4.
This huge union ZM,,(«, 3) is compact.

29.2. A CRITERION TO AVOID REDUCIBLE FLAT CONNECTIONS

So far we have made no perturbation of the Chern-Simons functional and have
assumed that all critical points are non-generate.

In general, a perturbation is alway needed. When there is none, critical points come
from representations of the fundamental group, so they form a compact set. However,
the compactness of critical points becomes an issue if a perturbation is made.

If our critical points are non-degenerate, then finite energy flowlines always have
finite length and M, (a, 3) is dense in ZM, (e, 3).

When a Morse function f is degenerate, yet real analytic on a finite dimensional
compact manifold M, a flowline alway has a finite length, by Lojasiewicz’s inequality.
A flowline might not have exponential decay to the critical locus; only a power law
decay is guaranteed.

Lojasiewicz’s inequality states that if f real analytic and ~y(¢) is close to a critical
point ¢, then

V@) = [ f(y(t) — f(erit)]
for some fixed 1 < 6 < 2. When f is Morse, then 6 = 2.

It becomes worse if f is not real analytic or Morse. An example is illustrated as
follows. Starting with a surface of revolution, we drill a groove all the way down to
the critical circle, spiral around the hill. The height function f is certainly not real
analytic on this surface. A downward gradient flow of f travels along the groove and
does not converge to any point on the circle.

When G = SU(2), Crit(CS) always contains reducible connections (the trivial
connection). The non-degeneracy condition is never satisfied for CS.
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If G = PU(2) = SO(3), then it becomes possible. Consider a genus-g (g > 1)
surface ¥, and an SO(3) bundle @ — X, with we(Q) # 0. We work with the
determinant-1 gauge group.

A flat connection is a group homomorphism p : m(X) — SO(3). We need to
determine when the induced bundle

50(3) —— adp

|

)

g-

has wy(ad p) # 0. Note that
g
Wl(zg) = <CL1, b17 e ,Clg, bg‘ H[CLZ', bz] = 1>
i=1

Let
/L‘ € 7T_1(Ai), Bz € W_I(Bi)
be their lift in SU(2). Then

w(p) = H[Ai,éi] — +1€e Z(SU(2)).

Apparently, w(p) does not depends on the choice of A; and B;. In fact,
w(p) = wy(ad p) € Z/27.
Let us define

)

g
R"dd(zg) = {{fli,fy’i}lgigg : A;, By € SU(2), [[L-,B’Z-] = —1}/SU(2).
=1

Note that R°¥(3,) is a cover over

{p:m(X) = SO(3) : we(ad p) # 0}.
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Theorem 29.2.1. R°¥(X,) contains no reducible representations.

Proof. 1f h e SU(2)\Z(SU(2)), then the commutant of % is the great circle Sj, passing
through h and +1. If h commutes with A;, B; for each 1 < i < g, then A;, B; lie in
Sh.

Ct3)

!

Hence, {fl,, Bi}lsigg has non-trivial stabilizers (larger than Z(SU(2))) if and only
if A;, B; are simultaneously diagonalizable. In particular,
[A;, Bi] =1
for each 1 < ¢ < ¢g. This contradicts the assumption that ]_[le[fli, BZ] =—1. O

This theorem gives a convenient criterion to exclude reducible connections:

e An SO(3) bundle @ — Y with we(Q) # 0 is called good if we can find a
oriented embedded surface ¥, Y with g > 1 such that wy(Q)[X] # 0. Then
() does not admit reducible flat connections.

Remark. The construction of w(p) generalizes to any PU(n) bundles, where the
invariant is defined in

B(p) € H*(Z,Z/nZ).
Using the short exact sequence
1 — Z(SU(n)) = Z/nZ — SU(n) — PU(n) — 0,
we choose the lift of A; in SU(n).

Example 29.2.2. Let g = 1 and ¥, = T?. Take G = SU(2) = Sq(1). If A, =TI and
By = J, then

[Ay,By] = IJI7'J7 ! = —1.
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29.3. A PRE-DEFINITION OF FLOER HoMoOLOGY

Define the chain group as
C(Ya Q) = @ YAt
aeCrit(CS)
and the differential by

0:C(Y,Q) - C(Y,Q)
o — Z Z #M’Y(a7ﬁ)ﬁ

BeCrit(CS) vem1 (o, %8q,B)
sfvy(a,8)=1

We have to verify 02 = 0. This is proved by examining the compactification of the
moduli space when sf,(a,a’) = 2. In this case,

TMy(0,d)) = My(a,d) ] My, B) x Moy (8,0).

mem(a,%q,8)
Y2€ET1 (ﬁng 7a/)
8fy =8frp=1

A gluing theorem states that this is a compact 1-manifold with boundaries, the
number of boundary components has to be even. Hence, 0% = 0.

X
@ /RS e
o
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Lecture 30. Functoriality
30.1. INSTANTON FLOER HOMOLOGY

Let Q = G x Y — Y be the trivial principal G-bundle over Y. Assume there is no
reducible flat connections and all flat critical points are non-generate. Take

a, B € Crit(CS).

In the last lecture, we defined the union

esn-U U U

r=0 a1, ,0r ’YO"";Y”‘
eCrit(CS) YiET1 (a~,=%‘Q,ai+1)
2=y

TM, (a,a1) x TM; (a1, a2) X -+ x TM; (an, B).
For any v € mi (o, Bg, ), ZM., (e, ) is a topological space stratified by manifolds.

Definition 30.1.1. A topology space X is stratified by manifolds if we can find a
closed subset X; < X for each ¢ > 0 such that X; < X; 1, X = UiZO X, and

S; = X;\X;_1 (might be empty)
is a manifold of pure dimension .

A stratum of ZM is a union of products of
Sym" Z x M ks (v, Q)

for each 0 < ¢ < r and some k; > 0. The dimension of such a product is
dim = SF (0, 8) = (r +1) = 4(ko + ks + -+ + k)

assuming transversality. Strictly speaking, we also need to stratify each symmetric
product Sym” Z, which is omitted here.
Recall that the Floer Chain complex is define by
C(Y, Q) = (‘B Lo
a€eCrit(CS)

0:0(Y,Q) — C(Y,Q)
o — Z Z #Mv(a7ﬁ)ﬁ

BeCrit(CS) vem1 (o, Bq,B)
sfy(e,B)=1
We prove ¢? = 0 by considering the moduli space when sf,(a,a”) = 2. In this
case, the compactification ZM, (a, ") contains two pieces: r = 0,1. The bubbles
can not occur for dimension reasons. Hence,

M, (o) = My(a,0)) | My (e 8) x Mo, (8,0).

mem (o, %q,8)
Y2€ET1 (6793Q 7a/)
sfyy=8frp=1
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X
a'/@a; /(Q ol
55

A gluing theorem states that I\/\//lv(a, o) is a compact manifold with boundaries,
so the number of boundary components has to be even. If no bubbles occur, then a
neighborhood of the lower stratum looks like

[0, OO)nii X Sz

where n is the dimension of the top stratum.

30.2. FUNCTORIALITY

Suppose that we have a cobordism between 3-manifolds Y_ and Y,

XY >Y,.

P

The principle G-bundle P — X restricts to @y — Y, and Q_ — Y_ at the
boundary. We obtain a manifold with cylindrical ends by taking the union:

X* = (=o0,0] x V- | | X[ J[0,0) x ;.
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Choose
a € Crit(CS|g_) and g € Crit(CS|g,)

and a homotopy class of connections on P:
v E 7-[-1(0'/7'@1:’7/8)‘

Assume all moduli spaces contain only irreducible connections and are cut out trans-
versely. Let

M, (a, X, B)
be the moduli space of finite energy instantons on X* in the homotopy class v. Tom
left it as exercise to write down a compactification ZM., (a, X, ) of M, (a, X, ) by
using one’s imagination to describe a picture as follows:

b o L AL x*

HF e HH
AT NS ™

- Pexs

Suppose no bubbles occur in the compactification for some dimension reasons,
then ZM., (o, X, ) will be a compact space stratified by manifolds. Moreover, by the
unique continuation property of ASD connections, we have a restriction map

r:IM,(a, X, B) — B*(X).
Over each stratum, this map is
T MWX,k(a,X, B) x Sym* X* — %*(X)
(LAl 21, an) = [Allx
The underlying bundle of #*(X) might change for different pieces.
This restriction map r is continuous away from the part with bubbles (k > 1). If we

take a cohomology class of 2*(X) defined by a “good” collection of neighborhoods
of cycles in X (let ¢, , ¢, € Cy(X) be cycles), we hope the cup product

r(pler) = = pler))
is compactly supported on M, (e, X, ). In this case, we do not have the R-translation
on the X*, so we do not need to quotient out the R-action. Note that
t

dimr*(u(cy) — -+ — pler)) = 2(4 —dim ¢;).

i=1
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It makes sense to evaluate this class on the top stratum of ZM., (a, X, 3), or even
some boundary strata if

sfy(a Z (4—dim¢;) = sfy(a,5) =7

These boundary strata can not come from bubbling, so the constraint

> sf (o, B) =T

is imposed.

Another scenario is when we have a parametrized moduli space. The definition
of M(a, X, ) depends choices of a metric of X and a perturbation of the Chern-
Simons functional CS. Let C' be a finite dimensional manifold with boundaries that
parameterizing these auxiliary data. Define

MC(a7X7 6) = UMC(O(,X,,B).
ceC

Each M.(«a, X, ) may or may not be a smooth manifold. However, we assume
Mc(a, X, ) is cut out transversely as a manifold. Hence,

dim M¢(a, X, 8) = dim ¢ + dim M (o, X, 8).
We can evaluate the cohomology class

r(uler) = - pler))

on the top stratum of ZM(a, X, 5) or its boundary strata if the difference of di-
mensions is within 7.

30.3. THE INVARIANCE OF FLOER HOMOLOGY

Let ¢ and ¢; be two generic choices of metrics and perturbations and let C' = {¢; :
t € [0,1]} be a generic path between ¢ and ¢;. Take X = [0,1] x Y and

X*=Z=RxY.

We interpolate the metric on X such that over {0} x Y the metric agrees with ¢y while
the metric over {1} x Y agrees with ¢;. Similarly, we interpolate the perturbation ¢,
and §Z§1.

By counting 0-dimensional moduli spaces, define:

D : C(Y, Q)Co - C(Y7 Q)m
o — Z #M(OQZ7B) B

BeCrit(CS+¢1)
Sf’Y (aaﬁ):o

To prove this is a chain map, we need to verify
(310<I>+<I>060=0.
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s interpolate o, Cy

Z |

— -

This is done by analyzing 1-dimensional moduli space between a and 3. If sf, (o, @”) =
1, then
IM (") = M (a, ")
U ./Y/l/v(a,a’) x My (o, Z,a")
o/€Crit(CS+¢o) yoem (o, Bg,a')
~vem (o, Bx,a")

5fryg (a,0)=1
Yo+ =y

U U MylaZa)x M,(o,a").

o’eCrit(CS+¢1) v'em (o, Bx,a')
meni (o, Bg,a")
Sf"/l (a”a")zl
VAmn=y

We will use the parametrized moduli space to show the induced map by ® on Floer
homology is independent of the generic path C', so the cobordism

[0,1] x Y : (Y, co) = (Y, 1)
induces a well-defined map between Floer homology groups:
O, I(Y,co) = I(Y, ).
If we can further prove this assignment defines a functor, then we can prove ®, is
a canonical isomorphism of Zs-modules.
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Lecture 31. Functoriality 11
31.1. EVALUATING COHOMOLOGY CLASSES

Recall from the last lecture that ZM., (o, X, ) is a topological space stratified by
manifolds. A topology space X is stratified by manifolds if
e X =X,2X; 122X,
e S; = X; — X;_1 is a manifold of dimension 7 (it could be empty).
e X, is compact.
Choose a cover {Uy}aen of X.

Definition 31.1.1. A cover of X is transverse to the stratification if for any 7 + 2
tuple Qp, -, 0449 € AJ

Usy "Upy, 0o 0 U,

Q42

ﬂXZZQ

Usually, we will find ourselves in the situation when a neighborhood of S; = X\ X;_;
in X is homeomorphic to a cone-bundle over S; = X;\ X;_1, and we take U; = S; x¢(L)
to be such a neighborhood. Then,

Usi=0,1,-,d

form a cover transverse to the stratification.

U~ Vxe) < Ki\ X
Suppose d = dim M., (c, X, ) and
c=p(E1) — o u(B) = pla) = () € HA(SB* (X))

To evaluate ¢ on M, (o, X, ), we realize ¢ as a Cech cohomology class. Take a
cover of ZM., (v, X, ) transverse to the stratification. For any distinct indices

g, g €A

the intersection Uy, N Uy, M-+ - N Uy, will only meet the top stratum of ZM., (o, X, ).
We assume the cover is fine enough such that ZM.,(a, X, 5) is homeomorphic to the
nerve of {U,}aea. Each (d + 1)-tuple (Uy,, -+ ,U,,) determines a d-simplex in the
nerve.
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Suppose d = 10 and c is given by
¢=p(X1) — = p(Es).
In this case, we have only one stratum coming from bubbles in dimension 6:
X x Myoa(a, X, B).

Then the evaluation pairing becomes:

Each u(X;)(U.

lowing alternatives:

U,

Q2519

U

as;) 1 an evaluation on a 2-simplex. We have the fol-

(1) Either some (at most two) of Uy, , N Us,,_, N Ua,, meet at lower strata, while
others are zeros. Hence, the evaluation of ¢ is zero.

(2) All of them lie in the top strata M., (o, X, (), so we get a finite evaluation on
the relative fundamental class.

Tom failed to recall a proof. He promised to say it better next time, but he did
not.

31.2. FUNCTORIALITY
Given a homogeneous element z of A(X), we define a map:
O(2): C(Y_) - C(Yy)
a— Z (u(z), [M’V(av X, b)])b.

by
sfy=degz

To show this is a chain map, consider a € Crit(Y_),a” € Crit(Y,) and v €
71 (o, Bx,a”) such that

sfy =degz + 1.

The first and the second stratum of ZM, («, X, ') looks like
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IM, (o, X, ") = M, (o, X, ")
U U Ay s

o/eCrit(C'S+¢o) yoem (o, By — &)
yem (o Bx,a")
8frg (e,a’)=1
Yo+ =7

U U My, X, 0') x Mo, (o/, YT, a").
o’'eCrit(CS+¢1) ~+'em(a,Bx,a)
mer (o, By +,a")
sfy (o) =1
Y Hm=y

Since 0p(z) is zero in the (d + 1)-th cohomology group, we have
0 = {op(2), [My(a, X, a")])
(by integration by parts) = {u(z), M, (a, X, a")]).
= D0, du(2), [Mos (@, X, )]

Y0,
+ > u(2), [My(a, X, o)Xy mydd").
gited

This proves that d, o ®(z) + ®(z) o d_ = 0.

31.3. THE COMPOSITION LAW

The next step is to compose cobordisms. Suppose we have
X1:Yy =Y, Xo: Y1 - Y
and elements z; € A(X;) and 2z, € A(X5). Do we have
Dy, (22) 0 P, (21) = Pxyy, x5 (22 - 21)7

This can be proved by introducing parametrized moduli spaces by changing the
length T of cylinders.

A more subtle question is to set up the category. Gluing on the level of manifolds
is well-defined up to diffeomorphisms of 3-manifolds Y;. We pin down the diffeomor-
phism

oX; = Y| [V
as part of the definition of cobordisms. The problem is to keep track of bundles.

When G is simply connected (e.g. G = SU(n)), the dimension of z = 2z - 2
will determine the Chern number of the bundle on X;#y, X5. The bundle Q)2 — Y5
is necessarily trivial, and m(¥y,) = Z. Hence, the connected component of ¥, is
pinned down by z.
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\]/l

T Y).

T T) xYa

When G is not simply connected (e.g. G = PU(n)), it is more delicate. There
could be more than one principal G-bundle over Y5.

There are two ways to formulate the functoriality for non-simply connected gauge
groups. We start with the first one:

e Pick a U(n)-bundle P.

e Fix the determinant line bundle of P by fixing an isomorphism: ¢ : det(P)
L.

e Choose a connection A in det(P).

e Use the determinant-1 gauge group.

lle

To setup a category, let an object to be a quadruple
(Y7 L7 A? w).

The bundle P is recovered by taking C @ L with a reference connection (d,A). A
morphism is another quadruple

(X, L,A9)

such that when restricted to 0X = —Y_ u Y, it recovers (Y_,L_,A_ ¢_) and
(Y-H L+7 A+, dj-‘r) :

The second way is to think of L as an divisor. Choose a oriented 1-manifold w ¢ Y
and consider SU(2) connections on Y\w so that the link holonomy along w is (—1)
(in fact, it is the asymptotic linking holonomy).

To compare (1) with (2), we pick a singular connection in L that is flat on Y\w
and the holonomy is (—1) around w.



18.937 TOPICS IN GEOMETRY TOPOLOGY: INSTANTON FLOER HOMOLOGY 201
An object is a pair (Y,w). A cobordism is a pair (X,S) such that S < X is an
properly embedded 2-surface such that
XY -Y,,
S:iw. —w,.

The composition is defined by requiring w to match.
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Lecture 32. Flat Connections on %,
32.1. THE COBORDISM MAP
Consider a compact 4-manifold X* with boundary
oX'=-Y uY".

Let w= < Y™, wt < Y be embedded closed oriented 1-submanifolds. Moreover,
suppose there is a oriented surface w < X such that

ow=—-w uvw.

We can view (X,w) as a cobordism between pairs:
(X,w): (Y w7 ) = (YT wh).

Choose some auxiliary data ¢4+ on Y* (metrics, perturbations, etc.), we defined a

chain complex
(O(Yia wi7 Ci)? ai)
Choosing suitable cycles oy,---, 04 on X, then a cobordism (X, w) induces a chain
map
Pixwy(or, - ,00) : CY ,w™,c0) > C(Y T w,cy).

Different choices on X give rise to chain homotopic maps. These chain maps satisfy

the composition law, up to chain homotopy.

Example 32.1.1. Suppose X = [0,1] x Y, w = [0,1] x w" and there are no cycles.
Then
(bprod = (I)[O,l]XY+,[0,l]><w+ : C(Y+aw+? C+) - C<Y+7w+7 C+)

is the identity map.

Example 32.1.2. Suppose X = [0, 1] x YT and there are no cycles. w™ and w* are
allowed to be different. Then we have an induced map:

Pixwy  CY T w,cl) > OV wh,ey).
By reversing the direction of (X, w), we obtain a map in the opposite direction:

/(X,w) : C(Y+7w+7 C+) - C(YJr,wi, C_).
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The composition
QI(X,OJ) © ®(X7w)
is chain homotopy equivalent to ®,,,4, and so is ®(x ) o <I>’( Xw)- Hence, ®x ) and

CID’( Xw) are chain homotopy inverses to each other.

Therefore, up to chain homotopy equivalence, (C(Y,w, ¢), 0) is an invariant of (Y, w)
and the assignment

(Yw) — I(Y,w) := H,(C(Y,w,c),?)

is a functor. Moreover, A(Y") acts on I(Y,w). We allow cycles oy, -+ ,0¢ to be non-
empty and define the action by the chain map:

(I)prod<0-17 e 70-15)'

Cycles ove not en\?{g,
A4
]y

Not any 3-manifold has a nice smooth space of flat connections. A perturbation is
needed to make the construction work in genera.

(Tom did not talk about perturbations seriously. He made the digression to flat
connections on a surface.)

32.2. FLAT CONNECTIONS ON 3,

For a closed oriented surface ¥, of genus g, H*(X? R) admits a symplectic pairing:

@f) = | ans

If 0Y3 = 32, then the image
i* . HY(Y,R) - H'(Z,R)

is a Lagrangian subspace, i.e. a maximal subspace on which ws, vanishes. Indeed, if
a =1i*(a/) and f = i*(F'), then by Stokes’ theorem,

JLans=] s nm-o
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This proves wsy, vanishes on Im ¢*. The maximality follows from the Poincaré duality.
Consider the long exact sequence and its dual:

HY(Y,Y) —— HY(Y) —2 H'Y(Z) —— H(Y, ).

| | |pp |pp

Hi(Y) —— Hy(Y,S) —2 Hy(S) —2— H(Y).
If (a,i*B) = 0 for any 3 € H'(Y), or equivalently i, o PD(a) = 0 in H;(Y), then
PDod(a) = d(a) = 0= a € Imi".
Given a compact Lie group G, consider a principal bundle
G—P—13,

over a surface . Then we have a symplectic form on the configuration space 7p.
Indeed,

Trolp = QH(X, ad P).
For tangent vectors «, 3 € Q'(X, ad P), let

ws(a, B) =f tr(a A b).

2

Then 7p becomes a “formal” symplectic manifold (one needs to define and verify
dw = 0 in this infinite dimensional setting). Moreover, the gauge group ¢ acts on
o/p by symplectomorphisms, i.e. the symplectic form w, is invariant under ¥.

Is there a moment map? Recall that for a finite dimensional symplectic manifold
(M, w) with a symplectic group action GG, we have a Lie algebra homomorphism:

g — Vect(M), & ¢
The vector field é corresponds to the infinitesimal group action along & and
Zew = 0.

By Cartan’s formua, .,iﬂéw =do Lgw + g © dw=do Lgw since dw = 0. This shows that
tew s closed. We require it to be exact and

Lew = d{p, &)

for a smooth function u : M — g*. This means é is generated by a Hamiltonian
function {(u, &). The function p is called a moment map if it is G-equivariant.

A moment map may not exist in general; an obstruction exists.

In our situation, G = 4. g = Q°%Z,adP) and g = Q*(X,ad P). The non-
degenerate pairing is given by

(@.8) = | txtan 5).
for € g and B € g*.
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Exercise 32.2.1. Show that u(A) = Fa is a moment map for the gauge action.

32.3. SYMPLECTIC REDUCTION

When 0 is a regular value of y, then ¢~1(0)/G is a symplectic manifold (orbifold).
This is the contend of symplectic reduction, first realized by Guillemin-Sternberg and
Maslov-Weinstein in the context of Noether’s theorem.

The observation is that the infinitesimal action on ~*(0) is free, so the stabilizer (at
any point of £ ~'(0)) must be a discrete subgroup of G . If the action of G happens
to be free, then the quotient is a genuine manifold. It has a symplectic structure
because we can restrict w to a transverse of G-orbits, and it is still non-degenerate.

ﬁﬁ?/—&f

— A tonsverse
— I

If T is a transverse at x € u~'(0), then
T,M = T,(G - 2) ® JT,(G - ) ® T, T.

In general, if G is a compact Lie group, we can only have a symplectic orbifold.
[, obit
S T .
J(TeG) e

1
A bemsverse

Back to our case, the representation variety
Ra(X) ={A: Fy=0}/9
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is a symplectic manifold away from reducible representations. Moreover, the restric-
tion map

Ra(Y) = Ra(X)

is a Lagrangian immersion.
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Lecture 33. Symplectic Reductions
33.1. SYMPLECTIC REDUCTION

Let (X,w) be a symplectic manifold with a symplectic group action G and a moment
map:
w: X — g
The group action generates a Lie algebra homomorphism:
g — Vect(M), € — €.

The moment map is characterized by the property:

dlp, §) = rew.
For any element ¢ in the center of g*, the quotient
poH(t)/G
is called the symplectic reduction at t. If ¢ is regular value of u, then u=1(¢)/G is a
symplectic manifold (orbifold).

In the infinite dimensional setting, for a principle G bundle P — X, let M = o/p
with symplectic form

w(a,b) = J tr(a A D).
)
The moment map p is defined as
1(A) = Fa.

Ideally, we would have ;~1(0)/G is a (finite dimensional) symplectic manifold.
Suppose (X, J,w, g) is a Kéhler manifold. The metric g is compatible with w, i.e.

w(X,)Y)=g9(JX,Y).
This implies that & = —JV{y, ¢). Indeed, we have.
9(V(,£),Y) = 1aw(Y) = g(JE,Y).

We assume G preserves both J and g, i.e. GG acts on M isometrically and holomor-
phically.
In this case, we can often allow the complexified group G¢ to act on M.

Example 33.1.1. Consider U(n) acting on End(C") by conjugation. The complexi-
fied group is GL(n,C). The action extends to GL(n,C) in an obvious way.

Note that the Lie algebra of G¢ is g ® C. We get an action of g ® C using J:
g®C — Vect(X), &+ in— &+ Ja.

Whether this infinitesimal action is induced from an actual group action of Gg¢ is
asking whether these vector fields are integrable.
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The complexified group G¢ is not a compact group. It is a delicate question to
examine its action on X. For instance, X /G¢ need not be Hausdorff, even if X is a
finite dimensional manifold.

Example 33.1.2. Let G = U(1) and G¢ = C*. Consider their actions on C:
(,2) > x-2,xeC* zeC.

Then C/C* = {[0],[1]} is a set of two elements. The orbit [0] of the origin is closed,
but [1] is not. In fact,

[1] = {[0], [1]}-
To avoid this pathology, the idea is to identify the semi-stable part X*®° of X such
that the quotient
XSS/G(C
is Hausdorff.

Example 33.1.3. In the example above, X** = {0}.

Another important question is when the orbit of a point z € X closed. The moti-
vates the definition of the stable region of X:

X*={re X :Gc-xisclosed in X}.

Example 33.1.4. In the example above, 0 € C has a closed orbit, but the orbit of
1 € C is not closed.

Example 33.1.5. Let GL(n,C) act on End(C") = gl(n, C) by conjugation. A matrix
A has a closed orbit if and only if A is diagonalizable. It is easy to see if A is not
diagonalizable, then the orbit is not closed. For instance,

b6 )6

and t is allowed to be any number in C*. Moreover, if A has distinct eigenvalues,
then A can only be approximated by stable elements. If A has repeated eigenvalues,
then A can be approximated by unstable elements.

Symplectic reductions are comparable with GIT quotients in algebraic geometry.
For a given algebraic variety with a group action, consider the action on the algebra
and we can identify the invariant sub-algebra.

Kempf-Ness figured out when it is possible to identify

1 1(0)/G < the GIT quotient.

Consider the G-invariant function m = log|u|* : X — R. Consider its restriction
at a G¢ orbit:

m: Ge/G — R

x — m(x).
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The quotient G¢/G has a complete metric of non-negative curvatures. We can
figure out whether [z] is stable or non-stable by looking at m. A theorem states that
m is convex along any geodesics in G¢/G.

e If m achieves a minimum along any geodesics on G¢/G, then the Ge-orbit of
x is closed, or equivalently [z] is stable.

e If m has a lower bound along any geodesics, and for some geodesics the min-
imum is not achieved, then the Gg-orbit of [z] is not closed. [z] is called
semi-stable in this case.

e If m does not have a lower bound along some geodesics, then [z] is called
unstable, and the orbit is not closed.

shobls, Sem - SELLL

> Gy T

The stable region X*® might not be closed. To compactify X*, we need to include
semi-stable orbits.
33.2. THE YANG-MILLS FUNCTIONAL

Apply the general theory to a compact Riemann surface. Let
YMA) = [n(A)F = | |Faf

If Ais a critical point of |u(A)[?, then for any path A; ¢ € [0,1] with Ay = A,
%Athzo = a, we have
0
—|u(Ay)|* = 0.
This implies

0
0= _J<FAHFA1>:2f<dAa7FA>:2J<a,dZFA>.

for any a € Q'(X, ad P). In particular,

0=diFas=—+dy*Fy<dy=Fq=0< «F, is A-parallel.
In conclusion, A is a critical point of |u(A)[? if and only if the holonomy of A com-
mutes with «F4. In higher dimension, we do not such a nice criterion for Yang-Mills

connections.
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If G =U(n),let E =P x,C" Then #F, is viewed as an endomorphism of £ with

constant eigenvalues. Indeed,
tI‘(*F A)n
is a constant function on ¥, since da(xF4) = 0 and d4(+F4)" = 0. Eigenvalues are
imaginary since =F4 is skew-symmetric. Decompose E according to eigenvalues of
x A
E=E\®E\DLE) D - @ L,.

Here, k < n because repeated eigenvalues might occur. The connection A preserves
the decomposition:

A= (A, Ap).

We normalize the volume of ¥ so that

f1=27r.
M

(B[] = = L tr(xFy) = L(Mj) vank By, = —\, rank(Ey )

Then

2m 2m
Remark. If we instead work with PU(n)-bundles, we will assume it comes from a
U(n) bundle. The morphism
U(n) Z22% PU(n) x U(1)

induces
P — PPU(n) x det P.

Then we fix a constant curvature connection A, on det P (this space is 2¢g-dimensional
torus for fixed ¢;(P)). We look at the subspace of «7p whose induced connection is
A, on det P, with determinant-1 gauge groups. [

The upshot is

(e(B),[X]) = Z<01(Euj), (%)

which is a topological constraint, and

k
YM(A) = > A\ rank(Ey,).

j=1
When Y M(A) =0, A is a flat connection.

Example 33.2.1. When G = SU(2), ¢[E] = 0. The flat connections gives the
global minimum. Any higher critical point corresponds to a splitting

L L™t

which contributes to a critical pillowcase T?/Zy in «/p/%p.
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Lecture 34. The Yang-Mills equation over Riemann Surfaces
34.1. YANG-MILLS CONNECTIONS

Let P — ¥ be a principle G-bundle, then @7p is a symplectic manifold:

w(a,b) = L[a A b].

This symplectic form is independent of metrics and depends only on the orientation
of the surface 3. The definition of the bracket
[ A]:Q(X,ad P) @ O (X,ad P) — Q"(X | R).

relies on an ad-invariant bilinear form g ® g — R. By choosing a metric g on X, we
obtain a metric on o7p:

(ab) — J [0 A <b)].
)
The moment map is defined as
w: e, — (3, ad P) = Q°(X, ad P)*
A Fy.
Then the symplectic reduction
Ra(X) = u=(0)/9 = {p: m(Z) — G}/conjugations

is a symplectic manifold (orbifold). Since .27p is also a Kéhler manifold, this makes
Ra(X) into a Kéhler manifold.

Critical points of Y M (A) = |u(A)[* are Yang-Mills connections. Only in dimen-
sional 2, we obtain a simple criterion of Yang-Mills connections:

dFa =0 < «Fy is A-parallel.
Consider the bundle map:
A:adP —adP

S = i[*FA, S].

Then A is a self-adjoint endomorphism at each fiber. Suppose A = AId and P is a
U(n)-bundle associated to a complex vector bundle E. Then

e(E) = - tr(ry) = 2rAk(E)

o - dvolsy,.

We normalize the volume so that Sz dvoly, = 2. Then

deg E = {c1(E), [X]) = Arank(E).
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Equivalently, A = deg(F)/rank(F). The ratio A = deg(F)/rank(F) is also called the
slope of E. In general, decompose E according to eigenvalues of i * F4:

E=E& - ®E
Ej <« )‘j

- _ deg(£;)

7 rank(E;)

The connection A preserves this decomposition: A = (A, -+, Ay). Then

i deg E;
YM(A) = k(E, :
(4) Zran ( k)(rankEi

j=1

)%

The configuration space o7p admits an action by ¢:. We need to define it suitably,
since the usual formula
A—uyoAou™!

does not work for a general bundle automorphism u : £ — E (the result is not a
unitary connection in general).

Suppose G = U(n) and P is induced from a complex vector bundle E with a
Hermitian inner product. Given a connection A, we have covariant derivative:

da: (S, E) — QNS E).
Since the Hodge star operator  acts on Q'(X, F) and #? = —1,
A, E)RC =03, E)® Q% (S, E) ~ (dz,dz).

Write dy = 04 + 04. The O-operator d4 defines a holomorphic structure of E: a
section s € Q°(3, F) is holomorphic if and only if

0p8 = 0,
and we can construct a local holomorphic frame of E. In general, 0% # 0 and
FY? = 0% € Q%*(X,End(E))
is the obstruction for 04 to define a holomorphic structure. However, when dim X = 2,
Q"2(2) =0
for dimension reasons. Hence, we get implication in one direction:
Unitary connections = Holomorphic Structures
A holomorphic structure on F is specified by d-operators:
op : Q"(E) - Q" (E)
O(fs) = fors + (0f)s.
Let MEO’I be the space of d-operators on E. Two ¢-operators differs by a (0,1)-form:
(Op — dp)(fs) = (0 — dp)(s)
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so (0p — %)(s) = a®! ® s for some a®! € QX End(E)). The vector space
Q%13 End(F)) characterizes all deformations of holomorphic structures on FE.
The complexified gauge group 4 = Q°(X, GL(E)) acts on ,Qfg’l by the formula:
9(0p) = godpog".

Hence, if s is a holomorphic section of 0z, then g(s) is a holomorphic section of g(0g).
In fact, there is a bijection between

%P < @7}371;
and we have seen the implication in one direction. On the other hand, if Jy is a
holomorphic structure on E, let sq,--- , s, be a local holomorphic frame. Define

hij = <Si7 Sj>.

If there is a unitary connection A with 04 = Op, then
(9hij = <aASZ‘, 8j> + <8i, aASj > = <8A81', 8j>.
—
=0
Suppose 045; = a;; ® sj, then
6hij = aikhkj.

In short, we have a = h=*0h. One verifies that these two maps are indeed inverse to
each other.
We arrive at the following picture:

9 = gU(n) — ﬂfP < @73’1 = %C = gGL(n,(C)'

Groups actions on LHS and RHS are compatible under the bijection. Extend the
action of ¢ by the action of ¥ (,,c) on 42%12’1‘

34.2. THE YANG-MILLS FLow

The symplectic quotient
p(0)/9
is the minimal critical set of Y M (A). In some good situation (e.g (rank F,deg F) = 1
(co-prime)), it is a smooth symplectic manifold and the Yang-Mills functional Y M is

a Morse-Bott function. It is possible to look at the stable manifold of this minimal
critical set. In fact,

W? = %-orbits of the minimal critical set.

For higher critical points, we have both stable and unstable manifolds, W* and
W, W# still comes from ¥c-orbit of the critical set. The downward gradient flow of
Y M always preserves the ¥c-orbit.
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Example 34.2.1. Take G = SU(2), then higher critical points come from decompo-
sitions

E=LoL"
Suppose deg L = 1. Then we have a short exact sequence:

0—>L'">E—L—O0.

Extensions of holomorphic structures are parametrized by

H} (3, L%%).

E

This space is isomorphic to the negative eigenspace of the Hessian of Y M at dg (a
critical point).

For higher critical points, the eigenspace of the Hessian that flows down to inter-
mediate critical points are related to the iterated extension problem.

Let us think about the Hessian more carefully. Recall that
Faro=F4+dasa+ %[a A al.
Then
YM(Fayn) = YM(F,) + 2t{Fy,dpa) + t*({dpa,dsa) + (Fa, [a A a]))
The Hessian is given by
a— {daa,daa) + (Fa,la ra])
— (ddaa + #[xFy4,a), a).
We obtain an self-adjoint elliptic operator by adding the gauge fixing equation
dadya = 0.

It turns out that on H;"(X,ad P), «[+Fy,-] is a positive operator and H%'(X, ad P)
will give us the negative eigenspace.
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Lecture 35. Orbifolds

Tom answered a few questions before the class. Over a Riemann surface Y, we have
a symplectic structure on the configuration space %. In general, given a symplectic
manifold (X,w), we define the symplectic structure on Q!(X,ad P) by

wp(a,b) = J tr(a A b) A w" .

X
Moreover, if X is a Kahler manifold, then the moduli space inherits a Kahler structure.
Recall that in the ADHM construction of instantons on R*, we have a trivial Kihler
structure on R*, so there is a Kéhler structure on the moduli space of the framed
ASD connections.

35.1. ORBIFOLDS

For an oriented 3-manifold Y, fix a complex line bundle L — Y with ws(L) # 0.
A pair (Y,w) is called admissible if
e w is an embedded 1-submanifold of Y and represents the Poincaré dual of
C1 (L)
e We can find a closed oriented surface ¥ < Y such that ¢;(L)[X] = #(wnX) #
0 mod 2.

We defined the cobordism map:
[*(X,(U) : I*(Y—’w—) - [*(YJ,_,W.:,_),
and showed that it satisfies the composition law. The theory depends only on the
pair (Y, L) so far. To extend the construction to a relative version for a pair
(Y. K)
where K is a knot, a link or even a trivalent graph in Y, we need to work with
orbifolds.

Definition 35.1.1. An orbifold structure on a topological space X is given by a
collections of orbifold charts (V,I',1) where
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e [' = O(n) is a finite subgroup.
e I/ is an open subset of R invariant under I'.
e ¢ :V/I' - X is a homeomorphism onto its image.

For two orbifold charts (Va, s, ¢s) and (Va,I's,¢g) with an inclusion ¢, (V,/I's) <
¢p(V3/T'5), we require an embedding i, : I'y — I's.

Remark. In general, I' is allowed to be any finite group acting on V' via a group
homomorphism p : I' — O(n). The morphism p need not to be injective. In the
definition above, we assume p is injective, so the action is effective. [

Let us look at some simple orbifolds. When n = 3, we focus on the case when

+I, 0
I'= 17Z2 = {(_02 1)}7

Vi = By x Ly = {A = diag(+1,+1, +1) : det A = 1}.
Topologically, R?/Z, =~ R3/V, ~ R3, but they have some orbifold loci:

%

/1Tg fw> L wh

'bv; Vall‘ki"

RY z..

B el L

We will go back and forth between two objects:

(1) (Y3, K) where K is a trivalent graph embedded in Y?3.
(2) Y3 is a 3-dimensional orbifold with restrictive isotropy groups: I' = {e}, Z, Vj.

They are called webs in the physical literature.
In dimension 4, we have so-called “foams”. The isotropy group I' is allowed to be
{e}
Ly = diag(+ 1y, I).
Vy = {diag(£1, +1,£1,1) : det = 1}.
Vs = {diag(£1, +1,£1,+1) : det = 1}.
Their local pictures look like:
In the last case, the 3-skeleton of R*/Vg near the origin is a cone over a tetrahedron.
In all cases, R*/T" ~ R*. For instance, one may start with the quotient

R*/{diag(+1, £1,£1, £1)}

and think of R*/V; =~ R* as a union of two fundamental domains.
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o Cone ower 4}

35.2. ORBIFOLD PRINCIPAL BUNDLES

An orbifold principal bundle

G—P

l

(X, F)
is defined by requiring the action of I' on V' to be extendable over V' x G in a compatible
way:

VxG

. -1
action .~
s
-
-

7 action

r —V
We assume that
o the action of ' on V' x (G is free.

In particular, this implies the total space P is a manifold with a non-free (right)
G-action. The base space X is realized as “a global quotient”:

P/G.
Seifert fibered manifolds form an interesting class of examples. Suppose an oriented

3-manifold Y admits an S'-action such that

e The stabilizer at a point y € Y is always finite.
e For generic points, the stabilizer is trivial.

Then the quotient space Y /S! becomes a 2-dimensional orbifold. The U(1)-bundle

Sl s Y3

l

Y/S!
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is an orbifold U(1)-bundle.

35.3. BUBBLING

Let us take a PU(2)-bundle. In the orbifold setting, it is not hard to prove Uh-
lenbeck’s compactness theorem if we can show the limit of a sequence of equivariant
connections is still equivariant.

//9\/ /7}7// I

Recall that a bubble at a smooth point will drop the Chern-Weil integral:

1
k:w Xtr(FA/\FA)

by 1. For 4-dimensional orbifolds, we can still have bubbling. The change of k (under
a bubbling) will depend on the stabilizer:
e If Stab(z) = {e}, then k — k — 1.
o If Stab(x) = Z,, then k — k — 3.
o If Stab(x) = Vi, then k — k — 1.
Note that the Chern-Weil integral is happening downstairs, while over an orbifold
chart, we get twice (four times) the integral.
Recall that the moduli space of 1-instanton on S* is acted on by the conformal group
SO(5,1) on R*. Away from the standard instanton [Agq4] which is SO(4) invariant,
the moduli is parametrized by a center of mass x € S* and a scale r € (0, 90), so

M (SY) =~ Bs.
For orbifolds, this picture is generalized as:
R*/Zy — M1 (S*/Zy) = By, x € Fix(Zy,)
R*/V, — My (S*/Vy) = By, z € Fix(V})
R*/Vs — M, (S*/Vs) = By, x e Fix(Vy).

In each case, the center of the mass z lies in the fixed point set of I' = Zs, Vj, Vs.
The moduli space is then parametrized by

{(z,r) : z € Fix(T"),r € (0,00)} Uthe standard instanton,
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so it is the interior of some balls. Consider the moduli space of framed instantons on
S4. Either we consider the gauge group that fixes the fiber at the north pole N € S§*,
or we work with a pair

(4,)

where § is a framing of ad P at V. In the second case, we use the full gauge group.
We have

R* — M(S*) =~ B; x SO(3) dim = 8
R*/Zy — MS(S*/Zy) = Bs x O(2) dim = 4
R*/V, — MS(S?/Vy) = By x V4 dim = 2
RY/Vy — MS(S*/Vs) = By x (77) dim = 1.

(We need I to act on R* x SO(3) freely.)
The group attached is the commutant of I' in SO(3). These numbers fit into the
dimension formula:

dim(MY(S*/T)) = 8kr

where kr is the drop of the Chern-Weil integral for a bubbling (at a point with isotropy
group I'). Readers can compare this with the monotonicity condition in symplectic
topology, by which we get rid of the Novikov ring.

The number 8kr also reflects the right dimension jump when we glue an instanton
at an orbifold point.

M (X) > My (X).

Uhlenbeck’s compactification now involves more strata. A bubble is now more
energetically effective.
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P

X

Suppose I' = Zy and the singular locus is an embedded surface > < X. Then

MxT )™ = My(x, 22) dim — dim,
JMic12(X,5) x 2 dim = dimy, —2 (—4 + 2)
[ Miaa(X, ) x (X\3) dim = dimy, —4 (=8 + 4)
| JMioa (X, %) x Sym® 3 dim = dimy —4 (=8 + 4)
[ Mis2(X,5) x Sym*S dim = dimy =6 (=12 + 6).
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Lecture 36. Classification of SO(3) bundles over orbifolds

At some point in the class, Tom started saying:

“I do not know if any of you suffered from English in your high school.” He stopped
and looked at the audience. I was not a native speaker in English and pointed at
myself with a pen.

Tom:* Well, T guess it means different things for different people...”

Tom continued with something I did not understand, and he started to recite a
poem:

“This is the way the world ends. Not with a bang but a whimper.”

I was totally confused at that time. Two days later, it was when I started typing
the lecture note that I realized it was a famous poem by T.S. Eliot, and Tom really
meant:

“This is the way the class ends. Not with a bang but a whimper.”

36.1. CLASSIFICATION OF SO(3) BUNDLES OVER ORBIFOLDS

Let X% be an closed oriented 4-manifold and ¥ < X be a smoothly embedded 2-
surface, not necessarily orientable. We will view Xy, = (X, X) as an orbifold. The goal
of this lecture is to find the topological classification of SO(3)-bundles over (X, X):

PU(2) —» P — (X,w).

When ¥ = &, (X, &) is a smooth manifold. In this case, we have the Dold-Whitney
theorem:

Theorem 36.1.1. A principal SO(3)-bundle P — X over a 4-complex X is classified
by
pi(P) e HY(X,Z), wy(P) € H*(X,Zy).

They are subject to a single relation:
P(we(P)) = p1(P) mod 4.
where P : H*(X.Zy) — H?*(X,Z,) is the Pontryagin square.

As for orbifolds, we need to understand connections on bundles more concretely.
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Choose an orbifold connection A in ]3, let
A= A|X2\Z=X\Z in P = P‘Xz\z‘
The holonomy of A at a linking circle of ¥ is an element in SO(3) of order 2.

Locally, we have a quotient:
R* x SO(3)/Zs

The isotropy group Zs acts on non-trivially at the fiber of a singular point. The
limiting holonomy is
-1
-1 € SO(3).
1

~ .
conj

Choose an orbifold chart about x € . Locally, it is
D? x D?/Zy = (D?/Zy) x D2
Removing the zero section, (D?\{0}/Z,) x D? is a chart for X — 3. Using the polar

coordinate, let
n = df
be the angular 1-form on the first factor such that

J n = 2m.
Sl

Let E be the associated R3-bundle to P (defined using orbifold charts). By the Z,

action along ¥, we have

Els=L® A
on which [1] € Zs acts on by (—1I5,1). A — X is a real line bundle. Let
0 -1 0
e=[L o o
0 0 0
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Then exp(27€) = —I. The sum A +n® ¢ is a connection on

P’D2\{0}><D2‘
Moreover, the linking holonomy is

lim ol (A +n®E€) =1d.

Using A+n®¢, we get a trivialization of P on (D?\{0} x D?)/Zs and this trivialization
extends to (D? x D?)/Zs,.

To globalize this picture, we need to make £ a section of A. Assuming both A and
Y} are orientable:

e ¢ is a non-vanishing section of A — Y. Up to homotopy, this is the same as
an orientation of \.

e 7)is a connection 1-form in the normal circle bundle of S(N) — ¥. By choosing
an orientation of N — X, we assume

J n = 2m.
S1

Thus, up to homotopy, 7 is determined by an orientation of N — ..

Therefore, £ ® A is well-defined globally (in a tubular neighborhood of ¥) if both A
and X are orientable.
Since it is only necessary to define the product £ ® A, we only need:

o(X)®A—> %

is trivial. Here, o(X) — X is the orientation line bundle over . Moreover, an
orientation of

o(X)®@ A\

determines a homotopy class of £ ® A.
From now on, assume o(X) ® A is orientable and an orientation 7 is fixed. Using
the connection A + n® &, we obtain an SO(3)-bundle

P - X
that extends P — X\X. Moreover,
P X50(3) RB‘Z =\® K-

where K is a rank 2 vector bundle with o(K;) = A\. A+ n®¢ is a connection in P,
which respects this splitting on X. We have

p1(Ps) e HY(X,Z),
e(K;) e HX(X,0(K,)) = H*(S,\) = H*(Z,0(%)) = Z.
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This allows us to define

ke = (—gn (P, [XD)

I = (oK), 5],

By changing 7 into the opposite orientation 7 = —7, these numbers are changed
by

1
b=kt 1 — 0%
T

1
I ==X -%—1,.
2
The triple (k,, ., ws(P;)) classifies the orbifold bundle P (compare with the Dold-
Whitney Theorem).
Let us explain the self-intersection number ¥ - 3. When ¥ is orientable, perturb

the embedding ¥ < X slightly into ¥ and count the intersection points in

YAY

with signs.

This counting is dependent of orientations. In fact, only a local orientation is
needed to define the sign, so the intersection number can be defined for non-orientable
surfaces.

Alternatively, the Euler class of the normal bundle lives in

e(Ng) € H*(X,0(%)) = Z.
Define ¥ - ¥ = {e(Nx), [2,0(2)]).
When ¥ is orientable, [X] defines a element (up to sign) in Ho(X,Z) and
2 ¥ = gx([Z], [Z]).

When ¥ is not orientable, however, the fundamental class [X] € Hy (3, 0(X)) does
not map into in Hy(X,Z), so the self intersection number can not be defined in this
way.
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Example 36.1.2. ]R]P’Zi — S%. Let S* be the unit sphere in traceless symmetric 3 x 3
matrices (dimg = 5):

Q * =%
Q * =%
@ Q@ =

Then SO(3) acts on S* by matrix conjugation. Let
RP? = {matrices with a positive eigenspace of dimension 2},

RP? = {matrices with a negative eigenspace of dimension 2}
Hence, if A € RIP’%F, then A is conjugate to
1

—2

where A is fixed by the length of A. The stabilizer of A is O(2) = SO(3), so the orbit
is
SO(3)/0(2) = RP.

There is another way to think about RIP’%L. A theorem by Kuiper, Arnold and others

states that
CP?/complex conjugation = S*.
The action is induced from the conjugation of complex numbers. Hence, the real
projective space RP?2 < CP? is invariant under the action. RP?> < CP? is Lagrangian.
Hence, T*RP? ~ N(RP?) and
1 = x(RP?) = (e(TRP2), [RPZ, o(RP2)]) = —(e(T"RP2), [RPZ, o(RP?)]).

Since RP? is fixed, after passing to the quotient, the self-intersection number will

be doubled:
RP? - RP? = —2.

On the other hand, a real conic with no real roots gives an S?> ¢ CP? invariant

under conjugation. For a conic, the intersection number is

5?%.5% = +4.
Passing to the quotient, the self-intersection of ]RIP’2+ = S%/7, is divided by 2:
RP? - RP? = 2.
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Lecture 37. (Special Lecture 1) Gluing via Excision

Tom decided to continue his lecture in this summer. The first lecture is about
Gluing via Excision.

37.1. EXCISION OF THE INDEX

Let us recall the easy proof of the excision theorem from Lecture 22. We start with
the following setup:

(1) Xy =UF U and Xy = UF U UL
(2) Wy = UF n Ul is diffeomorphic to Wy = UF n UL
(3) We have elliptic differential operators:
D1 . F(El) — F(Fl) on X1
D2 . F(Eg) — F(FQ) on X2.

(4) There exist bundle isomorphisms

Or : Eilwy = Ealw,, ¢ Filw, — Folw,
that cover the diffeomorphism in (2) and intertwine Dy and Dsy:
Dy = ¢ o Dy o ¢y on Wa.
Under these assumptions, we can
(1) Define X3 = UL v Ul and X, = UL U UE.
(2) Obtain E3 — X3 by gluing Ei|yr and Ep|yr using ¢p.
(3) Obtain E; — X4 by gluing Es|yr and Eilyr using ¢p. Similarly, define
F3; — X3 and Fy — X, using ¢p.
(4) Define elliptic differential operators:
D3 . F(Eg) — P(Fg) on X3
D4 : F(E4) i F(F4) on X4.
Then the conclusion is

Ind D; + Ind Dy = Ind D5 + Ind D;,.

The easy proof of the excision theorem relies on a partition of unity on (¢, ¢r) on
X; (i = 1,2) such that

o1 + v =1.
As functions on X;, supp ¢ © UiL and supp ¢r < UZ-R. Moreover,
¢r=1on X; — Uf
¢r=1on X; — U

These functions are not constant only on W;. Since W7 =~ W5, the same symbol ¢,
(and ¢g) is used to denote functions on X; for 1 < i < 4 by abuse of notations.
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E( E‘ E\ E_)_

X3
RS
E —
2 v, Ex ] = E. . =
J
S D Dy §

Consider bundle maps:

[(E)®T(Ey) 5 T(E;) ®T'(E))

T(F)OT(R) L T(F) eI (F)
where

_ (9 —¢ (o @
(49) ‘T <¢R ¢LR> P = <—¢R ¢f) ‘

Formally, a o f = f o a = Id. By direct computation,

Go (D5 0o (D 0. .
0 D4 a = 0 D2 SOIme error terimns.

Error terms involve only multiplication operators by derivatives of ¢ and ¢g, which

are compact, so
Ds; O _ Dy 0
Indﬁo(o D4)oa—1nd(0 Dg)'

When manifolds change their sizes, we can try to make norms of error terms small.
For instance, let

Wy =W,y = [—T, T] X Y,
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where Y is a closed 3-manifold. Let X; and X, be closed 4-manifolds that contain a
long cylinder. Fixing a partition of unity {¢}, ¢k} with (1) + (¢k)* =1, let

t t
OL(t) = 61L(Z), OR(t) = Sr(5)
for t e [-T,T] . Then

C
[VoLle, [VoR] < =

Hence, the norm of error terms decays as 1/T" as T — oo and they do not affect
the index. In particular, if Dy and Dy are surjective with uniformly (in 7") bounded
one-sided inverses, then the same is true of D] and Dj,.

37.2. GLUING

For the gluing problem of non-linear operators, the minus sign in definitions
of a and 8 would be annoying. Moreover, it will be necessary to work with an actual
partition of unity

o7 + o = L.
When the parameter 7" is clear from the context, we will write ¢, and ¢ for short.

In what follows, we will frequently work with a cylinder of length 27

[-T,T] x Y.
Cut-off functions will be applied to a shorter cylinder: [-T/2,T/2] x Y so
supp dor, supp dogr < [-T/2,T/2] x Y.

il X 9

= =T/5 O Tx T g

To make it concrete, let us describe the gluing problem first. Consider 4-manifolds
with cylindrical ends:

Xt =X [ JI0,00) x Y
X3 = (=0,0] x V| | X2
where X; and X, are compact 4-manifolds with boundary:
00X, =Y,0X, = -Y.

Suppose A; is an ASD connection on the principle G-bundle P; — X; (i = 1,2).
When restricted to ends, P, and P, are canonically trivialized:

P1’[07oo)><y =G x [0,00) X }/, Pg‘(_ooﬁ]xy =G X (O0,0] x Y.
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Over the cylinder, we have
Ai = A() + CL?O

where Ay is a translation invariant ASD connection on R x Y in the temporal gauge.

Therefore,

d
Ay=—+1B
0 dt+ 0

for a flat G-connection By on Y. We require By to be irreducible as a critical point of
the Chern-Simons functional. Moreover, we assume aj° and a3 decay exponentially
along the end, in any reasonable Sobolev norms:

al’ “% 0, ast — o
af =50, ast — —oo.
The goal is to find some corrected connections:
Al = A+
with b7 € Q1(X},ad P;) such that the patched connection
OrAl + orA;
solves the ASD equation on

XL=X U ([-T,T] xY) U X,.

%T A(:'AO'\'Q\OQ

[o, vy x Y

d’LA1 T ‘#RA:._

For brevity, we will also write A7 = Ay + a! on the cylinder. Hence,
al =aP +0b] on[0,:0) xY or (—x,0] x Y.
To make it analogous to excision, we wish to write

(—or)A; + ¢LA]
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as a connection on R x Y. But it does not make any sense. If instead, we try

orAy + oL A}

oL Or

¢r ¢L)’
which is not invertible in general. To reconcile this problem, Tom suggested intro-
ducing the third cylindrical manifold:

the matrix o will become

X;=RxY
and choose A3 = Ay as the background ASD connection. We wish to find a correction
A§=A3+G§ZA()+CL§
such that patched connections:

o AT + ppAT on X, = X, U [-T,T] x Y U Xy,
pr AL + ppAY on XL, =R x Y,
orAS + prA] on X5, =R x Y.

solve ASD equations. The a-matrix we use will be

o ¢r O
a=0 o ¢r|,
or 0 oL

with determinant det(a) = ¢7 + ¢% > 1.

“h-A* + ‘}’RA@‘

P (0
dA v RAL

X3 C’
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To produce an elliptic system, we require corrections to satisfy the gauge fixing
condition:
&% bf =0 on X;
(50) d%,b3 =0 on X3
d%,by =0 on Xj.
Finally, we deal with the S-matrix. One choice of 3 is the inverse of a:
(G e G
f=a" = W 05 ¢2L —¢1§¢L
LT YR \—0roL  9g o1

For simplicity, we will use

Br 0 Br
B=1Br Br O
0 fBr Br

where Sr = 1 on supp ¢r and 5, = 1 on supp ¢. Again, cut-off functions 3;, and [
depend on the length parameter T', but we omit the superscript 7" from our notations.
In particular,

BrOR = ¢r, Brér = o1

This f-matrix will allow us to transfer sections back
(X2, Xog, X31) — (X7, X5, X3).
The system of equations will be invariant if we permute (1,2, 3) cyclically:
(1,2,3) — (2,3,1),

so we will focus on the first equation. We compute the self-dual part of the curvature
of

GLAT + drA;
on the long cylinder [-T,7T] x Y < X1

Ff,, = A" (600 + onad) + S[(0ral + pnad) A (610 + orad)]*
= pu(d*a] + i[a’{w] )+ on(da + S[af A ad]")

+ 60061~ V)5lal A o]+ 6p(on ~ 13la ~ a]
+(dor A ay)" + (dor A az)" + drodrlay Aay]”
= oo™l + ol A af]%) + onld*a] + S[ad A af])

— Souonllal — ) A (af —a]* + (don A ad)* + (don A o).

1
+5laz A
;
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We use S-matrix to go back to Xj. We need to compute
BLEy, + BrEL,, -
The result is on the half cylinder [0,0) x Y < X} is

(@] + 5ol A af1%) + Bron(d®al + o] A af]%) + Bron(d™a] + 1]

+ Br(dor, A dal)t + Br(dér A dal )t + Br(dor A da3)t + Br(der A dai)™
1 1
—5hordLllar —az) A (ar —az)]" = SBréreLl(ar —az) A (ar —ag)]".
The first line can be cast into a simpler form on the whole manifold X7
FX{ + 5L¢RFZ2T + BroOLE 1
These coefficients are precisely entries in the first row of g - a:

1 Bror Bror
B-a=|Pror 1  Bror
Brér BroOL 1

az A ag]")

Since Fy =0, we have
1
Fe =dibi + 5oy A br]"

Write b = (b{7bg,bg)t € Ql(Xl,ad Pl) @ Ql(XQ, ad PQ) @ Ql(Xg, ad P3) It is
important to know from this setup that the system of equations to be solved can be
cast into a standard form:

dh vt
A, 01
Bra|di by | =L"0b)+ u"(b,d) + ET(Ar, Az, A3).
di,by
where LT is a bounded linear operator, u? is a bounded bilinear form and E7 is
an error term that involves only the reference connections Ay, A, and Az. Use H to
denote any Hilbert space of interest. The point is that as T — oo, we can make

(51) |L" |34—2 — 0 and |E" |3 — 0.

For simplicity, we first assume Dy, = d+ @d7, is an invertible operator for 1 < <
3. Hence, the dimension of moduli spaces to be glued is zero:

dimM; =0 for 1 <i<3.
Together with the gauge fixing condition , we obtain a system of equations:

(52) D(b) = (8- a) " (LT(b) + " (b,b) + ET (A, Az, A3)).
where
Dy 0 0
D= 0 Dy, O

0 0 Dy,
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Given (51]), this equation has a unique solution with [ « 1 when 7" 1. This will
resolve the gluing problem.
In general, if Dy,’s are surjective with non-trivial kernels, we write

ker Dy, = H}; .

Let II; : Q'(X;,ad P;) — H)_ be the L*-orthogonal projection onto the kernel.
Then we would require
IL(b;) = vi
for 1 <4 < 3 and for some fixed small vector v; € H); . Together with , we obtain
D(b) = (8- ) (LT (b) + p"(b,b) + ET(A1, Ay, As))
I1(b) = v.
This system still has a unique solution when holds and [jv|# « 1.

37.3. HOw TO MAKE ERROR TERMS SMALL?

Finally, let us explain how to realize . The linear part LT comes from two
parts:

Br(dor A )"
Brororlal A"
The first part is made small by making the derivative of ¢, small. For the second

part, we exploit the fact that a{° has exponential decay as ¢t — 0.
As for ET, we need to deal with

Brordrla® A al]".
Either we use the exponential decay of aj°, or we make use of the estimate:

C
Gh(0)] < =t

on [0,0) x Y < Xj. Here, t is the coordinate function on the cylinder [0,00) x Y.
Hence,

C

|BroroLlal A af] |x < |? e M| <

37.4. WHAT IF 3 = o~ 1?

G
=3

1

In this section, we list the computational result if we take § = o™, just for com-

pleteness. We will assume (instead of ¢, + ¢pr = 1) that

¢1 + o = 1.
This is allowed, because cut-off functions are applied on a cylinder [T, T] x Y and
there is a preferred reference connection Ay. The patched connection is

or (Al — Ag) + dr(AS — Ag) + Ay.
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Therefore, the S-matrix takes a simpler form:
7 —¢roL PR
B=1| o ¢, —¢rodrL
—¢roéL 0% o7
We will focus on the first entry of

¢ —dréL 9% Fy,
o% o7 —oroL || Fa,
—¢roL 0% or Fi.

and its expression is

Fir + ((61dor — ¢rdor) A (¢ra3 — oraz))”
(64 + 0k — Dlal ~ al1" + 263 6(0n — or)lad A af]"
+ Loubhlon — omla] A afT*

+oror(drlar A az]" = drdLlay A ag]” + dplag A ai]”)

—~

+

N —

235

By replacing all superscripts T by oo, we obtain an expression for the error term

ET(Al,AQ,Ag)I
((prdpr — drddr) A (Prad — dral))”
4 5(6h+ 0= Dlaf A af1 + L 636m(on — 61)[oF A aF]*
1
+ §¢L¢§2(¢L — ¢r)ag A af]"

+oron(@ilar’ A a3]" — ororlal’ A af]" + ojlas’ A af]").

The first line will give us the leading term of the error. The expression of the
quadratic non-linear term p” is obtained in a similar manner. Lastly, the linear

correction LT (b) has an expression of

((¢Ld¢R — drder) A (¢rby — ¢Rb3T))+ + other terms.
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Lecture 38. (Special Lecture 2) Floer’s Exact Triangle
38.1. THE SETUP

Let (Y;, Pi,w;),0 < i < 2 be closed oriented 3-manifolds with admissible SO(3)-
principal bundles. Here, w; = wq(F;) is the second Stiefel-Whitney class of P, — Y
and “admissible” means there exists a closed embedded surface ¥; < Y; with g(X) > 1
such that the evaluation

(wa(Py), [X:]) # 0 € Zo.
In this case, the instanton Floer homology

is well-defined. We work with determinant-1 gauge group: the subgroup of SO(3)-
gauge transformations that lifts to SU(2).

~" PO(w]

Y, &

We require (Y;,w;)’s to be produced in a special way. Let (Y,0Y = T?) be a
3-manifold whose boundary is connected and homeomorphic to a 2-torus. Let

Yo, Y1, V2
be oriented simple closed curves on dY such that

Vi - Yier1 = —1 for 0 <4 < 2.
Alternatively, we require

Yo =—1,%+m + 7 =0¢em(T).

2
N=T*

From the second description, it is clear that such a triple (70,71, 72) exists. Let

Y, = Y ]_[ (D? x S1).
=[0D?]
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To glue Y and D? x S! along the common boundary, we need to specify a home-
omorphism ¢ : dY =~ dD? x S'; we require the image of [0D?] in 0Y to be []
(up to homotopy). The homeomorphism type of the resulting closed manifold Y; is
determined by this image ¢.[0D?] (not by ¢).

The Poincaré dual of w, is taken to be

PD[w;] = [pt x S'] =< D* x S* ¢ V;.

A different way to think about the triple (Yp, Y7, Y2) is by surgery diagrams. Sup-
pose the surgery diagram of Yj is given by (K,n) where K < S? stands for a knot
and n € Z denotes the framing. We obtain Y] by doing (—1)-surgery along a meridian
of K:

- -1 -
) 5 } 5 35
k. CK.n) tk.n) tk,n)
0

[terating the process to the meridian, we obtain Y5 and Y3. It is important to know
that Y3 = Yj. To see this, we need a relation from Kirby Calculus:

m, m). mk
mf“ m;.’i Mk °1

FIGURE 2. An Important Relation

Applying the relation in the following order, we come back to Yy from Y;:

(1) Blow down along Kj.
(2) Blow down along K.
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(3) Blow down along KJ.

Blow Down K
)\ ka k5 /lk ks v
-~
kY

ke (K, n+1) (k)

In particular, there is a cobordism
W YP Y.
by adding a 2-handle. Let the core and co-core of W} be
C; and S;
respectively, and (; = C; U S; be their union. Then
G Y=, GnYier =it

The Poincaré dual of ¢; determines a class in H?(W;, Z,) whose restriction at bound-
aries are w; and w;,1. Formally, we have a cobordism map

(VI/’M(’L) . ( 1 7/71) (3/721177241)'

which induces a morphism between Instanton Floer Homology groups:

(W'L:CZ) : ( za%) - I*(KH;%’H)‘
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38.2. WHY BrLow DowN?

Tom digressed a bit to explain the sign convention in . In S3, doing (—1)-
surgery along a unknot U gives us cobordism:

W' =CP\B;{ | [B:: 5} — S5

The unknot U bounds a disk D; = S3. Together with the core disk C}, we obtain
a closed 2-sphere of self-intersection (—1) inside W.

@3\ Brust

-1
w s

53 E 83

Generalize this picture a little bit. Let us do (ng,ng)-surgery along a Hopf-link,
then we obtain a cobordism map:

wt. 8% > v3,
and two spheres of self intersections ny; and ny inside W:
Ch, Cs.

Moreover, C; n Cy = 1, since we start off with a Hopf link. We arrange that they
intersect at a single point:

p=0CrnCyeWh
By blowing up at p € W*, we obtain a different cobordism
WHCP : S8 — V3.
It is tempting to figure out the surgery diagram associated to this cobordism. Pretend
that C'; and Cy are complex curves within a complex surface intersecting at p. Blowing
up at p will produce an exceptional divisor E and the proper transformation C; of
C;. Moreover, 3
E-FE=-1,FE-C;=1i=1,2.
It is important to figure out the self-intersection C; - C;. Algebraic Geometry tells us
C;Ci=(C;+E)?=C;-C;+2C; E+E-E
= éz . él + 1.

So the self intersection number of C; is n; — 1 and the surgery diagram is
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p = EE="\
|2
C.L C. ~ ~
C C,

@) » (i

n-4 N-1
38.3. FLOER’S EXACT TRIANGLE

Theorem 38.3.1 (Floer 1989). The digram
I* (}/:[a wl)

I*(WW wﬁﬁ)

LYy, wo) < 1.(Ya, wo)

I (Wa;(2)
18 an exact triangle.

The first step is to show consecutive compositions are zeros. If we compose cobor-
disms:

Wi Yy — Y and Wigy 1 Y — Yo,
then we obtain a cobordism
Zi =W oW1 Y — Yigo.

The co-core of W; and the core of W;,; form a sphere E; of self-intersection (—1):

EZ' = SZ U Cz'+17 El . Ez = —1.

This means the boundary of a tubular neighborhood N(E;) of E; is homeomorphic
to S3:
ON(E;) = S°.
Moreover, (wq, E;) # 0 € Zy. Take critical points a € Crit(CS,Y;) and § €
Crit(CS, Yit2). The composition

Li(Wis1; Gyr) © Li(Wis ) = Li(Zi; Giyr U G)-
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\fﬂ / To*‘.’l
INE) T3

is defined by counting the zero dimensional moduli space
M/ﬂ(Zza «, /8)

for some instanton number k = (co( P! — Z;),[Z;,0Z;]). This number k € Z is fixed
by requiring

dim My(Z;, a, 8) = 0.

The idea is to choose a special metric on Z; such that the moduli space is empty.
So on the chain level the cobordism map I, (Z;) is forced to be zero.
The special metric is constructed by stretching the neck along dN(E;) = S®. Let

= Z\N(E) [ [I-T.7] x S*] [ N(E

with fixed metrics on Z,\N(F;) and N(E;). When T » 0, an ASD connection on Z;
is close to the flat connection over the cylinder [-T,T] x S3.

Lemma 38.3.2. Since ON(E;) = S3, one can fill in a 4-ball to obtain a new cobordism
between Y; and Y; 9. This cobordism is simply

Wiso 1 Yia = Y,
and Zz = m+2#@2.

In particular,
b*(Zi) = 0" (Wirz) and b7 (Z;) = b~ (Wisa).

and 0 = dim M(Z7, o, B) = dim M(Wisa,,8). As T — o, a gluing theorem
states that an ASD connection A in M (Z], «, ) breaks up into

A s (A Ag)
with A" € ./\/lk( iv2,a, ) and an ASD connection Ay on (CIP’ Moreover,
E(A)=E(A") + E(Ap).
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~———

C,(pse&od *>{

o {lt Comartion LTTlxs?
e C Y ZIT —

Yi & __ Tn

Y, Wity | [Ty

Since £(A) and E(A’) are determined by the instanton number k, we must have

E(Ap) = 0. To draw a contradiction, it suffices to show an ASD connection on cP’
with (ws, E;) # 0 must have non-zero energy.

On @2, liftt the SO(3)-bundle P to a U(2)-bundle P" = Fj;,). wy # 0 implies
c1(P') is odd. The energy formula says

1
E(A) = Cy — EC% # 0

38.4. THE SECOND STEP

The second step is to show the triangle is exact. The first step provides a concrete
chain homotopy between Cy(W;,1) o Cy(W;) and 0:

K;: Co(Yi,w;) = Cy(Yiga, wit2)
oY # [ M2l a0y
)

Y Te[0,00
where the instanton number k(c«, ) is chosen (for each (a, 7)) such that
dim M (Z5, a,v) = —1.

Since the moduli space depends on an extra parameter 7', the union has formal
dimension 0 and there is a reasonable signed count.
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To show Kj; is a chain homotopy, we need to prove:
(53) Oir2 0 Ki + K; 005 = Co(Wig1) 0 Cu(W;) — 0.
The idea is to compactify the moduli space

I Mi(z7 0. )

Te[0,0)

with dim My(Z!',a,8) = 0. The formal dimension of this parametrized moduli
space is 1 and its compactification is a disjoint union of 1-manifolds. Each term in
appears as a boundary term in the compactification:
(1) The boundary of T € [0, o] will give Cy(W;y1) 0 Co(W;) (T'=0) and 0 (T =
).
(2) The energy can slide off along ends (—o0,0] x Y; and Y; 5 x [0,00), which
contribute to K; o d; and ;49 0 K.

\E
Yo 9 1O K. iy

QD0 )
x  p g

Y

Therefore, we arrive at a diagram, where arrows are indexed by domains.

Ko

}/E),?,UO) < Cs(Wa) O*(i/v?7w2
Ko

Note that KyWy + Wa Ky : Ci(Yy) — Ci(Yp) is a chain map (at least) over Zs:
Oo(FKAWo + W Ky) = K100Wo + WoW i Wy + Wa02 K
= (K iWy + Wy Ky) 0o + 2Wo W W
= (KqiWy + W3 K)oy mod 2.
Theorem 38.4.1 (Distinguished Triangulation Detection Lemma, Ozvasth-Szabo,

Kontsevich; See also Seidel’s book). If K1Wy + Wy Ky is an isomorphism on ho-
mology, or it is chain-homotopy equivalent to a chain isomorphism , then

(C(Yp), ) = Cone(C(Y1) = Cu(Y2))
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1S a quasi-isomorphism.

Recall that the mapping cone of a chain map defined by

o 0
(Ch2, 012) = (Ci (Y1) ® Ci(Y2), (I/Vll (?2))
The morphism in the detection theorem is constructed by

[ (C(Y0),00) — (Chz, d12), 0 = (Wo(a), Ko(a)).

whose inverse is given by

g (Ci2,012) = (C(Y5), 00), (B,7) = Ki(B) + Wa(7).
so gof = KiWy+W5Ky. The condition on go f is certainly necessary for the theorem
to hold.
Let us now explain why K; W+ W5 K is chain-homotopy equivalent to the identity
map from the geometry. Consider the composition

U=WyoWioW,:Yy — Yo,

in which we have five separating submanifolds:

) Y3

SS = ON(Ey), where Ey  Z, is the first exceptional curve.
3= ON (E1), where Ey < Z; is the second exceptional curve.

(1
(
(
(4) S
(5) Su — S x S% = ON(Ey U B).

2) Y
3)
4)
5)

KR S

°

\fo Y\ TJ. YD

Starting with a fixed metric gy on U, we can stretch the metric gq in five different
ways. If two submanifolds are disjoint, then they can be stretched at the same time.
There are five such pairs:

(Hb HQ) = (}/17 Sf)? (Sfa S*)a (S*a Sg)a (537 }/2)7 (}/27}/1)
For each pair (Hy, Hy), we form a family of metrics parametrized by a square:

(Ty,T5) € [0,00] x [0, 0].
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where T; denotes the length of the cylinder along H;:
[0,T;] x H;.

When (T3, T) = (0,0), the metric is not stretched and it is just go. When (77, T5) =
(0,00), the metric is completely stretched along Hs, but not stretched along H; at

all. When (7}, T3) = (90, 00), it means the metric is completely stretched along both
H1 and HQ.

Ha, oawf\ubzly sbrekdhed &ong Ha
—

S compleloly
0 olong Ha

el
& Lo, +=]  Hy

Since we have five pairs, the five squares are combined and form a closed pentagon,
denoted by P:

(Y\,Sls) (S3, 39()
(Y\,Yz_) (S*,Si)
Tha. foe
of Ya.
(Y2, $3)

To construct a chain homotopy between K;Wy+ W5 K and the identity map, define
J: C(Yp) = C(Yp)

o St [0 9

peP
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The instanton number k(a,y) is chosen so that the formal dimension of each indi-
vidual moduli space is —2.

dim My, (U, o, B) = —2.

Hence, the parametrized moduli space
H Mk(Ua gp7 o, B)
peP

has formal dimension 0. To prove
Ood + JOy = KiWy + Wo Ky + 1d,

consider the compactification of the 1-dimensional moduli space:

]_[ Mk’(U7 dp, &, 7)

peP
(where k'(c,y) is chosen so that each individual moduli space has dimension (—1)).
The boundary terms have two origins:

(1) The boundary 0P of the parameter space P.
(2) The energy can slide off along ends (—o0,0] x Yy and Yy x [0, 00), which con-
tribute to J o ¢y and ¢y o J.

In conclusion, we have
OoJ + JOy = contributions from 0P.

There are five components of 0P. We already know some boundary contributions:

(1) The face of Yi: (Ys,Y;) — (Y1, S}). The metric is completely stretched along
Y1, so we get an 1-parameter family of metrics on

Z1:Y1 = Y.

In one direction, the metric is completely stretched along Y; < Zi; in the
other direction, it is stretched along S} < Z;. The counting (by definitions)
is
KiWy.
(2) The face of Ya: (S5,Y5) — (Ys,Y)). The metric is completely stretched along
Y5, so we get an 1-parameter family of metrics on

Zy: Yo — Yo

In one direction, the metric is completely stretched along Y; < Zj; in the
other direction, it is stretched along S§ = Z,. The counting (by definitions)
is

Wiy K.
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(3) The face of S3: (Sk,S5) — (S3,Ys). The metric is completely stretched along
S3. By the argument from the first step, we do not have any contribution from

this part because ASD connections on CP’ with wy # 0 must have non-zero

energy.

(4) The face of S3: (Y1,5%) — (S, S,). Tt is similar to the face of S§. No contri-
butions.

(5) The face of Si: (S7,S%) — (S«, S5). The metric is stretched completely along
Sk

The remaining task is to show the face of S, = S' x S? will contribute to the
identity morphism on Cy(Yp).

Lemma 38.4.2. Recall that S, is the boundary of Uy := N(Ey v Ey). Write U =
U 1s,(U—Uy). Then

Uy = (S2 x D*)#CP".
[0,1] xY = (U - )] [S" x D*.

S

We focus on U first. E; and FE, are two (—1)-spheres intersecting positively at
a single point. In terms of the surgery diagram, there are two ways to blow down
(—1)-spheres to obtain 5% x D%

/\Q—'md

~| E/ - (Dlxsl’sj_xsx)

OQ = (D'x&?, s%S)

Doing 0-surgery along the unknot produce a O-sphere in the resulting 4-manifold,
which, as a consequence, has to be a trivial disk bundle D? x S? over S%. So (D*, S3)
is changed into (D? x S%,S' x S?) by this surgery.

In particular, the intersection form of U is

(_11 _11> (represented by Fy and Ej).

~ (_01 8> (represented by Ey and Ey + E).
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The Poincaré dual of ws(P) on U; is the union:
EO U E1 U D(] U D2

where Dy = U; n Cy (the core disk) and Dy = U; n Sy (the co-core disk). It has
even evaluations on both F; and Fy, so wy(P) = 0 € H*(Uy,Z,). In particular,
wo(P) = 0€ H?(S4,Zs).

2
2
Do Da
Another way to think about this is to take the intersection:

(EOUE1UDOUD2) ﬁS* = (Doﬁs*) ) (DQ(\S*)

One may think of (Dy n S,) as in (D? x S2,S* x S?) (blow down the other (—1)-
sphere). Then Dy is a fiber disk and Dy n S, generates m1(S,) = Z. Since we have
two copies of generators, wy(P) = 0€ H(S x S?,Zs).

Hence, we may think of P as the trivial SU(2)-bundle (instead of SO(3)) over
S1 x S2. The moduli space of flat connections is

(7 — SU(2)}/conj = [0, 7].

e? 0
( 0 e_w) i

The representation p : Z — SU(2) is determined by p(1) = cosf + vsinf with
v e ImH and |v| = 1. Conjugations by SU(2) will rotate v in Im H, so the quotient
space is parametrized by 6 € [0, 7].

(o59+Smh. v
J

+1 -1

[
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38.5. THE FINAL STEP.

(Tom didn’t explain enough details on this part).
Consider the 4-manifold with cylindrical ends:

Up [ [ S« x [0,0).
S*

Fix a flat connection 6y € (0,00) = M(S! x S?). We choose the instant number k of
P such that the moduli space My, g, (U1, Si) of ASD connections on U with 6y as the
limit at co has dimension (—1).

Lemma 38.5.1. Given a family of metrics on Uy parametrized by

R = (=0, 0] u [0, 0).
When T € [0,0), the metric is stretched along S}. When T € (—0,0], the metric is
stretched along S§. Then the sign count of

]_[ Mkﬂo (Ula S*a gT)

TeR

equals 1.

The reason is that as T — o0, My(Uy, S, gr) contains a unique point with 6(7) —
m. As T — —oo, My (Ui, Ss, gr) contains a unique point with #(7") — 0. Hence, the
map

0 : HMk(UhS*,QT) — [0, 7]

TeR
has degree 1.

L M (§r, W)

TeEIR

O O

I |
0 LN

Finally, we need to compare the gluing picture

U1HS* x [0,00) + (—0,0] x S ]_[(U —Uy).

S* S’
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with

S'x D*] [ Si x [0,0) + (=o0,0] x S, [ [(U = ).

S*

S'x

The latter one will give us the identity cobordism:
[0,1] x Yy : Yy — Vi,

which induces the identity map on Floer Homology.

T

OIJSQ‘L'OO-'
{ot covedion
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-
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Lecture 39. (Special Lecture 3) Khovanov Homology detects the Unknot

39.1. INsTANTON KNOT FLOER HOMOLOGY

Let Y3 be a closed homology 3-sphere and K : S' — Y? be a smoothly embedded
knot in Y. By adding a disjoint Hopf link H < Y, we define the knot Floer homology
by counting singular instanton:

IF(YV,K) =LY, K] [H).

~ T*(T.K)

Consider the singular SO(3)-representation variety of (Y = S% H) with wy # 0.
The complement S*\ H deformation retracts to T?, so

T (S\H) =2 Z®Z.

For a singular m-representation, the meridian of each link component is sent to an
element of order 2 in SO(3). Working instead with the 2-fold cover SU(2), they have
order 4. These elements form a 2-sphere (the equator) S? < SU(2).

SuR)

It -

Sk
I/q3 1 0
RY(S°, H) ={(,8) € SU(2) x SU(2) : [ev, B] = 1d,cx ~ B ~ (0 —z)}/ ~
={(L,1),(I,-1)} = S2H52/Conjugations
= 2 points.

Each singular representation is reducible. The conjugation action of SU(2) on these
2-spheres are not free. Stabilizers are not trivial.
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Let A be an arc connecting different components of the Hopf link H and let wy =
PDI[A] # 0 € H?(S® H). In this case, the singular representation variety is

RS H) = {(0.8) € SU@) x SUR) s[5 = —La~ 5~ (3 %))~
= {(1,J)} = 1 point.

1 -1d

Sx

Indeed, o takes values in the equator S? of SU(2), while 3 takes value in the
intersection:
at N S%
So the singular representation variety is the unit sphere bundle S(7'S?) of the tangent
space of 5% and SU(2)/Z(SU(2)) acts freely and transitively on this space.
In general, define (Y, K)# = (Y, K)#(S3, H) where we take the connected sum of
3-manifolds and disjoint union of links. Define

RA(Y, K) = RL((Y, k)*).
Equivalently, this is the based representation variety R°(Y, K).
Example 39.1.1. Let U < S? be the unknot. Then
R¥(S®,U) = S2.
In general, let Uy = [ [, U be the n-component unlink. Then
R¥(S*,U) = 5% x - x §2.
m

Example 39.1.2. Let K < S be the trefoil. By the Wirtinger presentation, each arc
of a knot diagram gives a generator of m; of the knot complement and each crossing
gives a relation. In particular, we get

Wl(SS\K) = <€1,€2763| € = €i+1€i+26i_+11>-

Let E; = p(e;) =« S? < SU(2) be the image of e; under a singular representation,
then E? = Id. These relations imply that rotating E; o along E;,; by 180° yields
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e,
SRS

E;. Hence, E;’s must distribute evenly along a great circle in S? < SU(2). When
E, = E, = B3 € S2, representations are reducible and contribute to a copy of S? in
R#(S, K), which happens for any other knots. When E!s are distinct, we obtain a
copy of SO(3):
R¥(S°, K) = SO(3) | [ $*
In general, for the (2,2k + 1)-torus knot T'(2,2k + 1), there are 2k + 1 points

distributed evenly on a great circle of S?, and there are k possible orders of them.
For instance, when k = 2:

Ey

e
/W €s Es Te m
B4 E. Eq
&4
Qy ES E(
129

\_/ E; E,

Hence, R#(S,T(2,2k + 1)) = [ [, SO(3) [ [ S%

Compute the singular homology of these representation varieties:
H,(R¥*(S,U)) =Z&®Z
H, (R¥(S,U) = (Z®7Z)%*
H, (R¥(S,K)) = (Z®L)D(ZD7y D).
T RP3

All these groups agree with Khovanov homology of links, suggesting a relations
between Khovanov homology and Instanton Floer homology.
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Let us briefly describe the original instanton knot Floer homology first defined by
Floer. The complement of a knot K < S? is a homology S! x D?. Removing a
tubular neighborhood of K, a Seifert surface Sk of K defines a canonical curve in
ON (K )—the longitude:

L = 0Sx = N(K).

On the other hand, (T?\D?) x S! is a 3-manifold with a torus boundary. By
identifying

L [0D?*] x {pt},m — {pt} x S*,

we glue S3\N(K) and (T*\D?) x S! along their common boundary and obtain a
homology T3:

Tj == SA\N(K) [ [(T*\D?) x S

N =

T\ /-

U0

8

D
J

Let PD(w,) = {pt} x St = (T?\D?) x St and let Lx = Sk U (T? x D?) x {pt}.
Then (ws, [X]) # 0. The SO(3)-bundle is admissible. The original instanton knot
Floer homology is defined as

(83, K) = I(T3% ,wy = PD[m]).

In general, the boundary 0S5k of Seifert surfaces of a link can take different homol-
ogy classes in

T2 x T? x .- x T?
- ~— >

n copies

where n = # of link components. One may verify that
R(T},ws = PD[m]) = R*(S, K),

so they define the same Floer homology groups.
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39.2. KHOVANOV HOMOLOGY

Caution: Kronheimer-Mrowka and Khovanov use different conventions for 1 and 0
resolutions of knots.
For each knot diagram D(K), there are two ways to resolve a crossing:

A = >( N

If the knot diagram D(K) has n crossings, there are 2" different ways to resolve all
crossings, each of which corresponds to a vertex of the cube:

{0,1}" < [0, 1]™.
Each resolved digram is a disjoint union of circles in R2.

Example 39.2.1. Starting with the knot diagram of the trefoil as shown above, we
arrive at a cube of resolutions:

S ey
&N D

S e
sl

A A@A A@AQQA

vl =

Zv AvA
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For each edge of [0, 1]™, we associated an arrow from 1 to 0 in the resolution.

We apply an (1 + 1)-dimensional TQFT to the cube of resolutions. Let
A = Z[x]/(2*) = H*(S%, 7).
The ring structure of H*(S?,Z) defines a multiplication A : A® A — A. The
co-multiplication V : A - A® A is defined by
l—1®z+2®1
T— @ T.

Consider the diagonal embedding ¢ : S? — S? x S2. V is also realized as the
composition:

A=H*S*7) 2 Hy (S%,7) % Hy (S® x $,7)
LD, g2+ (82 x $%,Z) = A® A.
Define the unit and co-unit as:

e:Z—>A1—1

n:A—->7Z,1—0,x— 1.
Then (A, V,€,m) makes A a Frobenius algebra. In general, we can take A = H*(X,Z)
for any oriented smooth manifold X. The ring structure, Poincaré duality and the
diagonal embedding defines a Frobenius algebra structure on A. However, Khovanov

homology to be defined will depend on the particular knot diagram unless X = S2.
We need a functor:

Z : Coby — Z-Mod

For the definition, let Z(S') = A and Z([],S') = A®*. For each elementary
cobordism, define:
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Apply the functor Z to the cube of resolutions. Each vertex v € {0,1}", the
resolved diagram v(D(K)) is a union of circles, and Z(v(D(K)) is a tensor product of
A. Each edge is either splitting a circle or merging two circles. Faces of [0, 1]™ imply
the resulting cube of morphisms are commutative.

each vertex — A®", n = the number of circles
each edge — either A or V.

We form a graded chain complex by taking the direct sum

Cxa(D(K)) = @ Z(v(D(K))).

ve{0,1}"

where the grading is given by |v| := >}, 1. The differential Jky, is the direct sum
of all edge morphisms, which decreases the grading by 1. We need to assign some
minus signs on edge morphisms to assure 0%, = 0. The chain homotopy type of
(Cxn(D(K)), Okp) is independent of the digram D(K), and so an invariant of K < 52,

411 o1l

Put gome
> 010Y s signs
on edge/,.

I
110 |
v
\ )E 1 > 004

100 000

QQ——> Q)
(X)) = OO @ nlX)
1

V)

Take a crossing of D(K). Then 0- and 1-resolution result in two links Ky and K,
respectively. There is a short sequence of chain complexes:

0 — Crn(D(Ko)) = Crn(D(K)) — Cgp(D(K1)) — 0
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which induces an exact triangle:

39.3. EXACT TRIANGLES

The same exact triangle holds for instanton knot Floer homology, which comes
with natural cobordisms of links. Imagine that the resolution of a crossing happens
within a tetrahedron 7"

AN

0

The cobordism from K to K; happens within 7' x [0,1] by attaching a handle.
Consider the surface S < T"

The cobordism can be visualized as:
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Y vvvv‘VV!V/

D

Recall that for each cobordism (X,>) : (Y-, K_) — (Y, K,), there is a natural

morphism
I(X,%): I*(Y_,K_) > I*(Y,, K_)
defined by counting singular ASD connections on (X, X).

The surface ¥ might be non-orientable, but the construction still works. In this
case, the normal bundle of ¥ is not orientable, and the linking holonomy is only well-
define up to & Id. Since g is conjugate to —g for g € S? = SU(2) (i.e. g is an element
of order 4), a singular connection still makes sense.

.

-. Z
1 g

In what follows, we will work with the digram (See Special Lecture 2):

K (83 KY) \
/*(V'VO) \

C*<S3,K0) < Ca (W) C*(Sg,KQ
\%/

where knots are indexed in a different way. It remains to verify it is an exact triangle
on the level of homology. The proof invokes the detection lemma (See Special Lecture
2). The subtlety is that each cobordism W; = (83 x I,¥;) comes with an orientable
surface ¥;, but their compositions

2it1 02y
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become non-orientable. To see this, consider the co-core of the 1-handle in ¥; and
the core of the 1-handle in ¥;, ;. They form a Mobius band in ¥;,; o ¥;:

| Ko— 3 Kﬁtﬂ

‘.\JVVAVVVVV'AVA\'-' e 4 T L 9 L Ava_ane 4 pmiiie T - I
< b 3
b 3 D ?
D b 1
q p b
P4 p 4 3 L 4
<{ b ] 1 b
9 4
3
q b q
1 <I— — — — — — T T"_ —_— —_— —_— _EDT
<
<
) Co Ccove q ¢ Cove $
{ 4 { b
< P 3 S 9
p
W Ptaa SO -
i irax AT a

o
-

The composition then becomes
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LA Mobiis Band

39.4. SOME NON-ORIENTABLE SURFACES IN 4-MANIFOLDS

When X is an oriented 4-manifold, the self-intersection number . - > makes sense
no matter if 3 is orientable (see Lecture 36).

Example 39.4.1. RP} < 5% Let S* be the unit sphere of traceless symmetric 3 x 3
matrices (dimg = 5):

x Yy z
-y u v
-z —v —T—u

The group SO(3) acts on S* by matrix conjugation. Let
RPi = {matrices with a positive eigenspace of dimension 2 = S*},

RP? = {matrices with a negative eigenspace of dimension 2 = S*}.

That is to say, any matrix A € RIP’i is conjugate to

1
-2

where ) is a positive constant fixed by the length of A. The stabilizer of A is O(2) <
SO(3), so the orbit is

SO(3)/0(2) = RP?,
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It is easier to compute the self intersection of ]R]P’i from a different description. A
theorem by Kuiper, Arnold and others states that
CP?/complex conjugation =~ S*.

A real conic with no real roots is an S? < CP? invariant under conjugation. For
instance, we take
CP' = {z° + 9> + 2* = 0} c CP%
For a conic, the intersection number is S? - §? = +4. Passing to the quotient, the
self-intersection of RP? = S2/Z, is divided by 2, so

RP? - RP% = 2.

On the other hand, the fixed point set of the action is a real projective space
RP? = CP?. RP? < CP? is a Lagrangian submanifold. Hence, T*RP* =~ N(RP?)
and

1 = x(RP?) = {e(TRP?), [RP?, o(RP? )]y = —(e(T*RP?), [RP?, o(RP?)])
= —(e(N(RP?)), [RP?, o(RP?)]).
Since RP? is fixed, after passing to the quotient, the self-intersection number will
be doubled:
RP? - RP? = 2.

Signs of self-intersection numbers depend only on the orientation of S*.
Reversing the construction, we take the double branched cover of S* along RPi:

(S*, RP?) — CP”
(S*,RP?) > CP>.
In Special Lecture 2, the composition of W, and W; is
WioWy = WQ#@Q'
In our case, it becomes
WioWy = (S®x I,%))0 (S x I,%) = (5% x I,59)#(S*, RP?).

where we take connected sums of both 4-manifolds and embedded 2-surfaces. By
using the same technique as Special Lecture 2, one can prove

I#($%, K)

T T

[#<S3,K0) < I#(S37K1>

)

is indeed an exact triangle. Equivalently, we have

(54) C#(SB, K) chain homoiOPY equiva. COHG(C#(Sg, K1> ﬁ) C«#(sl%’ KO))
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39.5. A SPECTRAL SEQUENCE

By resolving another crossing of the knot digram D(K), we can iterate the chain
homotopy equivalence :

C*#(S3, K) 3 Cone(C* (5%, Ky) L5 C#(S*, Ky))

C#(Ky) 2% OF (K

— Cone ( lfll-»Nflboo lfm—»oo )

CH# (K1) 92 C# (o)

We replaced C# (53, K;) for i = 0,1 by

C#(Ki) p 0
Cone ( lfilﬂiO) = C#(Kll) > C#(Kio) O <f'1i1 0 80) ’
C#(Ky)

The horizontal map f; in is replaced by the sum of three maps:

f11~>017 f11~>007 f10~>00-

The diagonal map fi1_.00 is not a chain map. It is a “canonical” chain homotopy
between two compositions of chain maps:

foi-00 © fii—o1 and fio—o0 © fi1-10-

Indeed, compare the right-bottom entry of the multiplication:

dun 0 Ji1-01 0 _ [ fu-so 0 dn O
Ji1-10 010/ \Sf11-00 f1o0-00 J11-00 fi0-00/ \ for—00 oo

Keep resolving more crossings and keep iteration. We end up with a cube of maps:
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110

Z

Q

100

At each vertex v of [0,1]™, it is a chain complex computing the singular instanton
knot homology of a unlink. For each edge, it is associated with a chain map. A
filtration on this large chain complex is given by the norm of v:

lv| = Z 1.

lev
Hence, we obtain a spectral sequence abutting to I#(S%, K). Moreover,

(1) Ey-page. At each vertex v € {0,1}", the resolved digram is a unlink. (Ey,d;)
computes the homology at each vertex. Hence, it is A¥™ where n is the number
of link components.

(2) Ea-page. (Es,dy) consists of chain maps along edges of [0,1]". They agree
with Khovanov differentials. Hence, the FEs-page computes the Khovanov
homology of (5%, K).

In particular, we obtain dim Kh(K) > dim [#(S3, K). To finish the proof of unknot
detection, we also need:

(1) Compare I#(S®, K) with I%(S®, K), the original version of knot Floer homol-
ogy defined by Floer.
(2) Using Sutured manifolds technique, show that I*(S3, K) detects the unknot.

Note that
dimKh(U) = m}}n dim Kh(K).
If dim Kh(K) is minimal, both dim I#(S®, K) and dim I*(S%, K) are minimal as well,
so K is the unknot.
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