
Class 2 : smooth manifolds ( chap 1)
Review : ( some people use second countable

,
i. e. Countable topo basis

this is equivalent to paracompact with countably many connected components )

Det 2. A¥fd of d.mn is a paracompact
Hausdorff top ◦ space sit ' each pt has a nbhd that is

home☒ to IR"
.

such nbhd is called achart

The collection of charts is called an atlas_

For two charts U , V .

7- transition function
hmu : down v1→ ∅✓( Vnv )

.

N
R
" "

If hv, u is smooth ( infinitely differentiable ) ,
then the atlas is calledasmoothstr.lt
topo mfd with an smooth str is called a

smoothmfd.RU
.

7- topo mfd that is not smoothable .

I top mfd that has non unique smooth str

Def 2 . Suppose M and N are smooth mtds .

Let U and V be locally finite atlases corresponding to
smooth Str of µ and N (we use the paracompact condition)
A map h : IU→N is called smooth if each map in

{ &✓ oh ◦ 0/5
'
: h ( O ) NV -1-0 } ( v.%) c- U .

( V.%) c-0
is smooth



Ex : Consider the manifold R' with only one chart ∅,
: R'⇒R

and also the manifold 112
"
with only one chart % : R'¥1K

.

Define f: IR ' IR
"
,

then# f- §,

"

= ✗ : 112-412
,
f.g are smooth inverses

9 : IR" R
'

. Qi
'
◦go % = x://2-YR.IR

'
is dilteot.IR

"

The reason to define the smooth Str is 1- do calculus on mfds
Thm1( Inverse function thm )
Let UCR

"

be an open set and let 4
: U→R

"

be

a smooth map .

Choose apt p c- U
. Let 4* be the

matrix {%. }i
,jean ] .

It is called the Jacobian

If 4* is invertible
,
then 7- nhhd VCIR

"

of 44s )

and a smooth map 6 : ✓→ U sit . 614Cpi) =p and

• 604 = Id on nbhd U'CU of p
• ✗ ◦ 6 = Id on V

i.e. 4 has a local increase around p .

Idea : The smoothness assumption reduces a non-linear question
to a linear one (first derivative ) . We will use Taylor 's
thin with remainder to prove it

Pf : Yc ×) = if Cpl 1- (4*4) ( x-p ) +R(x-p ,
✗Remainder

☒call ≤ clap IRCu) - RHI ≤ Clu-444+147
Set a = x-p = 4*-441×1 -44s) - Rca ))
set 41×1=2 .

We need to find apt
Uq = 4*-1 (q-4cm - Rcuq) ) if q is near 41ps



We introduce contraction mapping thm to find Uq

Lem 1
.

Let r - o 8 c- (al )
.
B = {✗ER

" / Kkr }
If f :B-43 satisfies
1) / foxy < Sr it ✗ c-B

2) lfcx ) - fcyil ≤ slx-ylv-x.geB
then 7- unique PEB sit . fep )=p

Pf : Take any ✗◦ c- B. Set ✗ n+ ,
= fcxn )

.

Shee Hn - Xml - Shur for n >m, we know
{Xn }n≥o is a Cauchy sequence , which converges ihB

Let p
be the limit

,
then fcp ) =p ( fexn )=Xn+i)

If q also satisfies fcqs=q .

then

lp-ql-tfcps-fq.it ≤ Stp -q1 ⇒ p=q .

☐

We come back to the pf of inverse function thm .

Take fcu)=¥-' (q- 41ps - Rcw )
Then f maps a small ball to itself because /Rca ) / ≤diet

( int ≤ £ . 1kcal ≤¥ , 8=1 )

/flu)- for / ≤ ☒cut Rcvsl ≤ Clu-4 (14+14)<814-4
when tut , 14 are small

we apply Lem 2 to obtain the unique element uqs.t.fuqs-a.lk

We can also use Len 2 to analyze the function q Uq .

to show it is smooth .; see A 1.1<1 of Cliff 's book .



Def} : Let UCR
"

be
an open set . 4 : U→ Rm a smooth map

a c- IR is a rlue of 4 if the Jacobian 4* is surjective
at any pt in 4-

'

(a)
-

Thmz :(%ᵈt% , 4 be defined in Def 3 .
Then the set of

regular values of 4 have full measure .

Ex : 4 : Rn→ R Iki -sing → _É
,

X?
-

4- = (2¥
,
,

.

.

- ,¥×n ) = (2h , -

- -

, 2in )

H r > 0 is a regular value

Thm3 :( Implicit function thm ) Let UCIR
" '

, 4 : U→ IR
" -m

n -m≥o

and a is a regular value . Then 4-
'

(a) CU is a smooth mfd

of din M. For pt 4-
'
ca ) , 7- a ball BE /Rn with center p .

and a differ ∅ :B-412h

St . ∅ (BA 4%1 ) = {✗m+, = . . - = ✗n
--03 A Bdo ) for some E >0

1

Pf : Let Vi , - -

, Un -m span Ker 4*1
p

.

and let IT be

the projector : Rn→ Ker#↳ ≈ 1km

Define ∅ :B → Rn ∅ 1×1=(41×1,117×1)

Then * p
is invertible

.

and we apply
the inverse function thin to find some local inverse G

Implicit function thin is a good way to construct

smooth mfds .



Def 4 : A s¥ M in Ri is a subset srt.lt PEM
7- Upc Rn and Xp : Up→ R

""

with 0 as a regular value

and Mn Up =4,540 )

suppose N is a smooth mfd of din n .

A subsetMCN

is a sImfd if for any p c-
M
, 7- UpCN

∅p : Up→Rn sit . ∅p(Mn Up) is a submfd of R
"

.

\
-

for : Let f :
'

N→M be a smooth map .

Let p c-N . If for any q c- f-Kp ) , any chart

Uq C. N with ∅, : Uq
→ IRM

, any chart

Up CM with ∅p : Up → IRM, the Jacobian of

∅p ◦ f ◦ 015
'
:/R
"

→ IRM at cfqcq) is surjective,
then f-'(p) is a smooth submtd of N .

.

Fact : For
'

any smooth mfd µ , I ∅ :M→RN N⇒0

Sit . ∅ (M ) is a submfd of IRN. ,

and 4 is a diffeomorphism .

Such ∅ is called an embedding .

The proof use a partition of unity . (see Appendix 1.2)


