
Class 6 tangent bundle and cotangent bundle .

Recall the tangent bundle TM is defined by
the bundle transtin function 9w=(hvu)*
Where hvu = ∅j ' ◦ ∅, is the tranistun function of 1.4

A section S : M→ TM is called a vector field .

A derivation L is a map from MAN to itself

ft . 1) Leftg) =L (f)
+ LG) 2) Lcr) = o

3) Afg) = Llfjg + f-1cg)
for constant r

From a rector field s
,
we define a derivation

Is called Lie derivative ofs

Locally UCM ∅u : U -412
"

%* : TM / u→U✗R
"

∅u* Oslo : U→ UHR
"

Uk :O→ IR
( Id

,
Vi , - - , Vn )

CLS f) to = ⇒ VK Ihdep of the chase of U .

So we usually write s/o = -24-2×7
For another chart V . We write Fye as basis and

Slr = -2 Vid¥k .
we have



%;∅÷ ' ⇒ᵗE¥E"=¥%¥ "¥¥*"
∅o°∅j ' : IR

"

(with basis yk ) → R
"

[with basis xk )

↳ ÷yk=¥'%y#Y¥ [
✗ i :*

"→R

projection to )
1-th coordinate

and Eva¥, = Ericka. Evi ¥
,

⇒ vi. = EviÉvT
⇒ I = a.HE:)
Conversely , given a derivation 2

. We construct a

vector field as follows

Let Vic : U→R be defined by
L( ✗ ko ∅u ) where ✗ ii. Rⁿ→R is the projection

Let I* : U→ TMI u≈ UHR
"
be the section

correspondy to basis of R
"

set S =§ VK¥
~ ~ I

Exercise : for any f- : M> IR

(4- Hu = (↳ f) Iu = Eve≥¥Éˢ



A function f- :M→R define a vector field of as follows .

for a chart U CM . ∅u : U→ IR
"

Define fu = f- ◦ ¢5
'
: IR
"
- IR consider Cfo)*=l¥% . -9¥:)

Let f) Iv = -72%7¥
.

Def The acted -1*14 is defined by gvu=¢hw)*")T
A section S : M→ FM is called a 1-form_

Similar to the definition of ¥.
Given UCM . we define {dxk } to be the

sections corresponding to basis of 112
"

.

∅u* : Fml u→ UHR
"

Then for f- : M- R , define a 1- form df by
-

df = -2T¥ dxk
Algebra of vector bundles ( chap 4)

Def Given a vector bundle E-→ M with bundle

transition functions {gvu} . Then define the did
bundle E-→M by ⑨WIT}
Rem FM is the dual bundle of TM .



Élp ≈ Hom ( Elp .IR) (E)
*

=E

The direct sum of two bundles E. Ez → 14 is

given by El ④Ez = { (Viis ) c- Ei ✗ Ez / Tiwi ) = -1121k$
Rem

. E-☒Etp = Elp Elp
guv = 9in, 9Wh 2

The bundle HomlElite) is defined by

Hom IE ,ED / p = HOMIE / p , Elp )
If din Elp = n din Ea / p=k
then din Hom (E. E.) Ip = nk

Hom CE , E) / u ≈ U ✗ Mlk , n )

luck in ) kxn matrices

the bundle transition function sends Mu C- MCKM )

to Mr = giv.zmugtvu.PT
↑ T ↑

kxkkxn.mn

[ ] [ ] [ ]
The bundle Ei☒Ez can be defined by Hom / EYED


