
Class 4 Vector bundle ( chap 3)

Manifold + group = Lie group

Manifold + vector space =
Vector bundle

Deft. Let M be a smooth mfd of din m .

A smooth mfd E is called akeabvectorbundkore.irM with fiber dimension n if we have the following

2) There is a smooth map IT
: E-→ M

for each PEM ,
-7 Up CM do :#Cup)→ Rn

St . for each ✗ c- Up .

Xu : TFC × ) → IR
"

is an diffeomorphism
2) There is a smooth map 8 : M→E sit .

-1108=21

3) There is a smooth map µ : IR
✗E→Est .

a) Tiller , v1 ) = Tcu )
b) McrMlr ! v1 ) =µcrr

'

,v )

c) µ 11 , V ) = V

d)Miri v7 = V for r≠l it re Imf

Ex .

The product bundle ( also called the trivial bundle )

E- = MAR
"



Rem 1) IT is called the Cbundtepnjeetinmap

For WCM ,
write EIW = Titw)

Tor p EM , Elp is called a

fkoverpdudefwe.sndiffer Yu : Elo→ UHR
"

by
(Tib

,
docu ) Cfo is called Italian of E

2) 8 or its image is called the zero section

✗v08 = OEIR
"

3) µ corresponds to the scalar multiplication in the vector space

we usually write µ (Av) as ri

Det 2 : Let E , E
'
be two vector bundles over 14

.

A sect of E is a smooth nap 5. M→E s.t.tos⇒d

A homomorphism ∅ : E-→E
"

is a smooth map st .

1) TICH ) = Tlkv )
2) ☒ rv ) = rcfcv ) ( Hence ∅ ( Glp )) = 8km)

A bundkisomorphisI.is a. homomorphism with an inverse g=E↳E

Question : Is any bundle isomorphic to the trivial bundle ?

Counterexample : Mobius bundle over s '

{6- ivies'
✗ 1122:(

cost sin O

SMO -ago )V=v }



'

We have a
'

smooth map

10 , t ) 10
,

1-cos'⇐O ) , t sin# O ) )

(
↳ O suo

suo -ao )(n¥f ) = (
↳0%0#hosing
showsto - GotSisto

\

= (
auto

)
""⇔."

sin £0

0--0=21-1

✓ So we need the second chart

p
'
:(-⇒ ✗ IR→ E

using the same map

a
•⇒

="

we can find a nonzero section of s
'
✗ IR =E

/

( just use S : s
'

→ E
'
s(01--10,1)

But we cannot find a nonzero section of Mobius bundle

( Intuitively , when we move sco ) smoothly 1- SCUT ) ,
we will have SLO) =/ SLIT ) )



i.e. 7- a bundle isomorphism ∅ : MXIR
"
→E

( ×, Iaiei )→ Iaisicx )

More examples of vector bundles .

• Let 52 = { ✗ c- 11231 1×1=13 E = {His c- 1123×42311×1--1 }
✗ . ✓ = 0

Tl :-[→ 5 TICXN ) = ✗ rcxiv ) = ( × , rv ) RHR

8:52→E ① ( x ) = Cxio )

• Let RR
""

be the space of lines through OER
"

( a pit is a line ) It can also be regarded as 5%1=13
where -1 acts on × by -✗ .

E- = { c-i-x.rs c- IRR
"_ '

✗ IR
"

/ ✗Hr }""

I


