
Class 9 .

Riemannian metric .

A metric on a [ real ) v. b. associates a positive definite

symmetric bilinear form on each fiber . i.e.

a section M→ E*☒E* Satisfies some conditions
.

Basic properties
1) metrics away exist .

2) 91,92 are metrics
,
then Sgittgz are also Metis

sit ≥O 52+-12-+0

This implies the space of metrics is contractible

because
any metrics can be connected linearly .

by tg , + 4- tsgz
3) The existence of metric reduces the strop of

the bundle transition functions from GLCn.IR)

to 01h ) ( Hermitian metric reduces GUNG )

to Ucn ) )

Def .
A metric on TM is called a Rienanni-n-mtr.ec

.

also called a metric of M .

Recall that we write coordinates of

TIRE R" HR
"

as ✗ ii. in >¥ ,

- - ,¥n
and -1*112^2=112" ✗ Rn as Xi, - - > in

,
dx

, ,
-
-

. dxn



Locally , a rector field ( a section M - TM )

is written as TÉVk¥ for VK : U -413

[ Here we omit the function Yu : 1-1-40 )→ 0×112
"

)

a 1- form ( a section M→ f-*M )

is written as ¥
,

Vkdxk

Hence a metric ( a section of T*M ☒ THU )
n

can be written as §j= ,
gijdxiodxl

with {gvjlp )} a sym , poi definite matric

9(¥i,¥)=gij-
Intuition of length of a path in IR

"

Let 8 : I = for ] → /Rn#Fit

step 1. Break 2 into N segments
i. e. consider ti = and Nti )

Approximate Imola
, , tie, by Htin )

-Nti ) /

at = i



Step 2 .

Use Taylor 's thin to write

INᵗi%¥ = 84¥00"

ÉÉ / Ntia ) - Nti 11=1-218+-8
.

+0kt '

step 3 Take the limit N→coat → 0
we get the length of 8

to := ¥+81 dt ( This is a definition )

Def .

Given a Riemannian metric g
on M

and a path 8 : I → M we define

thelengthofraslrt-fdgcd-a-o.fr#dt
Rem

.

means the push forward of
( tangent map]

It £ -1¥ to A- It c- Toit ,M



Explicitly UCI
VCM

∅u : U → IR ∅✓ : ✓→R
"

You* TIIU → UHR 4¥.TN/v-sVHR
"

∅v08 ◦ ∅j ' : IR→ Rn

8*37=45*141%00015%-4.u*¥
Since the notation It already means ∅#It) ,

and fu = Id .

We have

d-atrp-ki.tk/vrk-E-lp--chiilp
,

,

- . _

, ᵈ¥
✗ i : IR

"

→ IR coordinate map

Def The distance between p , { c- M
is defined by

dlpiz ) := into Lr r is a path with 810 ]=p
8 (1) = {



Prop :D dlp.pk ◦ dip, g) to for p≠q
2) dip, g) = dig , P)

3) dips ) ≤ dip, r ) -1 dlr,g) REM

Rem
.

1) . if p≠{ .

we have a nbhd of p that is

disjoint from 2 ( Hausdorff ) . the path must intersects

the boundary of the nbhd and in the nbhd the length is

MonZero

Thml Geodesic thin )

1) There is a smooth path 8 from p to q
with

↳ = dcpiz ) , such path is called geodesic
Lor its image )

2) Any geodesic is an embedded
,
1- dim snbntd

that can be reparameteriudst.glk-3-t.at?T-)--1
This is called a Constante geodesic
( Re para means we get a new path by composition

I#I -5 M )



3) A constant speed geodesic is characterized as follows

Let UCM
, ∅u : U -412

"

910=0/0*1-2gijdxiodxi )
we write 80 : 8-

'
( U ) NI→ IR

"

t '→ 1000814
= ( Huett , 0%+1 . -Htt)

Then of +2¥. . d-atrid-a.int⇒
(*)

for any i where

Tik =± ¥
, g
" ( Oj 9*+79%-29 jk )

{ gii } is the inverse matrix of fgvj }

[%, is called Christoffel symbols

4) Any curve satisfying 1*1 is locally length minimizing .

This means 7- Co > I sit .

when pig
on the curves

with dlp,g) ≤ cot .

then 7- a segment of carve

connecting panel q with length dcpii )

geodesic


