
Class 8 Metrics on vector bundles . ( chap 7)

Basic idea : For a real/complex vector
bundle E→M

.

The fiber at each pte M is R
"
or

with vector space structures
.

A metric on E is a positive definite symmetric
bilinear form for each fiber

Deft A metric g on a real rector bundle E-→M

is a section M→ E*☒E*
.

Sit . for each pen

1) 9 /pl V.V ) > 0 v≠o e Elp [ positive definite )

2) glplviw 1=9 /plwiv) ( symmetric)

V1 W E E
.

Rem r By 2) , we can choose a basis of Elp ≈ IR
"

sit .
the matrix representing glp is diagonal .

i. e. glplviw ) = wtf
"
:
.

✗ a) v = II.di viwi

By H .

di > o

Def 2 An terminate g on a complex vector bundle

E->M is a section M→ E-*☒Est . for pe M

1) gcv , v1 C- Lois ) ✓ to c- Elp



2) gcvicw ) = cgcv , w )

3) glcviw ) = c- gcv ,w )

4) gcviw) = gcwiv )

Rem similarly .
at each pt . we can choose a

basis sit .

glp is diagonal glplviw ) = TÉ ✗ ivi Wi dieting

Prop : Any real / opx v. b. admits an ( Hermitian) metric

we use partition of unity to construct it .

Pf . For a chart UCM . Hu : Titu ) → Rn (E)

Given a map gu : U→ 0×412*0112*1 satisfying

the positive definite , symmetric condition on each fiber .

we obtain a metric on - U by

gu# v. duw ) v. we Elp

We can choose a locally finite atlas U of M

and construct the metric on each Hell

To put them together , we notice that if guys are

two metrics ,
then 59 it tgz is still a metric

for sit ≥o .

Sit are not both 0
.

[ Just cheek condition 1) & 2) )



Lem
. Suppose U is a locally finite alters of M .

Then

there exists a set of smooth functions { ✗a :M→G ,#WU

called a partitionofun.it/- , satisfying the following conditions

1) ✗✗ has support in
Usa lie . {ptM#p≠o} CUD

2) Ig Xilp) =\ for any pen .

Hole that the locally finite condition + 1)

implies at each p . only finitely many ✗✗ is nonzero .

Pf :( See Cliff 's book Appendix 1. 2)

First we construct a function ✗ :[ 0 , b) →R

✗Ctl = e¥ t- l

% + ≥ ,

This function is smooth
.

Iim
'
= / im e¥l-¥4 = 0

+→1- t -55

Similar for higher derivatives

Then for 0/4 : ↳→ R
"

.

We construct 6£ M→R

6×41=1×(1%411) PeopleUa



we can choose ruin s
-
t - fluid (BC road}, covers M .

Then § 62 is nowhere zero

we define ✗a = ⇐6×516 a ☐

Using Ha
.

We can define g. =-3 ✗a gun as a

metric on M ☐

Recall a v.b. can be constructed by bundle transition

functions { gw
: U n v→ GLENN } with some conditions

If we have a metric .

then we can choose

Imgw CO (a) Chunk) as follows

First
, locally we have Yu : 1-1-40 ) → 0×112

"

and a basis of sections {Si : U→ Tik U ) )

since we have a metric on each fiber . we can use

the Gram - Schmid procedure to obtain another basis

of sections {sit which are orthogonal with respect 1-

the metric at each fiber . Then we define a new drlteo
: 1-1-40 ) → 0×112

"

by setting

(8)
"

( pic vii. Nn )) = =É visicp )



Then the bundle transition function gw = 460%5
'

sends orthogonal basis to orthogonal basis

so guv
: Unv → Ocn )

If furthermore a real v.b. E is orientable
, i. e.

ME is isomorphic to MXIR , then we have

dit gvulp ) 70 .
so gvo : Unr→ soon)

( The groups Gun ,R
)
, 0cm ,

501h ) for 9W
are called strums of the bundles

)

The existence of metric ⇔ Str gp can be reduced

to 01h )

- -
- metric

+orientation
⇔ Str -

gp
- -

- - San )

-

- Hermitian metric
⇔ Ucn ) Caunes

for complex v.b '

(almost complex str)§G 4241k)

Hermitian metric
⇔ such )

+ orientation

. -
-

symplectic Str . ⇔ Ene strgps .



More facts :D a metric induces an isomorphism E E*

2) an Hermitian metric induces a ¢ anti - linear isomorphism
E-⇒E*

3) an metric on E induces a metric on E*
,
ÉK

ME
, SYMKE . metrics on Ei , Ez induce

a metric on Ei ☒Ez Hom ( Ei
,
E4

.

Ei ☒Ez

4) For a smooth map f. M→W and a pull - back

f-*E →M of E-→ N
,
the metric on =L

induces a metric on f-*E.

Def .
A metric on TM is called a Rienanntric

.

also called a metric of M .

Rem .

Metrics on the submfds can be induced by the

metric of the ambient space .

Any M can be embedded into RN ; the metric

of RN also induces a metric on M


