
Class 5 Tangent bundle
-

Recall the definition of - vector bundle

Def 1 : Let M be a smooth mfd of din m .

A smooth mfd E is called akeabvectorbundkove.irM with fiber dimension n if we have the following

2) There is a smooth map IT
: E-→ M

for each PEM ,
-7 Up CM do :#Cup)→ Rn

St . for each ✗ c- Up .

Xu : TFC × ) → IR
"

is an diffeomorphism
2) There is a smooth map 8 : M→E sit .

-1108=21

3) There is a smooth map µ : IR
✗E→Est .

a) Tiller , v1 ) = Tcu )
b) McrMlr ! v1 ) =µcrr

'

,v )

c) µ 11 , V ) = V

d)Miri v7 = V for r≠l it re Imf
we have an alternative way to define E

Def 2. Fix a locally finite open cover U of M

For UN EU St .

UAV -1-01 . choose a function

9W : Uh ✓→ GLCn.IR) calledbundletran-s.tn#nE--uU.uUHRYcp.uK-UxRn~lpigviU)c-VxR"
ptunv



{gvu} UN c-I need to satisfy the following condition

1) gvu
= gii unv≠∅

2) gviiguwogwo
__ Id Unvnw to

called cocydeaondition

The reason to introduce gru is the following

From Def 1 . for any PEM . we have a nbhd UCM

St . Elo = -11-401=-0×112
"

V→ ( Tcu ) ,docu ) )

If his c- Elp .

then we can define

Vith#u /p)
"
( Kulp cult Xulplvz)) c- Elp .

Fan Tkn
The definition should be independent of the choice of U

if p is also in ✓
.
we set ei = do /plvi ) 21-1.2

Viva =@ Ip )
"

cement =pJ(XvIp°Hulp5Éei )
+Mp ◦Kulp)Yez ) )

Let Yuu := Xv ◦☒ 5! UAV ✗ R
"

→ R
"

Then 4W /plated = 4W /pilei ) -14W /plea)

since e , ,
ez EIR

"

can be arbitrary . 4W /
p
is linear

.

i. e. 4vulp-CGLCn.IR)



Hence we have a map gw : UAV → GLCn.IR)

Gvulp ) = 4W /
p
this map is smooth because 4W is

.

guv
◦

guv = Id gvuoguwogwv
= Id

by construction
. Conversely .

Given { gw} . We can

÷!:::f%%¥÷:%:¥¥→.ae :

Edm n

Def M is a smooth mfd .

The ten-game ofM
is a vector bundle TM constructed as follows .

Fix a locally finite coordinate atlas U for M

For V.V c-U
.

with UAV ≠ ∅ , we have differ

∅u : U → R
"

Olu : ✓→Rn

h.ru = ∅jb∅u : R
"

-412
"

is the transition function .

Let gw = (hvu)* =
the Jacobian of hvu

C- GLCn.IR )

hvuohuv = Id ¥5
"

gvuogw = 2d

hvuohuwohwiisd ⇒ 9W
◦guwogwv⇒d

Ran The construction is indeed independent of U
( see Clift 's book 3. 4)



As a result . for any chart UCM .
we have

TM /u UHR
"

.

we denote

itheddfeoby@DxPropIfMClRNisasubmfdofdrnn.bydefinition ,
for each pe M . ? nbhd UCIRN

, 4 : U→ 112
""

with 0 as the regular value ie .

the Jacobian 4* is

surjective at each pt in 4-
'

co ) ,
and MA U = 4-40 )

µ =3 h = 2
'

Ker 4*1
p
is identified with

*
the subspace IR

"

tangent to M at p .

Which is independent of the choice of U

the projection of g-p to Ker4*1 piii.
"

÷: :::is a diffeomorphism to a ball Clary,
hhih gives a chart for M

'" "UHR
" / p.no }



Def A section S : M → TM is called a veetorfeeld

Let Mi IR ) be the space of smooth functions M→R

with addition and multiplication
A derivation is a map 1 from CIM ;D to itself

sit . D Lcf + g) = Lcf )+2cg) 2) Lcr ) = 0 for constant
function r

3)Lcfg ) = @f)gt f Ig ) (Leibniz rule )
We can identify a derivation with a vector field
Given a reefer field s : M→ TM . we construct a

iii. iii.i:÷÷¥i÷*
.

∅u* : TM to ⇒ UHR"

For f : M→R . define fu = focfj
'

:/R'→R

Suppose 0/0*05 /u = ( Idu , vi. Va . . . - Vn)

VK : U→ IR

Define (↳ f)u=É,Vk¥. : U -412

Exer : cheek Lsf : M -412 is independent of

the choice of U by the bundle transition function
of TM



Because (↳f) u = .É,
V¥¥ .

we may

write Stu = _É
,
vk¥ and write {¥ }

as a basis of sections for RR
"

EIR
"
✗☒

This notation is important because in the future
we usually do calculation locally and write a

vector field as É
,
V1-¥


