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1 Compiler’s Note

This collage presents a set of solutions for Problem Set 1 of the Fall 2024
Section of Math 231A, with input from the compiler providing light exposition
on the goal and contextualisation of each problem.

The compiler would like to thank each and every contributor to this collage
and remind the reader that the existence of this collage testament to their
excellent work.
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2 The Problems

This first problem set familiarises students with the building blocks of singular
homology. The emphasis was on understanding what the group of singular
chains and the singular homology groups were as constructions, and on being
able to bridge intuitive ‘visual’ reasoning in the abstract sense with rigorous
symbolic and algebraic argument. Attached is the list of assigned problems:
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3 Problem 1

The first part of this problem focuses on the rigorous details for which we
can store information about affine maps between standard simplices simply by
order-preserving functions between ordered sets, which intuitively dictate where
the vertices of the standard simplices are to be sent. Presented here is the
submission by Tasuku Ono:

The second part of this problem explores further the consequences of this
correspondance by allowing us to draw a parallel between non-degenerate face
maps between standard simplices and order-preserving injections between or-
dered sets. The ‘straightening rule’ verified here is a very handy lemma, which
not only provides intuition for and verifying the existence and uniqueness of the
factorisation of such injections, but also gives a tool for the next part of the
problem. Here is the solution by Georgi Ivanov:
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The importance of the third part of the problem needs no introduction -
it is precisely because this result holds that allows for singular homology to be
defined in the first place! For those who have studied differential topology, recall
that the exterior derivative acting on differential forms on a smooth manifold
satisfies a similar identity - we shall understand how this relates to our current
study of singular homology later on in the course. In any case, here is the
solution by Adi Raj:
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4 Problem 2

The first part of the problem verifies the reader’s understanding of what the group of
singular chains is as a construction. A key point here was ensuring comprehension of the fact
that the ‘sum’ here referred to formal linear combinations and not any addition of the actual
maps. Attached is Luke Zhu’s solution:

The second part of the problem both gives the intuition that the ‘path’ represented by a 1-
chain σ+ σ̄ could be seen as the boundary of a ‘degenerate’ map of a triangle into a space, and
also ensures that the reader understands that translating this intuition into rigorous language
could involve some nontrivial changes to their desired construction (in this case, the need to
‘cancel out’ the extraneous degenerate 1-simplex c1

σ(0)
). The following writeup is brought to

us by Ari Krishna:
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5 Problem 3

This problem formalises the key intuition that homology groups are in some
sense ‘additive’, making it much more effectively computable than the more
theoretically simple higher homotopy groups. This turns out to be a special
case of the Mayer-Vietoris sequence, in which we allow spaces X and Y to have
nontrivial intersection; though the proof of this is more involved and does not
generalise very readily. A key moral of this problem is that when proving anal-
ogous facts about homology groups that rely on topological facts, it is generally
more useful to first work at the level of S∗(X) and then deduce the required fact
by putting things back together. Working directly with homology involves more
care in keeping track of conditions that one needs to verify. Presented below is
the solution by Carl Scandelius, whose submission demonstrates both of these
approaches.
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6 Problem 4

This problem explains the reason for which we could consider the zeroeth
singular homology group H0(X) as an invariant that stores information about
the number of path-connected components of a space X. The key here was that
if two points x and y are path-connected, then the chain x− y is the boundary
of a simplex representing a path connecting them, which allows us to conclude
that x and y are homologous 0-simplices. Note that nothing in this problems
solution has any requirements on the base ring being Z, which gives us that this
intuition of H0(X) representing path-connected components is valid also when
we consider homology based in other rings (well, maybe not the trivial ring but
we never get anything useful out of that anyway). Sebastian Attlan’s solution
is chosen here.
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As a point of alternative perspective, here is a solution by Ignasi Segura
Vicente, who used a nice lemma in his work:
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