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1 Author’s Note

This article will seek to provide an account of and to expand upon review
sections, led by the author, on the fundamentals of category theory given to
students of the Fall 2024 season of Harvard’s Math 231A. The discussion will
focus on the constructions that have the most direct relevance to the study of
algebraic topology.

In an attempt to make this a useful reference throughout the course, examples
will be included in an order that does not directly resemble that of Math 231.
As such it is not required for one to engage with all the presented examples in
a linear fashion upon first reading.

2 Motivation

In one’s study of different types of mathematical objects, it is often the case
that one comes across different versions of the same ‘type’ of structure. Though
the individual definitions of these versions may differ depending on the specific
nature of the object in question and of the way in which maps between these
objects are defined, it is often the case that these distinctions disappear when
one analyses just their underlying behaviour with respect to composition (i.e.
when maps in or out of such a construction arise and what do these maps
do). Category theory provides a formalism for the study of this behaviour by
representing mathematical systems as diagrams of arrows - which simplifies their
study to just that of their underlying compositional structure.

Now a universal language in modern mathematics, category theory actually
originally arose to provide a more succinct and illuminating language to con-
struct the foundations of algebraic topology. It is thus my hope that through
introducing the concepts of category theory via the lens of the content Math 231,
you would gain a better sense of the true nature of each categorical construction
we will introduce.
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3 Categories

We start, of course, by restricting our study of ‘diagrams of arrows’ to just
those that could be representative of how a mathematical system would actually
behave. This idea is formalised in the concept of a category.

Definition 3.1: A category C consists of the following data:

• A collection of objects, denoted Ob(C ).

• For every pair of objects A,B ∈ C , a collection of morphisms, denoted
MorC (A,B).

• A rule of composition: For every triple A,B,C ∈ C , a map

ϕABC :MorC (A,B)×MorC (B,C)→MorC (A,C).

For η ∈ MorC (A,B) and ξ ∈ MorC (B,C), We denote ϕABC(η, ξ) by
ξ ◦ η.

We require these to satisfy two axioms:

1. (Identity) For everyA ∈ Ob(C ), there exists an element idA ∈MorC (A,A)
such that for any A,B ∈ Ob(C ) and any f ∈ MorC (A,B), we have the
commutation of the following diagram:

A B

A B

f

idA
f

idB

f

2. (Associativity) For any objects A,B,C,D ∈ Ob(C ), we have the com-
mutation of the following diagram:

MorC (A,B)×MorC (B,C)×MorC (C,D) MorC (A,C)×MorC (C,D)

MorC (A,B)×MorC (B,D) MorC (A,D)

ϕABC×idMorC (C,D)

idMorC (A,B)×ϕBCD ϕACD

ϕABD

Note: The use of the word ‘collection’ here is deliberate to avoid logical issues
that arise when one attempts to refer to things such as the ‘set of all sets’. The
rigorous notion here used to describe collections such as Ob(C ) andMorC (A,B)
is known as a proper class if you are interested in reading up on this.
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Let’s begin acquiring a vocabulary for our new language by giving some ex-
amples of categories. Please do convince yourself that in each of the following
cases all the aforementioned axioms are indeed satisfied.

Example 3.2: Here is a list of categories commonly used in algebraic topology:

1. The category (Set), whose objects are sets and morphisms are maps of
sets.

2. The category (Top), whose objects are topological spaces and whose mor-
phisms consist of (continuous) maps between them.

Note: A key subtlety - in practice, the default setting of algebraic topol-
ogy is often taken implicitly to be the category (kTop) of compactly-
generated topological spaces, which is a full subcategory of (Top). The key
intuition for doing this is to ensure that for any two topological spaces X
and Y in (kTop), the space Y X of maps X → Y is equipped with a well-
behaved topology, which allows (kTop) to be Cartesian-closed. Consult
either Chapter 5 of May’s text or Chapter 40 of Miller’s Notes to see a
detailed discussion of this - I shall not digress further in order to not get
sidetracked from our discussion.

3. A couple important variations of (Top):

• The category (Top∗) of based topological spaces, with Ob((Top∗))
consisting of pairs {(X, ∗X)}, where X is a topological space and
∗X ∈ X is a distinguished base point, and Mor(Top∗)(X,Y ) consist-
ing of maps f : (X, ∗X) → (Y, ∗Y ). This is important for talking
about homotopy groups rigorously.

• As a generalisation of (Top∗), the category (Top2) of pairs of topolog-
ical spaces (X,A) where A is a subspace of X. This is the setting of
relative homotopy and relative homology. We similarly have the cat-
egory (Top3) of triples (X,A,B) with B ⊂ A ⊂ X, and the category
(Top∗3) of based triples - both of these arise in homotopy theory.

• The homotopy category (hTop). The objects of this category are
the same as those of (Top), but whose morphisms are homotopy
equivalence classes of maps. This captures the notion of homotopy
invariance, and consequently is the category through which we would
like algebraic invariants to factor. The categories (hTop∗), (hTop2)
and so on are similarly defined.

• Let B be a topological space. We define the category (TopB) of
spaces over B as follows:

– We set Ob(TopB) to be the collection of pairs (E, πE) where
πE : E → B is a map.
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– We set MorTopB (E,E
′) to be collection of maps f : E → E′

which enable the commutation of the following diagram:

E E′

B

f

πE πE′

This is the general setting for talking about fibre bundles over B,
including covering spaces and principal G-bundles over B and so
forth.

4. The category (Grp), whose objects are groups, and whose corresponding
morphisms consist of homomorphisms between them. The category of
abelian groups (Ab) is a full subcategory of (Grp).

5. Other important algebraic objects that will arise in our discussion:

• The category (CRing) of commutative rings, whose morphisms are
ring homomorphisms.

• The category (Field) of fields, whose morphisms are homomorphisms
of fields, forms a full subcategory of (CRing).

• Fix a commutative ring R. We have the category (ModR) of modules
over R, whose morphisms are R-linear maps. If R happens to be a
field k, then this is equal to the category (V ectk) of vector spaces
over k.

• We will often work not with R-modules by themselves but with chain
complexes of R-modules. These also form a category (ChainR),
whose morphisms are chain maps.

Example 3.3: And here are some other examples that represent a fuller scope
of what a category can represent:

1. Notice above that all the categories we formed earlier come in the form
of collections of decorated sets - sets with added structure. This does not
have to be the case. One example of this is the category N , whose objects
are the natural numbers, and a morphism a→ b exists iff a divides b.

2. As a generalisation of this idea, any preordered set (P,≤) has itself the
structure of a category P in a similar fashion.

3. Any group G may be regarded as itself a 1-object category, with mor-
phisms given by {left actions of g ∈ G on G}. The usefulness of this idea
will become apparent when we come to discuss the theory of classifying
spaces later on in the year.

4



4. Note that a group as a category has the property that every morphism is an
isomorphism (i.e. for each g in MorG(A,B) there is an h in MorG(B,A)
such that g ◦h = idB and h◦g = idA). Categories that have this property
are known as groupoids. A fun example of such a construction (for our
purposes) is the fundamental groupoid Π(X) of a topological space X,
which gives another way to talk about the fundamental group of X. This
has Ob(Π(X)) = X and MorΠ(X)(x, y) = {homotopy equivalence classes
of paths from x to y} (so thenMorΠ(X)(x, x) is in fact just π1(X,x)). See
Chapter 3 of May’s text for an alternative formulation of the theory of
covering spaces using this language if you are interested.

5. Finally, any directed graph J generates a category J , which we will call
the free category generated by J . We can do this by taking Ob(J )
to be the vertices of J , and designating any finite directed path from k
to l (for k, l ∈ J) to be an element of MorJ (k, l). We will take the set
of directed vertices of J , augmented with ‘identity’ paths when required
by the axioms of a category, to generate the full set of possible paths by
finite applications of the law of composition. Here is an example:

• • • •

• • • •

J J

The importance of this construction will become evident when we go on
to discuss limits and colimits in full generality.

4 Products and Sums

We mentioned earlier that one of the purposes of category theory is to unify the
study of constructions that are similar up to how they arise compositionally. We
have already developed sufficient language to begin on this goal by discussing
products and sums.

Definition 4.1: Let C be a category, and let A,B ∈ Ob(C ). The product
of A and B, if it exists, is an object A × B ∈ Ob(C ) together with a pair of
morphisms πA : A × B → A and πB : A × B → B satisfying the following
property:
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For all objects Z ∈ Ob(C ) with morphisms α : Z → A and β : Z → B, there
exists a morphism ϕαβ : Z → A×B such that the following diagram commutes:

Z

A A×B B

α
ϕαβ

πA πB

β

A couple immediate observations:

• Firstly, if such an object exists, it is unique up to isomorphism (to clarify,
an isomorphism is simply a morphism with both left and right inverses).

• Secondly, one can extend this notion to a product of a family of objects
indexed by an arbitrary set I, provided that such an object does indeed
exist (we will see that this is in fact not guaranteed). It is important to
note here that I does not need to be of finite cardinality.

• Lastly, a quick word on nomenclature - we will say that a category has all
products if a product exists for every indexed family of objects.

All of these will also apply to sums, which we will now define.

Definition 4.2: Let C be a category, and let A,B ∈ Ob(C ). The sum or
coproduct of A and B, if it exists, is an object A⊕B ∈ Ob(C ) together with a
pair of morphisms ιA : A→ A⊕B and ιB : B → A⊕B satisfying the following
property:

For all objects Z ∈ Ob(C ) with morphisms α : A→ Z and β : B → Z, there
exists a morphism ψαβ : A⊕B → Z such that the following diagram commutes:

A A⊕B B

Z

ιA ιB

α ψαβ
β

Again, I would like to emphasise that existence of sums, like the existence
of products, is not guaranteed for an arbitrary category. Let us now see what
product and sum objects look like in some of the categories we introduced above.
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Example 4.3: As promised. In verifying each of the following, I suggest a
constructive approach - pay attention especially to the results in bold.

1. In (Set), products are Cartesian products of sets, and coproducts are
disjoint unions.

2. In (Top), products are Cartesian products equipped with the product topol-
ogy (not the box topology - this distinction is important when referring
to infinite products), and coproducts are disjoint unions (equipped with
the disjoint union topology).

3. In (Top∗), the product of (X, ∗x) and (Y, ∗y) is (X × Y, (∗X , ∗Y )), and
their coproduct is their wedge product (X ∨ Y, ∗X∨Y ) = (X ⊔ Y/∗X ∼
∗Y , ∗X∨Y = ∗X = ∗Y ).

4. In (TopB), coproducts are disjoint unions as in (Top). Products in this
category though are more subtle - we will come back to this later when
we discuss the notion of a pullback. Why is the product of two objects E
and E′ in this category not just E × E′?

5. In (Ab), products are direct products of abelian groups, and coproducts
are given by direct sums of abelian groups. Note that although these
notions coincide for a finite number of abelian groups, this is not the case
for an infinite number of objects - can you work out what the distinction
might be?

6. As a direct generalisation of (Ab), (ModR) (and also (V ectk)) also have
direct products as products and direct sums as coproducts.

7. In (Grp), products are direct products of groups, and a coproduct of
groups G and H is their free sum G ∗ H. (To see why the direct sum
here does not work, explain why taking Z = G ∗H would render taking
G×H as a coproduct impossible).

8. (CRing) also has products and coproducts. The products here are again
given by direct products, but the coproduct of two objects R and S is
their tensor product R⊗ZS. (To see that why the direct sum R×S does
not work, pay attention to whether the inclusions ιR and ιS could send
0R, 0S , 1R and 1S to where they need to go).

9. The category (N ) gives a cute demonstration. Here, the product of num-
bers a and b is their greatest common denominator gcd(a, b), and their
coproduct is their lowest common multiple lcm(a, b).

Example 4.4: We claim that (Field) is an example of a category that has
neither all products nor all coproducts.
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Proof: Let K and L be fields of different characteristic. If K and L were to
have a product P , then the existence of maps πK : P → K and πL : P → L
would mean that char(P ) = char(K) and char(P ) = char(L) which is a con-
tradiction. The proof for non existence of a coproduct of K and L is analogous.

Other examples of nonexistence of products and coproducts abound, and
importantly these two conditions are independent of each other. Try for example
to come up with a directed graph whose corresponding generated free category
that has all products but not all coproducts, and vice versa.

5 Functors

In our study of algebraic topology, we see that the usefulness of the group
structure of homotopy, homology and cohomology is augmented by the fact that
the associations πn, Hn and Hn not only map topological spaces to groups, but
also translate maps between topological spaces into algebraic information. This
idea of a map between categories preserving the source category’s morphism
structure will be captured more generally by the notion of a functor.

There are two variants of this concept. Both will be relevant to our work
ahead.

Definition 5.1: Let C and D be categories. A covariant functor F : C → D
consists of the following data:

• A map F : Ob(C ) → Ob(D). That is, to each A ∈ Ob(C ), we assign an
object F (A) ∈ Ob(D).

• To each pair A,B ∈ Ob((C)), a map MorC (A,B)→MorD(F (A), F (B))
assigning to each ψ : A→ B a morphism F (ψ) : F (A)→ F (B).

• The assignment of morphisms must be done in a way that satisfies the
two following axioms:

– For each A ∈ Ob(C ), we have F (idA) = idF (A)

– For each A,B,C ∈ Ob(C ), the commutation of:

MorC (A,B)×MorC (B,C) MorD(F (A), F (B))×MorD(F (B), F (C))

MorC (A,C) MorD(F (A), F (C))

F×F

ϕABC ϕF (A)F (B)F (C)

F

Analogously,
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Definition 5.2: A contravariant functor F from C → D is defined simi-
larly, except that the map of morphisms instead takesMorC (A,B) toMorD(F (B), F (A)),
with the second axiom in the third bullet point above altered accordingly.

Note: A quick aside. For any category C , we can form its opposite category
C op by reversing the direction of all its morphisms. One can then see that a
contravariant functor C → D is in fact just a covariant functor C op → D . This
allows us to henceforth implicitly assume covariance when referring to a functor
C → D , and indicate contravariance where necessary - this is a convention
commonly used in the literature.

We can see that, for example, πn and Hn are covariant functors (Top) →
(Grp), whereas Hn : (Top)op → (Grp) is contravariant.

Example 5.3: Here are a couple more occurrences of functors that will be
prevalent in our discussion.

1. We observe that for any group G and any abelian group H, any homo-
morphism ϕ : G → H must send its commutator subgroup C(G) to the
identity in H by definition. This is to say that any homomorphism from
G to H factors through its abelianisation G/C(G), which lets us give this
association a notion of functoriality as follows:

Definition: The abelianisation functor (−)ab : (Grp) → (Ab) will
send eachG ∈ Ob((Grp)) toGab =G/C(G), and each ϕ ∈Mor(Grp)(G,H)

to a ϕab ∈Mor(Ab)(G
ab, Hab) where ϕab is induced as follows:

H

G Hab

Gab

Fϕ

F◦ϕ

F ϕab

This will come into play in our discussion of the relationship between the
fundamental group and the first homology group of a connected topological
space.

2. Given a set S, we can define the free group FS generated by S. This
association defines the ‘free’ functor F(−) : (Set)→ (Grp), which sends a
set map f : A→ B to the unique group homomorphism ϕf extending the
map ιB ◦f , where ιB : B → FB is the canonical inclusion. The association
Z[−] : (Set) → (Ab) sending S to the free abelian group Z[S] generated
by S is similarly functorial, and in fact we can see that Z[−] is the same
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as (−)ab ◦ F−. This construction will be important in the computational
side of our work, for example in cellular homology.

3. We can take a categorical viewpoint on the following constructions in
singular homology:

• We can view the standard simplex as a functor ∆∗ : ∆ → (Top)
(where ∆ is the simplex category with objects being the set of [n] =
{0, 1, ..., n} and morphisms being order-preserving maps).

• Fix a topological space X. We can define a functor ∆op → (Set)
sending [n] 7→ {maps: ∆n → X}. Observe that the images of the
morphisms in ∆ are compositions of the face and degeneracy maps
between the images of simplices in X.

• More generally, a functor ∆op → (Set) is known as a simplicial set.

• We shall see that the collection of simplicial sets forms a category
(sSet) (observe that the morphisms in (sSet) would be maps between
functors - start thinking about how we might make this precise).
This thus makes the association Sin∗(−) : (Top) → (sSet) sending
X 7→ Sin∗(X) functorial.

• Combining this component-wise with the ‘free’ functor Z[−] defined
above gives us the functor S∗(−) : (Top)→ (sSet).

• It turns out that there exists a sort of ‘inverse’ map to S∗ in the
following way. To each simplicial set K∗ we can associate it functori-
ally to its geometric realisation |K∗| = ⊔n≥0Kn ×∆n/ ∼, where
the equivalence relation ensures that the face and degeneracy maps
in K∗ get taken to appropriate face and degeneracy maps between
simplices. When we take K∗ to be the singular chain S∗(X) of a
space X, it turns out that there exists a weak equivalence between
the resulting space |S∗(X)| and X, which gives us a bridge between
singular and cellular homology.

4. Fix a commutative ring R. Observe that for any R-module M , we can
define functors (−) ⊗R M : (ModR) → (ModR) and HomR(−,M) :
(ModR)

op → (ModR). An important part of the subject of homological
algebra, whose tools we will be using to develop homology using coeffi-
cients other than Z, will be to investigate how these two functors behave
with respect to exact sequences of R-modules.

Note: More generally, an analogue of the former construction works in
any monoidal category. As for the latter construction, note that we do
not in general have that MorC (−, A) is an object in C of course, but for
categories whose collections of morphisms form sets, the ‘Hom’ functors
MorC (A,−) : C → (Set) and MorC (−, A) : C op → (Set) are indeed well
defined. More about this later when we talk about Yoneda’s lemma.
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5. Think of a category J as an index category (for example, let this be the
free category generated by a directed graph J). A diagram of shape J
in C is a functor DJ→C : J → C . Here is an example:

• • A B

• • C D

J Im(DJ→C )

idA

ϕAC

idB

ϕBDϕCB

idC

ϕCD

ϕAD

idD

6 Pushouts and Pullbacks

In topology, it is often a useful tactic to study a topological space X by realising
it as a union of two simpler spaces U1 and U2 glued along a common subspace.
For example, the Seifert van Kampen theorem tells us that in the case where U1

and U2 are nonempty and path-connected, we have that π1(X, ∗) is isomorphic
to the amalgamated free sum π1(U1, ∗) ∗π1(U1∩U2,∗) π1(U2, ∗), where ∗ is a point
in U1 ∩ U2. Curiously, these two structures arise the same way compositionally
and thus admit a common categorical generalisation.

Definition 6.1: Let C be a category, let A, B, C ∈ Ob(C ), and let f ∈
MorC (C,A), g ∈ MorC (C,B). The pushout of A and B along f and g,
if it exists, is an object P together with morphisms ιA ∈ MorC (A,P ), ιB ∈
MorC (B,P ) such that the following diagram

P A

B C

ιA

ιB f

g

commutes, and is also universal in the following sense - for all triples (Q, jA, jB)
that give rise to the commutation of the following diagram, there must exist a
unique induced jP ∈MorC (P,Q) also making it commute:
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Q

P A

B C

jP
jA

ιA
jB

ιB f

g

Like in the case of products and sums, I would like to remind you that
existence of pushouts of guaranteed in an arbitrary category (this will be in-
vestigated in more depth later), though if a pushout exists it would be again
unique up to isomorphism.

Example 6.2: The definition of a pushout is difficult one to wrap your head
around at first, but as you will see through this worked example, when the
category in question has objects of the form of ‘decorated sets’, it is generally a
good starting place to have an initial view of a pushout as ‘a coproduct of two
objects identified along the respective images of a subobject’.

We shall demonstrate that in (Grp), the pushout of G and H along ϕ and
ψ, where ϕ : K → G and ψ : K → H are group homomorphisms, is the
amalgamated free product G ∗K H = G ∗H/ϕ(k) ∼ ψ(k) for k ∈ K.

Proof: Suppose J is a group for which we have the commutation of:

J H

G K

αH

αG ψ

ϕ

Let G∗KH be defined as above with ιG : G→ G∗KH and ιH : H → G∗KH
be induced from the canonical inclusions into G∗H from G and H respectively.
Thus by definition we have that ιG ◦ ϕ(k) = ιH ◦ ψ(k).

Defining αG∗KH : G ∗K H → J by letting αG∗KH send g 7→ αG(g) for each
g ∈ G and h 7→ αH(h) for each h ∈ H, and extending by concatenation gives
that αG∗KH ◦ ιG = αG and αG∗KH ◦ ιG = αH .
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Example 6.3: Here are a couple more examples of pushouts:

1. By completely analogous logic as above, we come to the conclusion that
pushouts in (Top) have the form of disjoint unions identified along sub-
spaces with a common preimage (and they similarly exist for the important
variants of (Top) we have mentioned). A particularly important case of
this is in the construction of a CW-complex X, where for each n, the
nth-skeleton Xn of X can be regarded as a pushout obtained from Xn−1

as follows:

⊔JnSn−1 Xn−1

⊔JnDn Xn

αJn

ιJn

Here, ιJn is the inclusion of each Sn−1 in Jn (the set indexing the attaching
maps) to the boundary of the appropriate Dn, and αJn specifies where in
Xn−1 these attaching maps are to take place.

2. In the category (CRing), the pushout of A and B along f : C → A and
g : C → B is the tensor product A⊗C B, where A (resp. B) is recognised
as a C-module with ‘scalar multiplication’ given by (c, a) 7→ f(c)a (resp.
(c, b) 7→ g(c)b).

Like in the case of products and coproducts, we again have a dual notion for
the pushout, known as the pullback.

Definition 6.4: Let C be a category, and A, B, C be objects and f ∈
MorC (A,C), g ∈MorC (B,C). The pullback of A and B along f and g is an
object R together with morphisms πA ∈ MorC (R,A) and πB ∈ MorC (R,B)
such that

R A

B C

πA

πB f

g

commutes, and is universal amongst such diagrams. That is, for all triples
(S, ρA, ρB) making the following diagram commute, there exists a unique in-
duced ρR ∈MorC (S,R) also ensuring its commutation:
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S

R A

B C

ρR
ρA

ρB

πA

πB f

g

Again, the definition here is initially difficult to grasp, but the intuition of
a pullback as a ‘restriction of a product to tuples whose components lie in the
respective fibres over a common element’ serves as a good prototype in the case
where the objects of the category in question are ‘decorated sets’.

Example 6.5: Here are a couple examples of pullbacks that illustrate this:

1. We asked the question earlier of what products in the category (TopB)
look like. We can now see that the product of (E, πE) and (E′, πE′) is just
the pullback E ×B E′ = {(e, e′) ∈ E ×E′ such that πE(e) = πE′(e′) = b}
of E and E′ along πE and πE′ , with map πE×BE′ : E×B E′ → B sending
(e, e′) 7→ b.

2. More importantly, if (E, πE) is a fibre bundle over B and X is any space
with a map χ : X → B, then the pullback X ×B E of X and E along
χ and πE is a fibre bundle over X with fibre homeomorphic to π−1

E (b)
for any b ∈ B. This fact is crucial in the study of vector bundles, and
more generally principal bundles, where we can demonstrate that every G-
bundle over a spaceX is the pullback of a ‘universal’ G-bundle EG→ BG.

3. Pullbacks exist in (Grp), (CRing) and (ModR) and all take the form of
‘fibred products’. That is, the structure

A×C B = {(a, b) ∈ A×B such that f(a) = g(b) = c}

7 Limits and Colimits

Notice that products, sums, pullbacks and pushouts all have something in com-
mon - they are all ‘universal factoring stations’ for their own respective ‘diagram
shapes’. This, of course, means that they admit a common categorical general-
isation in the form of the notions of limits and colimits.

To give some insight as to how on earth such a vague-sounding descriptor
might be generalised, let us first take an alternate perspective on the definition
of a pushout.
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Definition 7.1: Let Jpush be the directed graph shaped as ‘· ← · → ·’, and
let Jpush be the free category generated by Jpush. Let DJpush→C be a Jpush-
shaped diagram in C , whose image we shall denote A ← C → B with identity
morphisms implied.

We define a co-cone of DJpush→C to be an object Q ∈ Ob(C ) together with
a family of morphisms ψX : DJpush→C (X) → Q for each X ∈ Ob(Jpush),
such that for each morphism f ∈ MorJpush

(X,Y ), we have that ψX = ψY ◦
DJpush→C (f). In other words, we have that the following diagram commutes.

C A

B

Q

A pushout is then the colimit ofDJpush→C , in other words, a co-cone (P, ϕ)
such that for all co-cones (Q,ψ) as above, there exists a u ∈ MorC (P,Q) such
that u◦ϕX = ψX for all X in Jpush. In other words, we have that the following
diagram commutes:

C A

B P

Q

u

Please do verify that a coproduct can be defined in exactly the same way,
except with Jpush replaced with Jcoprod, which is just the directed graph given
by a collection of points with no arrows between them. It is hopefully thus
clear that this is our desired way to generalise these two constructions, letting
us define the colimit of a J -shaped diagram for any index category J .

I have stepped all over the punchline here, but for the sake of clarity, here is
the formal definition of a colimit.

Definition 7.2: Let J be an index category, and let DJ→C be a J -shaped
diagram in a category C .
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A co-cone of DJ→C is an object M ∈ Ob(C ) together with a family of mor-
phisms ψK : DJ→C (K) → M for each K ∈ J , such that for each f ∈
MorJ (K,L) we have that ψK = ψL ◦DJ→C (f).

The colimit of DJ→C then, if it exists, is a co-cone (P, ϕ) of DJ→C that
is universal amongst such co-cones. That is, for any (M,ψ) as above, there
exists a ι ∈MorC (P,M) such that ψ(K) = ι ◦ ϕ(K) for all K in J .

As the name might suggest, we also, in completely analogous fashion, have
the dual notion of a limit, which generalises constructions such as products and
pullbacks.

Definition 7.3: Let J be an index category, and let DJ→C be a J -shaped
diagram in a category C .

A cone to DJ→C is an object S ∈ Ob(C ) together with a family of morphisms
ψK : S → DJ→C (K) for each K ∈ J , such that for each f ∈ MorJ (K,L)
we have that DJ→C (f) ◦ ψK = ψL.

The limit of DJ→C then, if it exists, is a cone (R,ϕ) of DJ→C that is uni-
versal amongst such cones. That is, for any (S, ψ) as above, there exists a
π ∈MorC (P,M) such that ψ(K) = ϕ(K) ◦ π for all K in J .

Doing a quick sanity check, we can see that the pullback is the limit of
DJpull→C , where Jpull is generated by Jpull shaped as ‘· → · ← ·’, and the
product is the limit of DJprod→C , where Jprod is generated by Jprod, which is
again just a collection of points with no arrows between them.

Great, so what is the point of all of this? Well, it turns out that algebraic
topology is abound with limit-preserving and colimit-preserving functors - in
other words, covariant functors C → D which take limits in C to limits in D
and colimits in C to colimits in D respectively - which is a big part of the
reason why topological spaces that admit a nice description in this language,
such as CW complexes, are well-suited to being studied by algebraic means.
A plethora of examples of limit-preserving and colimit-preserving functors will
arise when we discuss adjoint pairs in due course; for now, let us familiarise
ourselves further with the language of limits and colimits.

We first introduce initial and terminal objects. These seem like mere formal-
ities initially in a vacuum, but in fact will give us another point on view on how
the notions of colimits and limits are defined.

Example 7.4: Let Jϕ be the empty directed graph, Jϕ the corresponding
empty free category generated by Jϕ and DJϕ→C be the (unique) empty di-
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agram in C . We define the initial object of C as colim(DJϕ→C ), and the
terminal or final object in C as the diagram’s limit.

Spelling out this pair of rather strange definitions, it could be seen that (given
existence), a category’s initial object take the form of an object I(unique up to
isomorphism) equipped with a unique morphism I → X to every object X in
the category, whilst the terminal object of a category is an object T together
with a unique morphism Y → T from each object Y in C . Note that there are
instances where these coincide - for example in (Grp), where the trivial group
acts as both the initial and the terminal object (we say in which case that this
is a zero object of the category) - but they generally do not, for example in
(Ring), whose initial object is Z and whose terminal object is the trivial ring.

We now use these notions to present alternative definitions of colimits and
limits. Given a directed graph J , its corresponding free category J and a
diagram DJ→C , we define the category (CoconeDJ→C ), whose objects are co-
cones to DJ→C and whose morphisms are morphisms of co-cones - that is,
given co-cones (P, ϕ) and (Q,ψ), a morphism γ : P → Q such that ψ(K) =
γ ◦ ϕ(K)) for all K in J . Given existence, the colimit of DJ→C is then the
initial object of (CoconeDJ→C ). Likewise, a limit of DJ→C is the terminal
object of (ConeDJ→C ), defined analogously. It could be seen from this that
there typically are various ways to define categorical notions, and that justifying
to oneself that these different ways agree is a worthwhile exercise in building
intuition for understanding these constructions.

We move on to introducing coequalisers and equalisers, which are examples
of colimits and limits respectively. The notion of a coequaliser generalises ‘the
quotient of a set by an equivalence relation’, whereas the notion of an equaliser
generalises ‘the difference kernel’.

Example 7.5: Let Jeq be the directed graph shaped as ‘· ⇒ ·’, and let Jeq

and DJeq→C with image A ⇒f
g B be the corresponding free category and

diagram in C . Provided that their respective existences hold, the colimit of
DJeq→C is known as the coequaliser of f and g, whereas its limit is known as
the equaliser of f and g.

1. In (Top), a coequaliser colim(X ⇒f
g Y ) is simply the space Y/f(x) ∼ g(x),

whereas an equaliser lim(X ⇒f
g Y ) is simply the subspace B ⊂ X such

that B := {x ∈ X|f(x) = g(x)}.

2. In (Grp), a coequaliser colim(A ⇒ψ
ϕ B) is simply the group Y/N(ϕ,ψ),

where N(ϕ,ψ) is the normal subgroup generated by elements of the form

ϕ(a)ψ(a)−1 for a ∈ A; an equaliser lim(A⇒ψ
ϕ B) is the subgroup

M(ϕ,ψ) ⊂ A consisting of elements whose images under ϕ and ψ are equal.
Similar constructions hold for (Ab), (Ring) and (ModR).
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3. As a special case of above, if ψ is taken to be the zero map, then
lim(A ⇒ψ

ϕ B) is simply ker(ϕ). Likewise, colim(A ⇒ψ
ϕ B) is simply

coker(ϕ).

Our last example is the direct limit. This is the generalisation of the concept
of a CW-complex X, which we can think of as a colimit of D(N,≤)→(Top), the
functor sending 0→ 1→ 2→ ... to X0 → X1 → X2 → ... where Xk is the k-th
skeleton of X, to arbitrary directed posets and categories (given existence).

Example 7.6: Let K be a directed partially-ordered set viewed as a category
with morphisms given by the partial order, and let DK →C be an K -shaped
diagram in C . 1 The colimit of DK →C is known as its direct limit. There is
also the analogous concept of an inverse limit, which is the limit of a diagram
shaped like K op.

It is hopefully now clear that many ‘universal’ constructions in mathematics
can be phrased in terms of limits and colimits. This is very helpful conceptu-
ally, but in order for the notions to be of practical use in a given category we
would want an efficient way to quickly guarantee their existence for any shape
of diagram if it does hold. The following result shows that we are in luck:

Claim 7.7: A category is cocomplete (i.e. it has all colimits) if it has all co-
products and coequalisers. Likewise, a category is complete if it has all products
and equalisers.

Proof: Let C be a category with all coproducts and coequalisers. Let J
be any index category and DJ→C be a J -shaped diagram in C . Consider

the coequaliser of maps between coproducts BDJ→C ⇒
LDJ→C

KDJ→C
TDJ→C , where

BDJ→C := ⊔f∈MorJ (i,j)DJ→C (i) is the coproduct of all the source objects
of all the morphisms in the diagram, TDJ→C := ⊔k∈Ob(J )DJ→C (k) is the
coproduct of all the objects in the diagram, LDJ→C sends x ∈ DJ→C (i) to the
x in the DJ→C (i) component of TDJ→C , and KDJ→C sends x ∈ DJ→C (i) to
DJ→C (f)(x) in the DJ→C (j) component of TDJ→C .

The verification that colim(BDJ→C ⇒
LDJ→C

KDJ→C
TDJ→C ) is isomorphic to

colim(DJ→C ) involves three steps that will be left as an exercise to the reader:

1. Show that for every i ∈ Ob(J ), there exists a map ιi : DJ→C (i) →
colim(BDJ→C ⇒

LDJ→C

KDJ→C
TDJ→C ).

2. Show that for f ∈MorJ (i, j), we have ιj ◦DJ→C (f) = ιi.

1Miller calls this an K -directed system.
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3. Show that if there is an object Y in C with qi : DJ→C (i) → Y and
qj ◦DJ→C (f) = qi for any f ∈ MorJ (i, j), then there is a unique map

q̃ : colim(BDJ→C ⇒
LDJ→C

KDJ→C
TDJ→C )→ Y .

The completeness characterisation comes from the fact that if a category has
all equalisers and products, then its opposite category has all coequalisers and
coproducts, and hence all colimits, so then the original category has all limits.

There are also other possible characterisations of completeness and cocom-
pleteness - for example, one can show that if a category has all coproducts and
pushouts then it has all coequalisers, which by what we just proved means that
it has all colimits.

8 Natural Transformations and Adjunctions

We have done quite a bit on investigating constructions we can make within a
category, but not so much on relating maps between functors and see how they
come into the picture. This is about to change in our investigation of natural
transformations and adjoint pairs.

The former of these relationships sort of acts analogously to how you would
imagine a ‘homotopy between functors’ to function - which is actually an intu-
ition we could formalise as you are about to see.

Definition 8.1: Let C and D be categories, and F,G : C → D be (covariant)
functors. A natural transformation η : F → G consists of the following data:

1. To each object X in C , η associates a morphism ηX : F (X) → G(X),
known as the component of η at X.

2. For every morphism f ∈ MorC (X,Y ), we have the commutation of the
following diagram 2:

F (X) G(X)

F (Y ) G(Y )

ηX

F (f) G(f)

ηY

2If the functors are instead contravariant, then the vertical arrows in the diagram flip.
Also, note that a natural transformation can only take place between functors of the same
type.
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As promised, here is the ‘homotopy’ definition - prove that the two definitions
are equivalent as an exercise. Two things to bear in mind about this analogy:
firstly, unlike a homotopy, a natural transformation may have no inverse (so the
existence of η : F → G does not mean that there is a natural transformation in
the other direction); secondly, the ‘unit interval’ category only has ‘t = 0′ and
‘t = 1′ states and is not continuously vaying.

Let I be the directed graph ‘0→ 1′ and let I be the free category generated
by I. Let C , D be categories, and F,G : C → D be functors. A natural
transformation from F to G is a functor η : C ×I → D 3 such that η|X×0 = F
and η|X×1 = G.

Natural transformations arise everywhere in algebraic topology, mainly as a
way to transfer information stored by different algebraic invariants in a com-
patible way.

Example 8.2: Here are a few examples:

1. In one’s first encounter of linear algebra, one is often told that ‘a finite-
dimensional vector space is naturally isomorphic to its double dual’ fol-
lowed by some mumbling about how this is because ‘it does not depend on
a choice of basis’, as opposed to the isomorphism between a vector space
and is dual. What is actually meant by naturality in that phrase, of course,
is more rigorously phrased as follows - the map taking a finite-dimensional
vector space V to its double dual V ∗∗ defines a natural transformation be-
tween the identity and double dual functors, and such a transformation
is known as a natural isomorphism because each component is an isomor-
phism. On the other hand, recall that because the functor taking a vector
space to its dual is contravariant, it is not possible to define a natural
transformation from the identity functor - which is covariant, to the dual
functor.

Ok, maybe that wasn’t exactly the most satisfying explanation - let us
pretend that this isn’t just a problem with the terminology we are using
and act like a natural transformation from a covariant to a contravariant
functor could be defined 4. In the present case, the commutative diagram
to-be-satisfied would be as follows:

3In case it is not immediately clear how a product of two categories should be defined,
google a definition.

4These are known as dinatural transformations for those interested in reading further.
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V V ∗

W W ∗

ηV

f

ηW

fT

But then notice that, for example, by taking f to be the zero map, that
then the only way we could get the components to work out was if they
were all zero maps, which are definitely not isomorphisms.

2. Another illustrative example is as follows. Let (Top∗2×) denote the cat-
egory with objects being products of two based topological spaces and
morphisms being maps between the respective components preserving
base points. Then the functors F,G : (Top∗2×) → (Grp), with F sending
(X,Y ) 7→ πn((X,x)× (Y, y)) and G sending (X,Y ) 7→ πn(X,x)×πn(Y, y)
are naturally isomorphic via the canonical projection and inclusion maps.

If treated as above, for example, the fundamental group of the 2-torus
T 2, a priori recognised as S1

x×S1
y , splits naturally as π1(S

1
x, x)×π1(S1

y , y).
However, without having defined this extra structure, the splitting of
π1(T

2, t) as π1(S
1, x)× π1(S1, y) would not be natural.

The lack of naturality in the second case may seem like another defi-
ciency in our terminology, so let us look at the concrete topological implica-
tions of this. Let us consider T 2 as the quotient space R2/Z2 and consider

the self homeomorphism f : T → T given by

(
1 1
1 0

)
, then the decom-

position of T 2 as a product S1
x × S1

y where S1
x is the path (0, 0) 7→ (0, 1)

and S1
y is the path (0, 0) 7→ (1, 0) would not be preserved. In other words,

if we gave π(T 2, (0, 0)) a splitting as ⟨x⟩ × ⟨y⟩, where x represented the
homotopy class of a one traversal of S1

x, and similarly for y and S1
y , then

π∗(f) would not preserve the splitting as it would have taken x to x ∗ y
which fails to preserve the splitting. On the other hand, if we a priori
considered T 2 as S1

x × S1
y , then any pair of maps f : S1

x → S1
x, g : S1

y × S1
y

would have left the splitting intact.

3. We previously left open the question of what morphisms in (sSet) are -
recall that this is the category whose objects are functors ∆op → (Set). We
are now in a position to address this - a morphism η ∈ Mor(sSet)(F,G)
is simply a natural transformation from F to G. Notice that we could
make an analogous statement about the category of K -directed systems
for any directed partially-ordered set K . Even more generally, for any
categories C and D , one could define the category F (C ,D) whose objects
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are functors C → D and whose morphisms are natural transformations
between such functors.

The fact that morphisms in (sSet) can be composed in this example
gives an illustration of the fact that natural transformations can be com-
posed horizontally - namely, if there were a natural transformation η
from F to G for F,G : C → D and another natural transformation ξ from
J to K for J,K : D → E , then the composition of functors would allow
for a natural transformation ξ ∗ η from J ◦ F to K ◦ G with components
(ξ ∗ η)X = ξGX

◦ JηX . Other types of composition of natural transforma-
tions also exist - vertical composition (namely, if η : F → G, ξ : G→ H
are natural transformations with F,G,H : C → D , then ξ ◦ η : F → H
is a natural transformation) and whiskering (if η : F → G is a natural
transformation of functors F,G : C → D and H : D → E is a functor,
then we have a natural transformation Hη : H ◦ F → H ◦G).

We make a quick second observation from this example. We started
our discussion with categories, which has objects and morphisms. We
can form categories, for example, the category (Cat) of small categories,
whose objects are themselves categories and their morphisms functors. We
now know that we could form categories such as (sSet) whose objects are
functors and whose morphisms are natural transformations. We can then
form categories whose objects are natural transformations and morphisms
are ... (you get the point). This idea of maps of maps of maps of ...
of categories can be extended n-fold to any arbitrary finite n, and even
beyond via the notion of quasi-categories or infinity categories. It
turns out that many ideas in algebraic topology can again be given a
different perspective from the point of view of this resulting theory of
higher categories, and that studying them via this route brings sheds light
on new phenomena.

Other important examples of naturality that you will encounter in our course
include the abelianisation map, the Hurewicz homomorphism h : πn(−) →
Hn(−), the Brown representability map F (−) → MorHot(−, C) characteristic
classes BunG(−) → Hn(−, A), and the Steenrod operations Sqk : Hn(−) →
Hn+k(−) (amongst others - we shall not discuss these at length here as the
importance of their naturality will become self-evident when you gain working
knowledge of each of these).

Before we leave the subject of natural transformations, I would like to make
a mention to a nice result that will occur, albeit slightly infrequently, in our
study of algebraic topology; more importantly, the proof of this lemma is an
instructive way to become comfortable with the formal manipulation of natural
transformations. In the same way we study an unfamiliar group’s structure by
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considering its representations (i. e. its actions on a vector space), the following
lemma allows us to study a locally-small category C via functors from C into
(Set).

Claim 8.3: (Yoneda’s Lemma) Let C be a locally small category (a category
in which all collections of morphisms are sets). Then for each object A ∈ Ob(C ),
MorC (A,−) defines a functor C → (Set). Let F : C → (Set) be a functor.
Then we have a bijection between Nat(MorC (A,−), F ) and F (A).

Proof Sketch: The verification of the details in this proof will be left as an
exercise to the reader - including them here will render this part of the text
completely illegible.

The construction of the maps are as follows. Given an element α ∈ F (A),
the association F (A) → Nat(MorC (A,−), F ) sends α → ηα, where ηα is the
natural transformation MorC (A,−) → F whose components ηαMorC (A,B)

take

a morphism g : A→ B to the image of α under the map of sets F (g) : F (A)→
F (B). The verification of the fact that ηα is indeed a natural transformation
will be left as an exercise. Conversely, given a natural transformation η ∈
Nat(MorC (A,−), F ), the association Nat(MorC (A,−), F )→ F (A) sends η to
the image ηMorC (A,A)(idA) of the identity map at A under the component of η
at MorC (A,A). Try verifying yourself that both associations are injective and
surjective, and that they are inverses of each other.

Let us now move on to discussing adjunctions, our second example of rela-
tionships between functors. Adjunctions could be thought of as a sort of ‘equiv-
alence’ between two categories, allowing you to understand certain morphisms
within a category via morphisms in another. Here is a formal definition:

Definition 8.4: Let C and D be categories. An adjunction between C and
D is a pair of functors F : D → C and G : C → D such that for all objects X
in Ob(C ) and Y in Ob(D), we have a bijection between MorC (F (Y ), X) and
MorD(X,G(Y )). In this case, F is said to be left-adjoint to G, G is said to
be right-adjoint to F , and F and G are said to form an adjoint pair.

Example 8.5: Here are a few examples:

1. One attribute of adjoint pairs is their ability to allow us to study a mor-
phism set via a morphism set in a different category that is better under-
stood or easier to work with. A good demonstration of this comes from
the fact that the free group functor F : (Set) → (Group), sending Y
to the free group generated by Y , is left adjoint to the forgetful functor
G : (Grp) → (Set), sending a group to its underlying set. A completely
analogous construction also holds in (CRing).
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2. Often when wanting to establish truths regarding vector spaces over R
(and especially in algebraic topology, for R-vector bundles), it turns out
that first studying an analogous truth for vector spaces over C then try-
ing to deduce the real case from the complex case is commonly a viable
strategy. A useful fact that enables us to do this is the fact that the
complexification functor (− ⊗R C : (V ectR) → (V ectC) is left-adjoint to
the restriction of scalars (V ectC)→ (V ectR) that ‘forgets’ multiplication
by complex numbers in general and ‘remembers’ only how to multiply by
real numbers. An analogous construction holds for any commutative rings
R,S with a homomorphism ρ : R → S via which S could be regarded as
an R-module.

3. Various other algebraic examples abound. For example, the inclusion func-
tor (Ab) → (Grp) is right adjoint to the abelianisation functor (Grp) →
(Ab). Another instructive example is Frobenius reciprocity from represen-
tation theory over the complex numbers - the fact that for a group G and
a subgroup H ⊂ G, the induction functor IndGH : (RepH) → (RepG) is
left adjoint to the restriction functor ResGH : (RepG)→ (RepH).

4. In terms of topological examples, the most important is the suspension
and loop space adjunction. Consider the suspension functor Σ : (Hot∗)→
(Hot∗), which takes a space X 7→ (X × I)/(X × {0})/(X × {1}) and
a map f : X → Y to the induced map Σ(f) : ΣX → ΣY such that
Σ(f) : (x, t) → (f(x), t). This turns out to be left adjoint to the loop
space functor, which sends a space X to the space ΩX of loops S1 → X
equipped with the compact-open topology and a map f : X → Y to the
induced map on loops Ωf : ΩX → ΩY such that Ωf(γ) = f(γ). This
adjunction is pivotal in homotopy theory, in particular the derivation of
the much-loved homotopy fibre sequence.

5. The final example of an adjunction we shall discuss is possibly the most
important fact in homological algebra - the tensor-hom adjunction. Fix a
commutative ring R and a moduleM over it. Observe that for any module
N over R, both N⊗RM and HomR(M,N) have the structure of modules
over R. Furthermore, the tensor functor (−⊗RM) : (ModR)→ (ModR)
is left adjoint to the ‘hom’ functor HomR(M,−) : (ModR) → (ModR).
As we know from homological algebra, the tensor functor is right exact
and not left exact, and the hom functor is left exact but not right exact
- this turns out to be a demonstration of the more general relationship
between (co)limits and adjoint pairs, which we shall now address:

Claim 8.6: With obvious existence conditions satisfied, left adjoints preserve
colimits and right adjoints preserve limits.

The proof of this is essentially just a spelling out of definitions, but it ends up
being quite a deep result that saves us from having to do loads of these types
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of verifications (and might even give us unexpected results) within every new
category that we come across.
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