
Class 10 Geodesic ( Chap 8)

Recall a path in M is a smooth map

8 : F- Coil ] → M
.
the length of 8 is

↳ := /
'

¥-1 It = 1,910*37,8*3-72 It
in IR

"

MM

where It is the second coordinate of TI ⇐ IHR

and J* : TI → TM is the tangent map

( push forward ) The distance depot = tht tr
810 ) =p

Thmlaeodcsiithm ) M •mpmt manifold
* "¥

.

1) 1- 8 achieves dcpiq) .

called geodesic
2) A geodesic is embedded , and can be reparameterized
Ex

. so that gC8*¥ ,
0*7+1=1

3)
Let UCM

, ∅u : U -412
"

910=0/0*1-2gijdxiodxi )
we write 80 : 840 ) NI→ IR

"

t '→ 1000814
= ( Huett , 0%+1 . -Htt)

Then d2
* a-TVE-YE.fi?ida-+rEd-a+rE=o

geodesic equation
for any i where

Tik =± ¥
, g.
" ( Oj 9*+79%-29 jk )

{ gii } is the inverse matrix of fgvj }

fji, is called Christoffel symbols



Let UCM
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Then d2
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4) Any path satisfying 1*1 is locally length minimizing .

Ex
1) Geodesic 1h IR

"

with respect 1-
the standard metric :

Oig = 0 . 1*1--7%+40=0 ⇒ out )=at+b

i. e. geodesics in IR
"

are straight lines

2) Geodesic in 5 with the induced metric from 1123

the short segment of the great circle .

( see Cliff 's book 8.4.2 for computations )
If pig are two pole pts .

then

✓
geodesics are not unique

Pf of -1hm .

Stop 1 . 112
"
with the standard metric g

Consider the balls centered at the origin and there boundary
spheres .

Then g= dr ☒dr + Hgs-412
"

g- dxiodx)

gs is the induced metric on S
"

! with radius
.

1
.

Let 8 : I→ IR
"

be a pith in a ball with racks .R
.

No > = ◦ c- IN OCI ) is on the ↳"ʳʰ7
.

. uctl , -58%(1-1)

Then d- of +2¥. . ¥É¥Ñ⇒A) It

for any i where

Tik ⇒ ¥
, g.
" ( Oj 9*+79%-29 jk )

{ gii } is the inverse matrix of fgvj }

[%, is called Christoffel symbols



Write Vlt ) as ( rtt ) , Oct )) r :-[→ Ryo 0 : I→ s
""

918*37,0*8-+1=1%-12-1 r2gslO*¥ , 0¥)

≥ 1¥12 the equation holds if 0 is constant

to ≥ /± /¥1 dt ≥ firdtdt = R
the equation holds when 8 is a straight line .

④
Moreover , we can reperaneteriu 8 sit -

g (8*37,8*37)=1

Step 2 .

If M is compact , then 7- R >◦ * .

Lem ( special coordinates ) for each pen .
7. chart ∅u:U→Ñ

Sit . ∅ucpto and on a small ball BR of 1K
"

,
the metric g

on ∅ÑBR) is ∅Ecdr☒dr + Fgs) 9s metric on

On Sh
'

-1

Assuming the lemma
,
we prove that 1- r a fixed p c-M and any gem

there exists a length minimizing curve from p to g.

a) dlpiz ) ≤Rz .
such curve exists because q is in BR for p

b) Suppose we already show the existence for q with

dcp/g) ≤ N¥- , we prove the existence for
N-E-dcp.gs ≤4¥12



There is a path To from p.gs.t-lrosdcpig.lt I

suppose q
'
= Into A 213,2111

Then dlp.gl ) ≤ t.ro - R < dcpir ) - I ≤ 1¥

rÉ☒
Let

q
"
c- 2 Brig ) sit . dlpig " ) is minimal .

we know dcp , & '

) ≤ dcp.gl ) <¥
Then I geodesics from p to 9

"
. q
"
to q .

the union of them is the geodesic from p to q

because it can't be shorten inside or outside the BRC g)
We can repcmterize it so that it has constant speed

step 3 .
Nbhd of each pt on the geodesic is a straight line

some BR
,
so 8 is an immersion ( locally injective )

If Imr has self- intersection , then locally it is
two straight lines in BR

, if we replace 8 by 81,

then ↳ ' < to .

which contradicts the minimal

length condition Hence 8 is an embedded curve

☒ ( locally ihjeitue and no self- intersection )



we explain more on Len 1 .

Thm2( vector field thin ) Let s :X → TX be

a vector field . For any qc-X.IE >o and a

unique path 6¥- E. E) → ✗ sit .

a) Gq@ 7=9 2) 6g*It = S / 6gal )
Moreover

, if UCX is an open set
with compact closure ,

then ⑨ it )→ 6gal is a smooth map from 0×10,E) to ✗

sit . for each t.qi-6g.IE ) is a differ from 0 to an open

set of ✗

Pf . Cliff 's book Appendix 8. I ☐

We take ✗ = TM locally q=Cp, v1 c- ✗

Define Sep , ✓5- ( vi. - Tjiivjvk )
Then we obtain a unique path

Gq : f-E.E) → TM sit . 6g6) = g. = Cpsu )

Gq*It = SCGqcti )
This implies a unique path Npr) if -Eis ) →M

sit .
810 ) =p 8*3-+1 V

and dfi
at -1¥ ii. ᵈaÉᵈa¥=o

( Here we write 8--80=0/00 Jeju, C-Est IR
")


